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the neighborhood of stall are discussed. 

Direct visual studies suggest that stall inception in the laminar boundary layer 
follows the classical model, but does not necessarily do so in the turbulent shear layer. 
It is useful to describe stall as a certain type of transition region, which can be long or 


Adoption of these ideas is shown to lead to better correlation of stall data and more 


complete understanding of available physical evidence. 


However, physical data on 


the relation between the various types of evidence in the turbulent case and their respective 
connections with the events in the transition region leading to stall are not presently 


complete. 


This suggests experiments of a certain type which should lead to further 


clarification of the process of stall inception in the turbulent boundary layer. 


Introduction 


HE problem of the separation of boundary layers is 
of great significance for two reasons: (1) The appearance of stall 
causes serious difficulties in many engineering systems. (2) 
Optimum performance very frequently occurs just before the 
onset of stall; hence the ability to predict stall becomes of crucial 
importance in optimizing many fluid-handling devices. As a 
result, much effort has been devoted to this problem, but satisfac- 
tory understanding has not yet been achieved. 

Until a few years ago, the primary effort to predict boundary- 
layer separation was along a single line of attack, that is, by use 
of the momentum integral equation of the boundary layer em- 
ploying the criterion that the wall shear vanish. This criterion 
appears adequate for the laminar boundary layer. However, 
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the work of Hewson [1],? Newman [2 and 3], Clauser [4 and 5], 
and Kline, et al. [6 to 9] sheds serious doubt on the validity of this 
approach for the turbulent case. The bases for this doubt 
are discussed in detail later. Moreover, in recent years ad- 
ditional evidence of five types on stall inception in turbulent 
shear layers has become available: (1) Direct visual studies in 
low-speed water flows by Kline [9] have provided a more com- 
plete picture of the physical phenomena occurring in a turbulent 
shear layer as it approaches a region of stall; (2) improved ve- 
locity correlations have been developed by Coles [10] and Sandborn 
[11] which include profiles at stall inception and reattachment; 
(3) measurements of wall shear and velocity profiles have been 
made well into the stall inception zone by Schubauer and Kleb- 
anoff [12] and Robertson and Holl [13]; (4) an experimental 
flow with incipient separation over an extended zone has been 
studied by Stratford [14]; (5) measurements of fluctuations in 
regions of incipient separation have been made by Robertson and 
Calehuff [15] and Sandborn [16]; and (6) Maskell [17] has given 
avery good definition of separation by use of limiting streamlines. 
Each of the types of information just cited sheds some informa- 
tion on the problem of stall inception. 


? Numbers in brackets designate References at end of paper. 


A = constant, determined from bound- 2n = exponent, correction of shape of flow 
ary conditions mean-velocity profile for effect B constant, determined from bound- 
a = order of polynomial in y/6 of viscosity near wall ary condition 
B = constant, determined from bound- p = static pressure 6 = boundary-layer thickness 
ary conditions R = difference between measured quan- §* displacement thickness, 
b measured quantity tities, b — 
C = constant, determined from bound- Ry = Reynolds number’ based on f, (1 — U/Ui)dy 
ary conditions momentum thickness, pU\0/u 6 momentum thickness 
C, pressure coefticient U’ = local mean velocity in boundary sU — 
c = measured quantity layer U, (1 — U/Ui)dy 
T U, = velocity : Pohlhausen parameter, (62/v) 
Cy skin-friction coefficient, rT u = turbulent velocity in x direction aU, /dz 
pU;? w = uncertainty “ee 
2 xz = distance along wall in direction of of Se 
H velocity-profile form factor, 5*/@ mean flow tT» = local wall shear tress 
m exponent, defining shape of mean- Z = reference value of x M coefficient of viscosity 
velocity profile due to unstable y = distance normal to wall and ap- p density 
model proximately normal to mean v kinematic viscosity, u/p 
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The purpose of the present paper is to compare these various 
data in an attempt to achieve better understanding and to con- 
struct a flow model which is consistent with all of them. Such a 
model may ultimately be of use in three ways: (1) by allowing 
more meaningful interpretation of the available data, (2) by 
suggesting useful further experiments, and (3) by forming the 
basis for more accurate and clear definitions of both separation 
and stall in the turbulent case. 


Definition of Separation and Stall and Classification of Types 
of Separation 


Definition of Separation. Maskell [17] has given an improved 
definition of flow separation by use of the concept of limiting 
streamlines. Maskell defines a limiting streamline as a stream- 
line lying a distance h from a solid surface as h tends to ¢, an arbi- 
trarily small quantity. A separation is then defined as a point or 
line at which a limiting streamline leaves the surface. Maskell 
also gives an extensive and important discussion of the surface 
flow patterns related to various types of separation and attach- 
ment in terms of the geometric properties of limiting streamlines. 
These results are very important for interpretation of streamline 
patterns indicated by dust, oil, tufts, and so forth. However, for 
the present purpose it is only necessary to note that a flow separa- 
tion defined in this way can be large or small, and that it can be 
two-dimensional or three-dimensional. It is also necessary for the 
present purpose to include nonsteady separation of a flow with 
steady mean value by considering either mean streamlines or 
pathlines in the definition of separation just stated. 

Definition of Stall. In the previous paragraph it is noted that 
separations may be very large or very small, transient or steady, 
and either two or three-dimensional. This is consistent with the 
spectrum of stall types reported by Kline, et al., particularly in 
reference [8]. The work of Maskell [17] clearly shows that flow 
separation always occurs from an airfoil, even when it is un- 
stalled, since the limiting streamlines still leave the surface along 
the trailing edge. It is, therefore, useful to distinguish a flow 
separation point, any point at which the limiting streamline (or 
pathline) leaves the solid surface, from a stall which we define to 
be a large and undesirable viscous region caused by flow separa- 
tion. Thus, we make flow separation a well-defined phenomenon 
in terms of limiting streamlines but employ stall as a more vague 
concept describing a large viscous region, which can arise from 
the effect of separation on the over-all flow pattern. We shall refer 
to a region or line of stall inception as the location where the 
separation causing the stall occurs. 

Types of Separation and Stall. The classical stall model implies 
flow separation steadily along some appreciable length of line on 
a surface; the line may be either two or three-dimensional in the 
usual sense. As shown by Maskell [17], this requires that the 
derivative (dU /dy),.0 vanish continuously in both time and space 
along the line of separation. (Since wali shear is tT = 
p(OU /dy),-0, it must also vanish continuously for any finite py.) 
Such behavior we will call steady or fully established separation. 
If it occurs at a cusped trailing edge, it will not be a stall, but if it 
occurs on the surface, so that a large unwanted viscous region 
with eddies is created, it will be called a fully established stall. 

Relatively small separation bubbles, which do not appreciably 
affect the main flow pattern, are steady separations, but will not 
be called stalls. 

It is possible also to obtain either appreciable areas of an entire 
flow pattern or very small regions where flow separation occurs 
intermittently [6 and 8]. If the areas are very small, they will 
be referred to only as intermittent separation or streaks of back- 
flow and not asstall. If, on the other hand, the intermittent sepa- 
rations involve appreciable portions of the entire flow pattern, 
they may be called transitory or intermittent stall. It is clear 
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that these distinctions between separation and stall are not clear 
cut, since they represent end conditions of a possible spectrum of 
states. It is nevertheless helpful to make the distinction, since 
the amount of separation is of great importance in determining 
the adequacy of a given flow pattern for engineering purposes. 
In discussing intermittent separations it is important to note 
that the wall shear must vanish at any point and time where 
flow separation occurs, since as shown by Maskell, the geometric 
requirement is (dU/dy),-0 = 0. However, it must also be noted 
that if the separation is associated with transient three-dimen- 
sional streaks of backflow very near the wall, as occurs in a certain 
region to be described later, then the average two-dimensional 
wall shear need not vanish, since the shear is zero locally only in 
some places and only a portion of the time. Since measure- 
ments of wall shear are deduced from wall elements or wires of 
finite size normal to the flow, we should expect to observe a small 
but positive shear coefficient in such a case. The observed rela- 
tions between these various cases are discussed in the following. 


Postulated Flow Model for Stall Inception From Visual 
Studies 


Systematic visual studies over a wide range of geometries in 
both air and water diffusers reported by Moore and Kline [6] 
and Kline [8] showed that while certain predominant flow pat- 
terns were observed these actually formed a spectrum of condi- 
tions. When low values of adverse pressure gradient existed, 
entirely unseparated flows were observed. When the value of 
adverse pressure gradient is increased, increasing effects of separa- 
tion (larger amounts of backflow) are observed. If the boundary 
layer is laminar and the main stream is free of disturbances, the 
separations lead at once to steady separation bubbles with 
transition to turbulent flow in the free viscous layer and subse- 
quent reattachment. In channel flows these bubbles are three- 
dimensional in all cases observed. A picture of a typical separa- 
tion bubble is shown in Fig. 1. It is clearly possible to create a 
steady, two-dimensional separation with a laminar boundary layer 
which leads directly to a large stall, whether or not transition 
occurs prior to reattachment. 


FLOW DIRECTION. 


Fig. 1 Lami parati 


bubble observed with dye trace. 
pressure gradient, 9.5-deg plane wall channel. 
throat, throat width = 1 ft, free-stream velocity = 0.2 fps, water. 


Adverse 
7 in. downstream from 


Thus, for the laminar boundary layer, no particular problems 
occur in defining stall inception, since stall inception and separa- 
tion (except at a trailing edge) are essentially the same and tend to 
occur steadily. 

However, the visual observations show that the situation in the 
case of turbulent boundary layers is more complex. In particular, 
the systematic diffuser observations show that separations of a 
turbulent shear layer do not usually begin in a steady or two- 
dimensional fashion on a faired surface. Instead they more often 
commence with intermittent streaks of backflow extremely near 


the surface. Such streaks sre shown in Fig. 2; they are made 
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Fig. 2 Intermittent streaks of backflow extremely near the surface ob- 
served with dye trace, just downstream from a point of minimum pressure. 
3'/2 in. downstream from throat, throat width = 3 in., free-stream 
velocity = 0.4 fps, water. 


visible by placing a streak of dye on the surface normal to the 
flow with a hypodermic needle and then observing the subsequent 
dye motion. At the present time the onset of these streaks of 
backflow is not well correlated; indeed, the onset apparently 
depends on the nature of the fluctuations in the free stream. 
However, this is probably not of crucial importance, since these 
streaks of backflow are now known to be only an evidence of the 
existence of islands of hesitation which form a portion of the in- 
herent flow model of the wall layers of the turbulent shear layer 
described by Kline and Runstadler [9]. In favorable or mild 
adverse pressure gradients these islands of hesitation merely 
move more slowly than neighboring fluid layers; backflows are 
not observed. However, as the adverse pressure gradient is in- 
creased, these layers of very small inertia begin, relatively soon, 
to show upstream motions and to create local intermittent flow 
separation with streaks of backflow near the surface of a very 
small length scale. As the adverse pressure gradient is increased 
still further, these local backflows begin to accummulate slow 
moving fluid near the wall faster than it can be removed by the 
through flow. This leads to large transient three-dimensional 
stall patterns wherein the slow moving fluid is removed by in- 
termittent adjustments in the ov ;-all flow pattern and pressure 
distribution. Finally, upon still further increase in adverse pres- 
sure gradient, this process leads to a complete breakdown of the 
boundary-layer potential flow pattern and a fully established stall. 
The exact sequence of events is dependent on the mixing in the 
main stream and the geometry of nearby walls; more details are 
given in reference [8]. For the present purpose it is only neces- 
sary to have in mind the fact that this is the possible sequence of 
events, which produces a spectrum of flow patterns. 

This spectrum of states was originally observed to occur as the 
value of adverse pressure gracient was increased by systemati- 
cally changing the geometry. However, the significant fact for 
the present discussion is that this same sequence can occur in a 
fixed geometry with a turbulent shear layer as the flow moves 
along a wall through an adverse pressure gradient toward com- 
plete separation and stall. The sequence of events in such a case 
is shown in Fig. 3 taken from reference [8]. 

The previous paragraph implies that stall inception in a turbu- 
lent shear layer need not be abrupt as implied in the classical 


> 
STREAKS OF BACK FLOW 
INVOLVING SMALL 
INTERMITTENT SEPARATION 


NORMA. TURBULENT 
BOUNDARY LAYER 


LARGE TRANSITORY SEPARATION 
| FLEXIBLE IN CORNER AT FLOOR. 

LUCITE WALL 

FULLY DEVELOPED 
STALL AREA 


ADJUSTABLE 
END POINT 


Fig.3 Development of stall on a curved wall (plan view of water table) 
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model of stall. Thus, a more appropriate flow model for stall in- 
ception is a transition region leading from a normal attached 
layer to full separation. In this transition region local streaks of 
backflow associated with local intermittent separations can 
occur. As in the transition from laminar to turbulent flow the 
region covered can be very short or very long in the flow direc- 
tion, depending on the circumstances. We can, in fact, include 
an abrupt stall, as from a backward-facing step, as a limiting case 
of a transition of zero length. Also, since this view includes the 
classical model, we can picture both laminar and turbulent stall in 
this way. 


— of Postulated Flow Model With Other Types of 
ata 


Mean-Velocity Profiles. If a model of stall is adopted embodying 
a transition region, which may be either short or long, and which 
may include “streaks of backflow,’ useful consequences can be 
deduced. 

It is illuminating to compare the extreme case of a very gradual 
transition to stall, where a long region of readjustment occurs, 
with the opposite extreme of abrupt stall from a backward-facing 
step. If we assume the same boundary layer at the beginning of 
each case so that the mean and fluctuation profiles are the same, 
then it is clear that the profiles at stall will be different. In the 
case of the backward-facing step, the velocity profile may be very 
close to that of a flat plate at or very near the beginning of the 
stall. In the case of the very gradual stall, the mean (and in the 
turbulent case also the fluctuation) profiles will be grossly altered 
before complete separation, as will be shown with data following. 
Since the profile parameters of the boundary layer such as H = 
6*/6 and 6*/5 depend only on mean-velocity profiles, it is clear 
that we should not expect a single value of any such parameter at 
stall. The best we can hope for is a single family of mean profiles. 
This remark applies, not only to the turbulent case, but also to 
the laminar profiles, because it depends only on the “history” 
effect of the boundary layer. 

Recently Sandborn [11] has shown, independently of the visual 
studies discussed in the foregoing that mean-velocity profiles at 
stall can be correlated as a one-parameter family for both laminar 
and turbulent flow. Sandborn’s methods and motivation are now 
briefly summarized. 

Sandborn first developed a very general velocity profile which 
included almost all known laminar and turbulent profiles as 
special cases. Its form is 


U/U, = A + BL — y/8)™ + — (1) 


Examination of the data showed that measured turbulent separa- 
tion profiles could be represented by the special case obtained by 
setting 2n = ~,A = land B= —1, 

This vields 


(U/U,) = 1 — (1 — y/6)™ (2) 


As already noted, it is not necessary that the wall shear vanish 
in intermittent separation. And it is thus important to note that 
the wall shear need not be zero with an equation of the form of 
equation (2). In fact, differentiation of equation (2) gives 


mU 
= — 3 
T. 5 (3) 


Formal integration of equation (2) in the definitions for 6* and 
6 yields the relation among the profile parameters 


1 
Ho 1 + (4) 


A similar relation is obtained for laminar flow by taking the limit 
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DATA 


METHOD OF INDICATING SEPARATION 


SCHUBAUER AND KLEBANOFF, REF. \ODINE VAPOR ° 
NEWMAN, REF. 3 STATED AS "NEAR SEPARATION® 
© VON DOENHOFF AND TETERVIN, REF. 31 AS INDICATED BY MASKELL, REF. 24 ’ 4 
4 WUETH, MCKEE, AND CURRY, REF. 52 (X-DIRECTION ON YAWED WING) NEXT STATION a 

DOWNSTREAM SHOWED REVERSE FLOW e 

© HEWSON, REF. | NOT KNOWN, BUT DEFINITELY MARKED IN REF. PONTS SEP’ 
SCHMIDBAUER, REF. 2! STREAMER | ABULENT FLOW MEZSURED! 
COLES, REF. 10 EMPIRICAL, SKIN FRICTION ZERO SANDBORN 
POHLHAUSEN EMPIRICAL, SKIN FRICTION ZERO 
@ HOWARTH, LINEAR PRESSURE GRADIENT, THEORY, SKIN FRICTION ZERO 

REF. mi 
@ HARTREE, FALKNER-SKAN FLOW, REF. 35 THEORY, SKIN FRICTION ZERO — - 
@ SCHUBAUER, MEASURED ELLIPTIC CYLINDER, SMOKE 

REF. 36 
SCHUBAUER, MEASURED ELLIPTIC CYLINDER, SMOKE 

REF. 37 
@ TANI, REF. 35 THEORY, SKIN FRICTION ZERO 
& GORTLER, REF. 39 THEORY, SKIN FRICTION ZERO : 
TIMMAN, REF. 38 


EMPIRICAL, SKIN FRICTION ZERO 
“SOLID POINTS LAMINAR FLOW, OPEN POINTS TURBULENT FLOW 
LAMINAR SEPARATION 


CORRELATION FROM 
SANDBORN, REF. ii 


3}. SEPARATED 
ihe 
SEPARATED 


NONSEPARATED 

TURBULENT SEPARATION 
i CORRELATION FROM 

SANDBORN, REF. li 
+ 

° 2 3 4 5 


Fig. 4(a) 


m —> 2n in equation (1), which yields a very broad class of laminar 
boundary-layer velocity profiles, and then requiring that wall 
shear vanish. As shown in reference [11], equation (1), expressed 
in terms of the Pohlhausen parameter A, yields the following rela- 
tion for the possible laminar separation profiles: 


U/U, = 1+ (1 — log (1 y/8) 1] 5) 

Because of the form of the equation (5), it is difficult to ex- 
press H directly in terms 6*/6 for the laminar case. However, the 
relation can be given parametrically in terms of A. The pertinent 
results from reference [11] are 


+1)? 


+1)! 


+1)? 
Equations (4) and (6) are plotted on H against 5*/6 co-ordi- 
nates in Fig. 4(a); 6 is taken where U/U; = 0.995. The agree- 
ment with all available experimental data for both the laminar 
and turbulent cases is very good. Fig. 4(a) also verifies the physi- 
cal reasoning set forth previously concerning the possible range of 
velocity-profile parameters at separation. Fig. 4(a) shows the 
variation in H and 6*/6. A replot of the laminar criterion [eqs. 
(6)] is shown in Fig. 4(6) with H as a function of V/ =i; the 
turbulent equation cannot be cast in this form, but some of the 
experimental points are shown. The laminar points are solid 
and the turbulent points open. For the turbulent layer the turbu- 


6*/6 (6a) 


+1) _ 


= +1)" 
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Correlation of mean velocity profile parameters at separation 


Fig. 4(b) Laminar separation criterion 
lent shear is far greater; thus the profiles are fuller and 
lead to smaller values of H, but the tolerable values of 
adverse pressure gradient are larger, as indicated by 
larger values of 

It has been known for some time that the Pohlhausen 
prediction of separation of laminar layers at \ = —12 
will describe some flows, but not others,* because actual 
observed values of \ range from at least —5 to —12. 
However, Figs. 4(a and 6) show that all these results 
ean be correlated as a single family. Moreover, ex- 
amination of the difference between the analysis of 
Sandborn [11] and previous predictions suggests that 
the difference lies in the generality of the velocity-pro- 
file form assumed. Pohlhausen* used a fourth-order 
polynomial which restricts the possible profile forms far 
more than equation (1). Similar remarks apply to the 
other solutions which show as points on the laminar 
separation curve of Figs. 4(a and b). 

In the turbulent layer, unlike the laminar case, we frequently 
want to predict not only complete separation, but also the region 
of strong three-dimensional transient separations (streaks of 
backflow) which forecasts the onset of full stall and which may 
in itself be undesirable in many cases. Since the wall shear is 


It can be shown that any degree polynomial leads to a unique 
value of both H and A at separation. These values change con- 
tinuously as the number of terms in the polynomial increases. In fact, 
the value of \ at separation is a(a — 1) where a is the degree or 
polynominal employed as shown in the following table: 


a H 
2 5.00 
3 3.888 —6 
4 3.50 —12 
5 3.28 — 20 
6 3.16 — 30 
7 3.08 —42 
8 3.02 — 56 
2.98 —72 
10 2.94 —90 
50 2.71 — 2450 
100 2.69 — 9900 


where 


| op 
U=0 ——} = at y= 0 
and 
U=U, — = = —~= at y=3 
oy oy? oy*~? 


This implies that more care regarding assumed profile form is neces- 
sary near separation than for layers with negative, zero, or small ad- 
verse pressure gradients. 

4 See Schlichting [18] for a summary of Pohlhausen's original work 
and the many subsequent refinements. 
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not zero in this region, it is useful in the turbulent case to adopt 
a correlation which does not demand zero wall shear. This is 
accomplished by equation (2), as already noted, and represents 
one distinct advantage of Sandborn’s analysis compared with the 
others available. 


Since the existence of a region of three-dimensional intermittent 
separation just prior to complete separation on faired surfaces has 
only recently been recognized, the data on separation in turbulent 
shear layers probably include not only records of complete separa- 
tion but also indications of intermittent separation. This is 
particularly true where evaporative techniques are used, because 
there is a good likelihood that they would record the intermittent 
separation. Some evidence that this is so is suggested in the 
separation velocity profile of Schubauer and Klebanoff [12] which 
is reproduced in Fig. 5. The data are compared with a fitted 
curve of the form given by equation (2); the fit is seen to be 
reasonably good. It is also seen that the slope of the separation 
velocity profile at the wall is not zero. Further evidence on this 
point is given in the following sections. It is desirable at this 
point to discuss further the physical meaning and motivation be- 
hind equation (2). 


-1.00 
MEASURED 


i 4 


4 


3 5 
DISTANCE NORMAL TO WALK y, WN 


Fig. 5 Comparison of equation (2) with turbulent boundary-layer mean 
velocity measurements. (Separation measurement, x = 25.7 ft, Schu- 
baver and Klebanoff [12] .) 


The general velocity profile [eq. (1)] has been shown by Sand- 
born [11] to represent the turbulent boundary layer in the usual 
modern way as a two-part profile. The wall shear is implicit in 
the coefficients B and C as it must be for any general correlation 
of the turbulent layer. The equation departs from the usual 
method of profile representation (e.g., Coles, [10]) in that the 
two regions are not treated as independent. The term with ex- 
ponent m is the dominant or base term for the complete profile, 
while the term with exponent 2n represents a secondary correction 
for the profile in the inner region of the layer. The secondary 
effect of the 2n term becomes less as 2n becomes large (since (1 — 
y/6) < 1), until at 2n = © the term is zero and equation (2) 
results. Evaluation of measured turbulent separation profiles 
strongly suggested that near separation 2n — ~; thus one is led 
to suspect that in the separation region the inner part of the layer 
does not differ from the outer region of the profile. 

The physical meaning of the limiting operation 2n approaching 
infinity cannot be derived directly from the equation, since the 
equation is empirical rather than theoretical. A probable in- 
terpretation can be found by considering the relation between the 
complete velocity profile and the physical model described in 
reference [9]. The model shows that the outer portion of the 
layer is primarily dependent in shape on the fluctuations arising 
in the unstable wall layer. As the flow proceeds downstream 
toward a separation region, the size of the process increases. In 
the so-called laminar sublayer the action of molecular viscosity is 
strong. This viscous action very near the wall is sufficient to 
modify the velocity profile produced by the unstable model in the 
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sublayer and “buffer layer.’ However, as the flow approaches 
separation, the wall shear decreases consistently to a very low 
value, and hence the viscous action in the wall layers decreases 
while the fluctuation model increases in size. One would then 
expect that the term representing the viscous effect very near the 
wall would become small; interpreted in terms of the model, this 
implies that the entire profile will approach that form due to the 
unstable model alone. Hence as a first approximation one could 
set the viscous correction term zero and obtain a velocity profile 
dependent on the unstable model alone. 

This suggestion is consistent with the operations by Coles [10] 
who does obtain a fair check of velocity profiles at separation; 
although, as will be seen, Coles’s profile form is too restrictive to 
incorporate all cases. 

The excellent agreement of all turbulent separation data with 
the predictions of the limiting operation 2n approaching infinity 
in Sandborn’s profile, therefore, suggests that the m exponent term 
in the equation represents the velocity profile due to the unstable 
model. The 2n exponent term is the correction to this profile in 
the wall layer. This result, if correct, is important not only for 
the correlation of separation data, but also because it provides a 
physical explanation for the meaning of the terms in the general 
velocity profile. More particularly, it supplies a single expression 
(the term with exponent m) which apparently gives a good ap- 
proximation to the profile created by the unstable model alone. 
The correctness of this idea is supported by the fact that this 
term is the one which gives the velocity profile of the outer por- 
tion of the layer (i.e., the correction term with exponent 2n is 
negligible in the outer portion at all locations); this is also what 
we would expect from the physical picture given in reference [9]. 
This suggests that the term with exponent m corresponds to 
Clauser’s constant-viscosity turbulent layer and hence that this 
term should be very useful in checking any theoretical construc- 
tion of a shear layer due to the action of an unstable model. 
While it is not necessarily expected that the analytical form so 
achieved will be identical, it is probably necessary that the general 
shape agree. Finally, this discussion suggests that Sandborn’s 
method of finding a general profile, which is not in two distinct 
parts but instead involves a base portion with a correction term 
in the wall layers, is more useful in many ways than older forms 
of correlations. 

The prediction due to Coles [10] for turbulent separation is 
shown on Fig. 4(a). It lies slightly above the laminar separation 
curve. Two comments are needed. First, Coles’s result, like the 
theoretical solution of Pohlhausen in the laminar case, contains 
only one parameter and accordingly cannot represent the com- 
plete separation correlation curve. Second, this result along with 
the physical picture involved suggests, but definitely does not 
prove, that the laminar separation curve represents an upper limit 
for the turbulent separation in terms of velocity-profile parame- 
ters. This will be discussed further. 

The equations found from equation (1) for the laminar and 
turbulent separation can be used to give information regarding 
laminar separation bubbles and the transition from laminar to 
turbulent flow. Considerable discussion regarding the association 
of laminar separation with laminar-turbulent transition has oc- 
curred in the past. Visual studies (9 and others] shows that tran- 
sition does often follow laminar separation in flows with adverse 
pressure gradients (shown in Fig. 1). On the other hand, tran- 
sition appears to occur without separation, at least in zero and 
favorable pressure gradients. The velocity-profile correlations 
of Fig. 4(a) can be used to distinguish these three pressure-gra- 
dient cases. 

Fig. 6(a) shows three typical cases of laminar-turbulent transi- 
tion data. In each case the open point indicates a station up- 
stream of transition, half-closed points indicate the beginning of 
transition, and the closed points are stations downstream of the 


SEPTEMBER 1961 / 321 


10r- 
4 
EQ 12) 
| | 
4. 
? 8 3 
4 
4 
AS 
i z 


LAMINAR BOUNDARY LAYER 
PRIOR TO ‘TRANSITION 

START OF TRANSITION 

AFTER TRANSITION 


——* FLOW DIRECTION FROM POINT TO PONT 
LAMINAR SEPARATION CORRELATION 
TURBULENT SEPARATION CORRELATION 


| © REF 19 

iS 25 35 ‘5 25 35 20 3040 

CASE I, ZERO CASE IL, NEGATIVE CASE I. POSITIVE 


PRESSURE GRADIENT PRESSURE GRADIENT PRESSURE GRADIENT 


Fig. 6(a) Comparison of profile parameters in the transition region with 
predicted separation correlations 


— TURBULENT CORRELATION U/U, = 
FOR 898 = 306 
j © DATA OF SCHUBAUER AND KLEBANOFF, 
REF 19. X = 5.75 FOOT 


Fig. 6(b) 


Comparison of flat plate transition velocity profile with equa- 
tion (2) 


starts of transition. Case I shows the measurements of Schubauer 
and Klebanoff [19] in a zero-pressure-gradient (flat plate) flow 
(iote the upstream value of H is near the Blasius value of 2.6). 
Transition appears to occur when the velocity profile parameters 
are those given by equation (2). The measured transition ve- 
locity profile is compared with the profile predicted by equation 
(2) in Fig. 6(6). Although the full meaning of this agreement is 
not yet clear, the existence of similar velocity profiles for separa- 
tions and transition may arise from the observed similarity of 
flows near the wall for both the laminar-turbulent transition and 
the region approaching turbulent stall reported by Kline and 
Runstadler [9]. The correspondence of the measured profile 
parameters at transition with equation (4) holds in all cases thus 
far checked. 

Fig. 6(a) shows case II, a transition from a laminar profile as- 
sociated with a negative pressure gradient (H is less than the 
Blasius value). These measurements were made by Silverstein 
and Becker [20]. Again the transition profile occurs when H and 
6*/6 have values corresponding to the turbulent separation corre- 
lation curve. 

Fig. 6(a) also illustrates, case III, a transition in a positive 
pressure gradient. These measurements were made by Schmid- 
bauer [21]. Here the parameters first go to the laminar separa- 
tion correlation line and then cross back to below the turbulent 
separation correlation curve after transition. This suggests either 
a separation bubble or incipient laminar separation with transi- 
tion and reattachment following in a very short distance. Case 
III is a special case of positive-pressure-gradient flow, as not all 
flows examined indicate laminar separation. 

Fig. 7 shows profiles in larger separation bubbles. The measure- 
ments were reported by Gault [22] and Bursnall and Loftin [23]. 
Comparison of two measured separation profiles with the laminar 
and turbulent separation equations (5) and (2) shows a separation 
with a clearly turbulent separation profile in one set of data (Fig. 
7(a)) and a definite laminar separation profile in the other case 
considered (Fig. 7(6)). Both of these profiles were described as 
“laminar” separation bubbles. However, it appears that the 
transition usually associated with the downstream portion of the 
bubble, as shown in the movies associated with reference [9], 
must have occurred before the separation or very early in the 
bubble for the data reported by Gault [22]. These measure- 
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Fig. 7 Velocity profile in a nose separation bubble 


ments suggest that either type of separation profile may be en- 
countered in bubbles depending on the location of transition. 
Fig. 8 shows the profile parameters measured in the region of the 
separation and the reattachment of the bubbles compared with 
the laminar and turbulent separation correlations. The pre- 
dicted values of the parameters at laminar separation is not in as 
good an agreement with the reported values at separation as all 
previous types of separation compared. (Note that the dis- 
crepancy in z-distance is never more than 0.75 inch.) The lack 
of agreement may be due to the three-dimensional character of 
the bubble, which makes it difficult to observe a definite point of 
separation. 

Equation (1) and the previous discussion on the meaning of the 
m exponent term also allow further discussion of the relation be- 
tween the turbulent profile and some equivalent laminar profile. 
As noted by Clauser [5] the outer portion of the layer in the case 
of turbulent equilibrium flows is equivalent to some laminar pro- 
file with a large value of viscosity. If one assumes that this also 
holds as an approximation for nonequilibrium profiles,’ then 
when the effect of the correction term for the inner layer becomes 
small, the entire profile should have some laminar equivalent. 
{In fact, eq. (2) does contain known exact laminar solutions, 
Couette flow (m = 1) and Poissuille flow (m = 2).] 

If this laminar equivalence is true, the laminar curve of Fig. 4(a) 
forms an upper limit for the full turbulent separation. This is 
partially confirmed in Fig. 4(b). As expected, Fig. 4(b) shows 
turbulent separation at much higher values of Vv -i, that is, 

5 If the model discussed here and in reference [9] is the proper in- 
terpretation, it must follow that this assumption cannot be exact; 
however, the data suggest it is probably a good approximation in at 
least many cases although the reasons for this are not yet understood. 


As more data become available on the unstable model reported in [9], 
clarification of this point should follow. 


Transactions of the ASME 


> 
“3 
U/u, 

8 
2 Z 

o 24 6 6 10 


LAMINAR SEPARATION OBSERVED 


LAMINAR SEPARATION OBSERVED 


LAMINAR SEPARATION OBSERVED 
62 


AT x/C = TO 62 AT * 61 TO 62 AT xX/C = 61 TO 
| = 61 wes @ 
H 00+ 63 SEPARATION 63 70 doo 
CORRELATION 
| J | 2 
ist 
NACA 663-018 AIRFOL, @ O° NACA 663-018 AIRFOIL, a = 0° NACA 663-018 AIRFOIL, = O° 
Re = 12mK10® C = 26 IN Re = 17mI0® C= 24 IN Re = 24xI0° C = 24 IN 
REF. 23 REF. 23 REF. 23 


SEPARATION OBSERVED “LAMINAR 
60 TO 6 AT S/C = 


LAMINAR 
AT x/C * 


NACA 66,2-516, a0 = 06 
AIRFOIL @ = 3° 


Re = 2xi0® 
REF. 22 


Re = 2 C = 24 IN 
REF. 25 


much more adverse pressure gradients even though the H is lower. 

Coles’s prediction for turbulent separation [10] also checks this 
idea. Coles predicts separation by setting wall friction zero, 
which is the laminar criteria. If the laminar curve is the limit of 
full separation for the turbulent case, and if the outer region has 
an equivalent laminar profile, Coles’s point should fall on the 
laminar curve; as noted, it approximately does [Fig. 4(a)]. This 
may further suggest that in all the data, except that of Stratford 
[14], incipient separation and full separation occur quite close 
together. This would explain why the data from so many dif- 
ferent sources check so well with the turbulent curve in Fig. 4(a). 
It would also explain why the method of extrapolation to zero 
wall shear employed by Maskell [24] works well for the cases he 
investigated, but it must be noted that for some pressure dis- 
tributions incipient separation can exist for a long distance, as 
discussed in connection with Stratford’s data below. 

Wall-Shear Date. The distribution of skin friction and heat 
transfer in the turbulent case should be affected by the transition 
from boundary layer to completely separated flow. Unfor- 
tunately, measurements in this region are quite limited. Fig. 9 
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shows a set of heat-transfer measurements reported by Sandborn 

25] in a flow where intermittent separation was occurring around 
xz = 10.5 feet. The heat-transfer measurements were made with 
a Ludwieg [26] type heat-transfer skin-friction meter. Thus, the 
ordinate is labeled skin friction, since the instrument was cali- 
brated to give wall shear stress. As can be seen from Fig. 9, the 
wall friction curve becomes very flat in slope and c, has a small 
positive value in the region where intermittent separation is 
occurring. 

A second set of turbulent-skin-friction values in the intermittent 
separation region is shown in Fig. 10(a). These values are from 
velocity-profile data reported by Robertson and Holl [13]. The 
skin friction has been evaluated by the universal logarithmic ap- 
proach outlined by Clauser [4] and also by the Ludwieg-Tillman 
equation [27]. There is a flatting in the curve near z = 30 inches 
which may be attributed to the onset of intermittent separation. 
Robertson and Holl do not state that separation occurs in the 
data shown in Fig. 10(a). If the values of H and 6*/6 listed by 
Robertson and Holl are identified as in the foregoing, c, = 
0.0004 or below, as shown in Fig. 10(b), then the criterion for tur- 
bulent separation from Fig. 4(a) shows that the change in slope 
is associated with the start of intermittent separation. 

Velocity-Fluctuation Date. The separation predictions of Fig. 
10(a and b) are further substantiated by the fluctuation measure- 
ments of Robertson and Calehuff [15], made later in the same unit 
as that employed by Robertson and Holl [13]. Near the exit 
these fluctuation measurements show turbulence intensity near 
the wall of 70 per cent of free-stream velocity in a zone where the 
mean speed was only 10 per cent of the free-stream velocity. 
Strong backflows are, therefore, indicated for a least a portion of 
the time. Moreover, as the flow proceeds down the wall, a re- 
gion of increasing turbulence intensity builds up near the wall. 
These results of Robertson and Calehuff are very much in keep- 
ing with the model studies reported by Kline [8]. The measure- 
ments could well indicate the streaks of backflow of increasing 
size observed in the visual studies. 

A direct picture of the intermittency at separation was ob- 


SEPTEMBER 1961 / 323 


| 
° = 60 
| 635 | 
| 
627 
4 | S/C 612 = S/C = 602 
4 617 632 612 
hs 22 3 4 2 3 4 2 3 4 
ats 
{ 
3, 


© Cy EVALUATED BY ROBERTSON AND HOLL, 
REF. IS USING LOGARITHMIC LAW 

O Cy EVALUATED BY LUDWIEG-TILLMAN 
EQUATION (REF 27) 


° 
° 
= 
T 


© 5 10 Ss 20 25 3x 35 40 45 
INCHES 


LOCAL WALL FRICTION COEFFICIENT. C, 
g 


(a) Positive (nonzero) wall shear in zone with transient backflow near 
the wall 


tained by Sandborn in the NASA Lewis center 6 X 60-inch 
boundary-layer channel. [See Sandborn [25] for channel de- 
scription.} Exploring the region of intermittent separation with 
hot wires, the turbulent signals proved too unsteady to determine 
values of turbulent intensity. Although the signals were not 
then understood, they were recorded on a direct-writing oscillo- 
graph in hope that they might be of value at a later time. With 
the present understanding of separation these signals have been 
reanalyzed from the standpoint of intermittency. Although the 
oscillograph is limited in frequency response, the degree of 
quiescence and fluctuation should be quite accurate. The traces 
of uw? rather than u proved to be the better indicator of intermit- 
_ tency. The evaluation of intermittency for two different bound- 
ary layers is shown in Fig. 11. The boundary layer of Fig. 11(a) 
is not a true separating boundary layer in one sense, since the 
total width of the channel at the point where it was measured 
was only 12 in. wide and the boundary-layer thickness is ap- 
proximately 11 in. The far wall of the channel is porous, and 
the boundary layer along it was maintained there by suction 
through the wall. Based on the value of profile form factor 
H = 6*/6, given in Fig. 11(a), the boundary-layer thickness 
should be 12.2 in. to be consistent with the criterion for separation 
of equation (4). The distance between the channel walls was in- 
creased, with a resulting increase in pressure gradient and an 
earlier separation. Fig. 11(b) shows some measurements for the 
wider channel. The particular profile of Fig. 11(b) is well within 
the intermittent separation region, and the few intermittency 
measurements available for this profile agree reasonably with the 
measurement of Fig. 11(¢). In both flows it is interesting to note 
that the lowest value of per cent time fluctuating was 33 per cent. 

Flow With “Incipient” Stall and Data on Momentum Equations. 
In a recent article Stratford [14] proposes that it is possible to 
obtain nonseparated turbulent boundary layers with zero skin 
friction. The analysis of Stratford seems to be in direct conflict 
with the present model, since the present model suggests that 
fully developed turbulent separation is usually preceded by an in- 
termittent separation region on faired surfaces. Moreover, the 
careful kinematic analysis of Maskell [17] shows it is not possible 
to have zero skin friction along a continuous line on the surface 
without complete separation along that line. The data of Strat- 
ford have, therefore, been reanalyzed; this re-evaluation shows 
that it is Stratford’s method of computing c, that is in conflict 
with the present model and the analysis of Maskell. 

Stratford bases his assumption of zero skin friction on results 
obtained from evaluation of the momentum integral equation. 
This involves two very serious difficulties. In the first place it is 
readily shown that the percentage uncertainty in any result in- 
volving the difference of two numbers approaches infinity as the 
difference approaches zero. The demonstration follows. Em- 
ploying the uncertainty analysis method of Kline and McClintock 
[28], we set the result R equal to the difference of two quantities 
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Fig. 10 Conical diffuser data of Robertson and Holl [13] 
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b and ¢ arising from data and denote the uncertainty as w with 
appropriate subscripts. As shown in reference [28], the uncer- 
tainty in R for any preset probability level is (R = 6 — c, dR = 


db — dc) 
oR ar 


The nondimensional form is 


b-—c b b-ce 


Thus, for any finite value of per cent uncertainty in either 6 or c 
(i.e., in w,/b or w,/c), the per cent uncertainty in the result W,/R 
approaches infinity as b — c. Such a situation is clearly in- 
tolerable from the accuracy point of view, and no valid cone'u- 
sions based on operations in the neighborhood of b = ¢ can ever 
be drawn from experimental data, because some uncertainty must 
necessarily exist. 

To still further complicate the situation in Stratford’s case, an 
uncertainty beyond the experimental data exists. Several 
workers, most notably Hewson [1] and Newman [2 and 3], have 
measured the momentum terms in the region of most interest to 
Stratford, that is, near separation, and have shown that the 
normal momentum integral equations of the boundary layer do 
not hold. The same result involving more data but in less direct 
fashion has also been obtained by Coles [10]. Hewson and New- 
man have also shown that some of the discrepancy lies in the 
dp/dy and fluctuating terms, which are normally neglected in the 
boundary-layer equations. From the flow model observations 
reported by Kline and Runstadler [9], it is likely that the devia- 
tion from the momentum integral equations beyond what Hewson 
calls the “‘critical point’”’ is associated with the onset of streaks of 
backflow near the wall. Since each of these is associated with a 
local point of separation and an associated sharp curvature of the 
limiting streamlines and also with the production of large fluctua- 
tions, it is easy to visualize how appreciable dp/dy forces and 
transient shear terms could arise. This at least suggests that 
the onset of intermittent separation is associated with and is 
probably the cause of the breakdown of the normal boundary- 
layer equations at and beyond what Hewson has appropriately 
called the critical point, which occurs upstream of complete 
separation. However, the point is not finally settled, since, as al- 
ready noted, there is no way to directly relate the various observa- 
tions. Indeed, Clauser [4] has suggested that the discrepancies 
in the integral equation are probably due to three-dimensional 
effects not in the sense related to the intermittent separation, but 
rather in the sense of the three-dimensional flow of the mean 
streamlines in the whole boundary layer. Again, a single experi- 
ment relating all of these types of data would be illuminating. 

With these background remarks we turn again to the data of 
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Stratford. Since there are two serious difficulties in evaluating 
the shear from momentum terms in the region of the most in- 
terest, it is useful to reanalyze the data by other means. A good 
approximation for the value of skin friction in adverse pressure 
gradients is given by the empirical relation due to Ludwieg-Till- 
man [27]: 


cy = 0.246 X (Ry (8) 


The validity of this relation in adverse-pressure-gradient bound- 
ary-layer flows has been independently checked to within ap- 
proximately 25 per cent by use of Ludwieg skin-friction meters 
(Sandborn, [25]) and to within 5 per cent with hot-wire and 
velocity-profile measurements (Sandborn and Slogar, [29]). 
Maskell [24] employed equation (9) in a very successful method 


Journal of Basic Engineering 


INTERMITTENCY EVALUATED 
DIRECTLY FROM U2 TRACE 


PERCENT OF 
/ APPROX. U/U, 


FLUCTUATING / 8° = 3.7 IN 
H = 31 


DISTANCE FROM WALL, Y, IN. 


Experimental study of intermittency inthe turbulent separation region 


for predicting turbulent-boundary-layer parameters and separa- 
tion on airfoils. 

The values of skin friction obtained from equation (9) for the 
profiles reported by Stratford as ‘zero wall friction’’ profiles are 
plotted in Fig. 12(a). The rapidity with which the wall friction 
decreases is quite remarkable and certainly suggests that the 
theoretical development of Stratford leads to a very low (if not 
zero) wall-friction flow. The leveling off of the wall-friction 
curve might be associated with intermittent separation. How- 
ever, the replot of Stratford’s data on an H against 6*/6 plane 
(Fig. 12(b)] shows only the last few points at the separation line 
given by equation (4). Moreover, Stratford reports his observa- 
tions of this region as showing a new kind of very high turbulence 
near the wall. This description is certainly consistent with the 
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Fig. 12(a) Wall friction from Stratford's data [14] reanalyzed employing 
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flow model reported by Kline [8] for the region in which streaks 
of backflow are observed. Stratford’s observations were ap- 
parently entirely independent. 

Study of Stratford’s data in Fig. 12(6) shows the last measured 
point C, = 0.682, z/xzo = 2.1 directly on the separation correla- 
tion curve [eq. (4)] but the previous point at C, = 0.624, z/z» = 
1.8 is slightly below the line at a larger value of 6*/5. In view of 
the uncertainty in the data and the criterion, these conditions 
may be due to local effects at the tunnel exit, and it is possible 
that Stratford’s flow could be continued further without com- 
plete separation. The significance of this remark appears in the 
next section 

Implications in Design. It is seen that, for both the laminar and 
turbulent cases, the adverse pressure gradient which can be 
tolerated depends on the initial conditions of the boundary layer 
as expected. Sufficiently high adverse pressure gradients will al- 
ways lead to complete separation, but more moderate adverse 
gradients can be tolerated for considerable distances even by a 
layer that is already very close to separation. Indeed, in the 
turbulent case Stratford’s results show clearly that very low values 
of shear can be obtained for relatively long distances. Thus, 
even though Stratford’s interpretation of his wall friction is open 
to very serious question, there is no doubt that his pressure dis- 
tribution [30] is a very useful one for applications where a given 
pressure rise is demanded in the shortest possible distance and 
with a minimum of wall friction. This is readily seen by com- 
parison of the wall friction for a typical NACA 65-series airfoil 
shown in Fig. 12(a) with Stratford’s data on the same plot. 

The concept of a transition region leading through intermittent 
separation to onset of stall in the case of the turbulent boundary 
layer is seen to be of value, not only interpreting the many kinds 
of data available, but also in recognizing the inception of stall from 
the design point of view on faired surfaces. The velocity correla- 
tion of Sandborn, equation (4), should definitely be of utility in 
correlating such effects and avoiding, not only complete stall, but 
also the highly intermittent flows associated with transitory stall 
when this is necessary. It is unfortunate that Sandborn’s result 
provides only a correlation and not a prediction method; predic- 
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tion is still needed. The method of Maskell [24], which predicts 
separation by extrapolation of the shear value to zero, works well 
for many cases, particularly on airfoils. However, Maskell’s 
method is in doubt for cases of internal flow, as noted in reference 
[8], and such extrapolation could lead to large error if the pressure 
distribution were such that the flow remained for a considerable 
length in the intermittent separation region. 

A Possible Critical Experiment. At several points in the foregoing 
discussion it has been stated that complete association of the vari- 
ous types of data, correlations, and visual studies cannot presently 
be achieved because of the lack of either a complete theory or a 
single experiment involving all the relevant types of observations. 
This remark could actually have been made with point at several 
additional places in the discussion. Indeed, some five kinds of data 
embodying visual studies, mean profiles, shear measurements, 
momentum integral comparisons, and fluctuation measure- 
ments exist. Examination of these data suggests of course certain 
relations between them. For example, the critical point of Hewson 
is probably associated with the onset of streaks of backflow. The 
velocity correlation of Sandborn given by equation (2) probably 
holds at incipient separation for the range of data available. How- 
ever, it is not clear whether it holds at complete separation, since 
no data are available at the extreme values of H. What seems to 
be needed at this point to supply a clear physical basis for these 
relations and for the more complete understanding of stall incep- 
tion in a turbulent shear layer is a single experiment in which the 
sequence of flow models can be carefully observed and the other 
types of data related directly to it as a function of spatial distribu- 
tion on a given wall. 


Conclusions 


1 Available data suggest that the flow separation is more ap- 
propriately viewed as a transition (unseparated to separated) than 
aline. In the laminar case this view leads merely to a clearer ex- 
planation of the history effect of the boundary layer and the corre- 
lation of all known separation results with a single one-parameter 
family. In the turbulent case it allows better interpretation of the 
observed flow models which show that onset of stall for faired sur- 
faces is usually preceded by local intermittent separation involv- 
ing three-dimensional streaks of backflow near the wall. 

2 The model of separation as a transition region in the turbu- 
lent case leads to a velocity correlation which apparently corre- 
lated intermittent separation with good accuracy. This result is 
achieved by dropping the portion of the velocity correlation repre- 
senting the correction to the inner portion of the boundary layer 
in such a way that the wall friction is not necesarily zero. 

3 The relation between the assumption that the correction to 
the inner flow is not important in the separation region and the 
flow model is not well understood. Indeed, the primary unre- 
solved problems relating to the physics of the separation of tur 
bulent shear layers now seems to lie in the relation between the 
various types of data now available. A single experiment in 
which these relations could be directly observed is thus suggested, 
since a unified theoretical framework is lacking. 
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nansen BOUNdary-Layer Equations 


Associate Professor of Mechanical Engineering, 


University of Michigan, Ann Arbor, Mich. The momentum, continuity, and energy equations of the laminar incompressible 


boundary layer in a skew-linear co-ordinate system are similar in form to those in a 
rectangular co-ordinate system. This fact is used to generalize the requirements for 

similarity solutions in rectangular co-ordinates. The requirements for all possible simi- 7 
larity solutions of the boundary-layer and energy equations in skew-linear co-ordi- 

nates are presented. The usual Cartesian co-ordinate system is a special case of co-ordi- 

nate systems considered. 


Introduction sidered, the permissible orthogonal co-ordinate systems are 
rectangular, polar, and spiral [1]. 

In the analysis which follows, it will be shown that a considera- 
ble degree of generalization can be achieved in formulating 
similarity solutions of the boundary-layer equations by the simple 
expedient of relaxing the requirement that the co-ordinate system 
be orthogonal. The system to be considered will be a linear skew 
system. It will further be shown that similar solutions of the 
boundary layer referred to a rectangular co-ordinate system are 
carried over directly as solutions in the linear skew systems 


xact solutions of the laminar, incompressible 
boundary-layer equations are generally obtained by the use of 
similarity transformations. By means of such transformations, 
he equations of the boundary layer as well as the associated 
energy equation are reduced to ordinary differential equations 
which can then be solved by standard numerical methods. The 
price that is paid for obtaining such solutions is that the method 
is applicable only for rather restricted classes of mainstream 
flows {1].!. This might well be expected since one of the charac- 
teristics of similarity solutions is that the computed boundary- Analysis of the Boundary-Layer Equations in Linear Skew 
layer velocity profiles are allowed to vary only in scale along Co-Ordinates 
co-ordinate directions. This limitation is reflected at once in the 
permissible types of mainstream flows which give rise to the Consider a linear skew co-ordinate system embedded in a sur- 
boundary layers. It can be stated, therefore, that the choice of face as shown in Fig. 1. The skew co-ordinates z, z are related to 
the co-ordinate system is one of the key factors in obtaining the rectangular co-ordinates X, Z by the equations 
physically significant similar solutions of the boundary-layer z= X sec 0 X = zcos 0 
equations. «Unfortunately, there are also restrictions on the type (1) 
of co-ordinate systems which may be employed in similarity z= Z—X Z=2+2s8in 0 
analyses. For example, if flow over a plane surface is con- The y co-ordinate remains normal to the surface and hence is 

! Numbers in brackets designate References at end of paper. unchanged by the foregoing transformation. 

Contributed by the Fluid Mechanics Subcommittee of the Hy- 
and a the Wines Annual Mecting. Now designated by U and W, respectively, and the velocity eompo- 
Society or Mecwanicat Enoineers. Manuscript received at ents of the boundary layer in the z, z, and y-directions by u, w, 
ASME Headquarters, August 1, 1960. Paper No. 60—WA-159. and », respectively, the three-dimensional boundary-layer equa- 


Nomenclature 


If mainstream velocity components in the x and z-directions are 


’ r = constant X, Y, Z = rectangular co-ordinate sys- 
s = constant tem 
=a * constants 7* = scaled surface temperature, ” = similarity space variable, 
b = constants v = coefficient of kinematic vis- 
C, = constant pressure specific T.. = temperature of mainstream cosity 
Cc heat 01 10 T, = temperature of surface u = coefficient of absolute vis- 
rameter 9, u = = ond si 
G(m) = funetion of similarity pa- 
rameter 7, w = WG'(n) ui, = boundary-layer velocity 6° Pcs 
= ensioniess temperature, 
g(z, 2) = function of co-ordinates, z components in X, Y, Z a 
and z directions, respectively = 
k = thermal conductivity U, W = mainstream velocity com- T. mt Te 
m = constant ponents in z, z directions, 0 = function of similarity pa- 


n, n’ = constants respectively rameter 7, 0* = O(n) 
— se Com z, y, 2 = skew-linear co-ordinate sys- Superscript prime denotes differentiation 
‘ k tem with respect to 7 
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Substitution of expressions (3b)-(3d) into equations (2a)—(2c) 
gives 
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tions become (c.f. ref. [2] chap. 18). 


The boundary conditions on F and G are 


F(0) = 
= G'(0) = 0 
ow Ou Lim F’(n) = Lim G’() = 1 


u + u = (2b 


or oy oz or Oz 


If it is now required that the C; (i = 1, 2, . . ., 6) be constant 
(in order that equations (4a) and (4b) become ordinary differential 
ou ov ow equations in 7), four sets of solutions for U, W, and g* can be 


or oy (2¢) found; they are [1]: 


The continuity equation is 


Equations (2a )—(2c) are clearly identical to the equations which : , 
= nz = nm 
one would write for a system of rectangular co-ordinates. It U = aewz t —_— 
follows that solutions of the boundary-layer equations in rectangu- W = be™*z™ W = bz*-12* 
lar co-ordinates are valid for the equations expressed in linear Ww el ob Ww 
ca 
skew co-ordinates. g?=cU = g = = 
The requirements for similarity solutions of the boundary-layer bz “7 e_F 
equations in rectangular co-ordinates have been determined in : ‘ , 
Case III Case IV 
Ref. [1]. The results can be summarized as follows. : 
U = ae 
W = W = be™ 
W(x, z (3a) 
Vy cl 
g= g? = cl 


(3b) 


F'(m) 


(Four other cases could also be listed by obvious symmetrical in- 

terchange of variables) 

d ?’(n) (3c) It is interesting at this point to investigate the differences be- 
tween the requirements on the mainstream flow as referred to 


Table 1 Comparison between mainstream characteristics in rectangular and skew-linear co-ordinate systems 


Case I Case IT 
Rectangular Skew-linear Rectangular Skew-linear 
U ae"’*(Z — X tan — X)""! 
Ww be"*Z™ be’*(Z — X tan 6)" bX*°-'!Z= — tan @ X)" 


Mainstream 
streamlines Z = a,e*?* 


Z=ae"* + Xtan6 Z=_uX"*+a Z =a;'X" + X tané 


Case IIT 


Caes IV 


Rectangular Skew-linear Rectangular Skew-linear 
U aX" a’X" ae"* ae"’* 
Ww be" * be’* 
Mainstream Z = Z 4+ Z + Xtand 


streamlines X tan 
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rectangular co-ordinates and those referred to the linear skew co- 
ordinates. This can be done readily by expressing the results for 
the two systems in terms of rectangular co-ordinates by use of 
equations (1). Table 1 lists expressions for mainstream velocity 
components and streamlines: 

In order to illustrate more completely the distinctions between 
solutions expressed in rectangular and skew-linear systems, the 
following example has been chosen from Case III. Let U = U5 
= constant and W = 2Uor. The corresponding mainstream 
streamlines are then given by 


z = z? + const (5) 
The similarity equations for the boundary layer are 


+ — +1=0 


= = = = 0 


Lim F’ = Lim G’ = 1 


Solutions for equations (6a) and (6b) are given in ref. [3]. The 
functions F’(m) and G’(n) are plotted in Fig. 2. It is shown in 
Ref. [3] that the so-called “limiting streamline”’ (i.e., the en- 
velope of boundary-layer streamlines as y — 0) is given by 


z=2 F’(0) + const. = 4.270z? + const (7) 


Plots of equations (5) and (7) appear in Figs. 3(a to c) for a 
rectangular system and linear-skew systems in which the angle 
inclination of the z-axis and the X-axis is 30 and 60 deg, respec- 
tively. It can be seen from these plots that when rectangular 
co-ordinates are employed the mainstream flow crosses the sur- 
face leading edge at right angles while in the skew system the 
mainflow crosses the leading edge at the angle of inclination of the 
z-axis. In the latter cases, the surfaces can be considered as in- 
clined to a uniform flow. 
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Fig. 2. Functions F’(n) and G'(n) plotted against » 
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Fig. 3(c) Streamlines of flow in skew-linear co-ordinates, § = 0 deg 
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Fig. 3(b) Streamlines of flow in skew-linear co-ordinates, 9 = 30 deg 


The relationship between boundary-layer velocity profiles can 
be obtained readily from equation (1): 


ai = ucos 6 (8a) 


(8b) 
(8c) 


where a, 7, and W have been used to denote the boundary-layer 
velocity components of a flow in a skew system referred to the 
X, Z-axes. Substituting the relations for u and w from (3b) and 
(3c) into (8a) and (8c) gives 


w+ usin@ 


u = U cos 60F(n) (9a) 


(9b) 


The velocity component normal to the surface remains identical 
to that of the orthogonal co-ordinate system. Thus it is seen that 
the velocity profiles for a skew system exhibit similarity in the 
X-direction but not in the Z-direction unless W = U. 


w = WG'(n) + U sin 6F'(n) 


Requirements for Similar Temperature Profiles 


Requirements for similar temperature profiles in a skew-linear 
system can be determined from an analysis of the boundary- 
layer energy equations under the assumption of constant fluid 


properties (cf. ref. [4]). The equation in terms of the skew 
system variableg is: 
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Fig. 3(c) Streamlines of flow in skew-linear co-ordinates, 9 = 60 deg 
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A nondimensional temperature ratio is now defined as (cf. ref. 
[4]) 


(11) 


temperature in the boundary layer 
temperature of the mainstream 
surface temperature 
T*(z,z)=T,-T. 


If @* is expressed as a function of the similarity variable 7, 6* 
= O(n) equations (3a), (3b), (3c), (3d), and (11) can be used to 
transform equation (10) into the form 
0” — C,F'O — + PC, — C:)0’F + — 

+ + + =0 (12) 


= 1 Lim = 0 
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P 
Cu = 2sin UW = 2sin Cw VCs 


In order that equation (12) be an ordinary differential equation 
Cz, Cs, Co, and Cio (and hence Cy) are required to be constant, 
From the expressions for Cy and Cj it is readily seen that U must 
be proportional to W, i.e., the streamlines of the mainstream are 
straight. However, the coefficients Cy and Cy arise from the 
viscous dissipation term in the energy equation and if it is as- 
sumed that viscous heating is negligible, the requirements im- 
posed by Cy and Ci» can be disregarded. If it is also assumed that 
T* = constant, equation (12) becomes 


6” + PAC, C,)0'F PACs = 0 (13) 


Thus the requirements for similar temperature profiles are pre- 
cisely those given for the mainstream velocity components and 
the function g. A similar result is given in Ref. (5) for two- 
dimensional flows over a body of revolution rotating in a fluid at 
rest and a body of revolution in a rotating fluid. 

If the case of negligible viscous heating but variable wall tem- 
perature is considered, the two equations 


C; = const. = oz 


PW oT* 


= const. = dz 


constitute a system of equations for 7'*. 

The solutions for T* corresponding to the four sets of require- 
ments on U, W, and g are as follows: 

CaseI: T* = (const.) e’2* 

Case II: T* = (const.) z’z* 

Case III: 7'* = (const.) z’e* 

Case IV: = (const.) e’*e* 


(Again, four additional cases can be obtained by appropriate in- 
terchange of variables in all expressions of any of the four cases. ) 

At present, solutions of equation (12) corresponding to com- 
puted functions F and G have not been carried out by the authors. 
Obtaining such solutions should be a rather straightforward 
numerical procedure. 

In conclusion, it can be said that the requirements for all 
possible similarity solutions of the boundary-layer and energy 
equations in skew-linear co-ordinates have been found and pre- 
sented. The usual Cartesian system is simply a special case. 
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DISCUSSION 
Pa 


I would like to congratulate the authors for their very in- 
teresting paper to generalize the similar solutions of the boundary 
layer equations in linear skew co-ordinates. 

I want to make two remarks: 

(1) Since their fundamental equations are identical to ordinary 
boundary layer equations in rectangular co-ordinates, they do not 
have to limit themselves to similar solutions. Did they, for in- 
stance, consider the method of series expansion and find out 
whether the skew system has any advantages over the rectangular 
co-ordinates. 

(2) Even with the skew system, the similar solutions still have 
the inherent disadvantages that they can only be used for rather 
simple types of mainstream flows. There are some attempts to 
improve the ordinary boundary layer solutions for complicated 
mainstream flows by using special transformed co-ordinates de- 
pending on the form of mainstream flow, such as Goertler’s 
transformations. I wonder whether the authors have tried to 
extend their skew system to such transformed co-ordinates. 


Authors’ Closure 


The authors wish to thank Professor Pai for his interest in 
this work. It is true that the equations in skew-linear co-ordi- 
nates will admit to the same types ot solutions used in rectangular 
co-ordinates due to the like forms of the equations but to date the 
only solutions considered by the authors are those of the similar 
type. No attempt has been made to apply the suggestions raised 
by Professor Pai, although this may be a very fruitful area for 
work. 

Instead, the authors have directed their efforts in this connec- 
tion to the experimental verification of the use of similar solutions 
in channel flow. 

An experimental program by the senior author has produced 
some encouraging results to date; these results should be availa- 
ble in the near future. 


2 Research Professor, Institute for Fluid Dynamics and Applied 
Mathematics, University of Maryland, College Park, Md. 
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Particle Trajectories in a Gas Centrifuge 


The motion of spherical particles injected into a cylinder of gas which rotates as a solid 
body has been studied. The particle trajectory is expressed explicitly as a function of iwo 
dimensionless parameters; an injection-velocity parameter and an inertial parameter 
which is roughly the ratio of centrifugal force to drag force on the particle. The n-ain 
results are the dependence on particle size of the time for particles to be centrifuged and 
of deposition angle. These results indicate performance limitations for an idealized 
cyclone separator and a centrifugal particle-size analyzer. Experimental data are fre- 
sented for an air centrifuge which was designed to approximate the analytical flow 
model. Reasonably good agreement with theoretically predicted deposition angles was 
found for spherical glass beads and irregularly shaped chalk crystals, even to Reynolds 
numbers in excess of the Stokes flow regime for which the analysis applies. Particles 
as small as 2 microns may be classified with the present centrifuge configuration; how- 


1 Introduction 


a MOTION of particles suspended in a rotating 
cylinder of gas is of interest as an indication of the performance of 
cyclone separators or centrifugal particle classifiers and as a 
means of studying the aerodynamic drag force imposed on a 
particle. A recent analysis of the problem is given by Calder? 
with an explicit solution for the particle trajectories which in- 
cludes the effect of gravity but which is restricted to relatively 
slow rotation of the gas: 


2 
Parameter A = 1 
18u 


In the present analysis no restriction is placed on parameter A; 
although the particle Reynolds number Re is assumed to be 
small enough that the drag force is given by the Stokes relation, 
and the body force (due to gravitational, electrical, or magnetic 
fields) is neglected. The results for A< 1 are given in the Ap- 
pendix, and they agree with those of Calder? without the effect of 


1 Research sponsored through funds administered by the Divisional 
Research Committee of the Physical Sciences Division, Stanford Re- 
search Institute. 

2K. L. Calder, “Some Theoretical Aspects of the Rotating Drum 
Aerosol Chamber,”” BWL Technical Study No. 13, October, 1958, 
Army Biological Warfare Laboratory, Frederick, Md., Astia AD-207- 
865. 

Contributed by the Fluid Mechanics Subcommittee of the Hy- 
draulic Division and presented at the Winter Annual Meeting, 
New York, N. Y., November 27—December 2, 1960, of Toe AMERICAN 
Society or MECHANICAL ENGINEERS. Manuscript received at ASME 
Headquarters, August 1, 1960. Paper No. 60—WA-158. 


ever, by modification it might be used to classify particles in the submicron-size range. 


gravity. In the present analysis either the rotary speed of the 
gas must be sufficiently large that the body force is negligible in 
comparison with the drag force, or the body force must be parallel 
to the axis of rotation so that it does not affect the motion of the 
particle in the plane of rotation (in the Stokes flow regime). 
The effects of mutual interaction of particles are also neglected. 

Experimental verification of the calculated deposition angle is 
given in Part 3 for a centrifuge configuration (Fig. 7) which ap- 
proximates the analytical flow model. The centrifuge configura- 
tion seems to offer the following advantages over other configura- 
tions described in the literature** or available commercially: 

1 The gas flow pattern is approximately solid-body rotation 
(V = wR) and is simple enough to permit calculation of the trajec- 
tories of small spherical particles whose drag coefficient is given 
by the Stokes relation. Since there is no continuous flow of gas 
through the centrifuge, there is no boundary-layer effect. 

2 The particles are injected into the centrifuge through a rela- 
tively small inlet so that the initial position and velocity for each 
particle is almost identical. 

3. The particles are centrifuged across a relatively large radius 
ratio (4/1) which permits grading by size of smaller particles, 
and more accurate determination of drag coefficients of irregular 
shaped particles (by comparison of their trajectories with those of 
spherical particles). 


3K. F. Sawyer and W. H. Walton, “The ‘Conifuge,’ a Size-Separat- 
ing Sampling Device for Airborne Particles,’’ Journal of Scientific In- 
struments, vol. 27, 1950, p. 272. 

A. Goetz, Stevenson, and Preining, ‘‘ The Design and Performance 
of the Aerosol Spectrometer,” Paper 59-40, 52nd Annual Meeting, 
Air Pollution Control] Association, June, 1959. 


1d? 
dimensionless inertial parameter = oc 


A= 
18u 


a,b,c = functions of A 
B = dimensionless injection parameter, ratio of radial to tan- 


gential velocity of particle upon injection = du 


wR, 


B,, = maximum value of B 

Cp = drag coefficient = 24/Re for sphere in Stokes flow 
D = inner diameter of cylinder upon which particles impinge 
d = diameter of spherical particle 
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12+/ A, value of d measured in microns when w = 7200 
rpm, p, = 3 grams/cc, and wu = 181 X 10~* dyne sec/ 
em? 

initial value of p( —psig) 

drag force = 67wv,r for sphere in Stokes flow 

viscosity of gas = 181 K 10~-* (dyne sec/cm) at 20 C; or 
microns = cm 

(°) = time derivative of ( ) = d( )/dt 

= angular velocity of gas and cylinder 

= air pressure 

= angular rotation of cylinder = wt 


(Continued on nezt page) 
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Fig. 1 Co-ordinate system 


Analysis 


With the foregoing conditions, the forces imposed upon a 
spherical particle located in a region of gas which rotates as a solid 
body, Fig. 1, are: 


1 A viscous drag force F, which equals 67pv,7 if the particle is 


24 
small enough so that the Stokes relation (c >*z. applies. 


2 A radial buoyant force F, (due to the radial pressure 


gradient in the gas) (shown in the Appendix to be negligible in 
comparison with F). 


The z, y-components of »,, the gas velocity relative to the 
particle, are, respectively, Fig. 1, 


—V sin (@ — 0) — = —wR sin — 6) = —wy 
wr-y 
Hence the z, y-components of F are, respectively, 
— £) 
6rur(+wr — y) 
Equations of motion of the particle are then’ 
= 6rur(—wy — 
= Grur(wr — y) 


*C. E. Lapple and C. B. Shepherd, ‘Calculation of Particle Tra- 
jectories,”’ Inlernational Engineering Chemistry, vol. 32, 1940, p. 605. 


Nomenclature 


Using the dimensionless parameter A = p,d*w/18u these equa- 
tions simplify to 


+ + w?/Ay = 0 
+ w/Ay — w*/Ar = 0 


Or, since 


) 
Ri! 


1 dr 1 


—_ +—-— 
dg? +4 do A 
d? 
1 dy X =0 
do? Add A 


If the particle is injected into the centrifuge (at 4 = 0, R = Ro, 
@ = 0 as shown in Fig. 1) with the tangential velocity of the gas 
(yo = wRy) and with radial velocity z = Bw, the initial condi- 
tions are 


dX dY 
xX = 1 = B — = 
0 (=). » Ye =0, and 1 


Parameter B is then the ratio z»/i or the initial angle of the 
particle trajectory in fixed co-ordinates (dr/dy). The Laplace 
transforms of the equations of motion are 


1 1 1 
(w+ p+7+B 


where 


iip) = Laplace transform of f(¢) 


Solving for ¥ and F gives 
1 3 1 1 1 1 
a2) +a] (> at) A 
1 1 1 \? B 
[(» + +3,|? (> +4) +5 


Taking the inverse transform gives the co-ordinates of the particle 
trajectory 


2A 


Ab 
+ + 2AB) + 


c? 


; 1 + 2AB) — 2A 
+ e~ 9/24 sin “| cosh 
2A 


R = radius to particle at time t 
R, = gas constant of air 
Re = Reynolds number = pv,d/y 
r = radius of spherical particle 
p = gas density 
p, = particle density 
T = air temperature 
t = time 
4 = 


difference between angular rotation of cylinder and 
particle 


@ — arc tan (y/z) 
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= angle of particle deposition 

u,v = 2, y components of gas velocity V 

V = velocity of gas at particle position 

v, = velocity of gas relative to particle 

X = 2/R, 
z,y = Cartesian co-ordinate of particle position from axis of 

rotation in fixed space 

Y = y/Ro 
( )p = value of ( ) upon particle impingement at R = D/2 
( )« = measured in microns (1 micron = 10~* cm) 


initial value of ( ) upon injection of particle 
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Fig. 2 Calculated particle trajectories in fixed co-ordinates 


a 


bd agp 
2 - cosh 


2A 


Y(A, B, = 9/24 [ (1 + 4B) | sin 


bd ad 
—$¢/2A nt 
+e sin sinh 2A 


b bd . ad 
3 (1 + 148) | cos 3A sinh oA 


[(4/2)® + (2A)#]'/* — 
c? = a? + b? = [1 + (4A)?]'/ 


These equations plotted for various values of A and B show the 
shape of the particle trajectory in fixed co-ordinates, Fig. 2. The 
approximate simplified form of the equations for the limiting cases 
of AX land A >1 are given in the Appendix. 

Parameter A is the ratio of the centrifugal force on a particle 
which rotates with the tangential velocity of the gas to the drag 
force on a stationary particle. Therefore, A indicates the relative 
importance of inertial (or centrifugal) force compared with drag 
force for a given particle. 

If w = 7200 rpm, p, = 3 grams/ee, and 

= 181 X 10~* dyne sec/em* 


(for air at 20 C); then A = (d,*/12)?, or 
d,* = 12(A)'/* 


where d,* is the particle diameter measured in microns for these 
values of w, p,, and uw. The parameter d,* will be used hence- 
forth rather than A to designate particle trajectories. 

Curves in Fig. 2 for stationary co-ordinates are replotted in Fig. 
3 for co-ordinates fixed to the rotating cylinder to show the effect 
of particle size and injection velocity (parameters d,* and B) on 
the particle trajectories relative to the rotating cylinder. Angle 
6 is the amount by which the particle trajectory lags behind the 
angular rotation of the cylinder (@ = @ — are tan y/r, Fig. 1) and 
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Fig. 3 Calculated particle trajectories relative to cylinder 
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Fig. 4 Calculated particle trajectories relative to cylinder for parameter 
B=0 


is measured between FR and the radius to the point (fixed to the 
cylinder) where the particle is injected. 

In Fig. 4 additional trajectories are plotted relative to the 
cylinder (for B = 0) to show in more detail the effect of particle 
size on trajectory shape and deposition angle. In Figs. 2 and 4, 
for small values of d,*, particle trajectories become spirals (nearly 
circular) in fixed co-ordinates and nearly straight radial lines in 
co-ordinates fixed to the cylinder. Simplified equations for 
particle trajectory are given in the Appendix for d,* << 1 and 
d,* >1. 
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Fig. 5 Calculated angle of particle deposition versus particle diameter 


To show explicitly the dependence of deposition angle on 

particle size, 0p is plotted versus d,* in Fig. 5 for D = 82» (cor- 
responding to the centrifuge configuration of Part 3). For zero 
injection velocity (B = 0), 6, versus d,* is nearly linear for 2 < 
d,* < 14. For various values of B > 0, estimated curves (dashed ) 
are drawn through calculated points. For large values of B, the 
maximum value of 6, for these curves does not occur at maximum 
d,*; for example, if B = 4andd,* > 12, the dispersion of particles 
is reversed and the largest particles are deposited at the smallest 
values of 65. However, for d,* < 7, D = 8K», and B < 2, the 
angle of impingement, @p, is nearly independent of B. 

The time required for particles to be centrifuged is of interest 
in estimating the performance of cyclone separators. In Figs. 2 
and 4 the angular rotation of the cylinder (@ = wt in radians) is 
indicated at the calculated points for each of the trajectories 
plotted. From these values the time for a particle to be centri- 
fuged to a given radius can be found. 

To indicate the validity of the assumption of Stokes flow, the 
particle Reynolds number, Re = pv,d/y, is determined. The 
value of v,/wh, (estimated from Fig. 4 for B = Oand at R = 4R,) 
is plotted versus d,* in Fig. 6. It can be seen in Fig 4 and from 
the Appendix that the relative velocity v, increases with radius 
R and injection-velocity parameter B. When D = 8, and B 
= 0, the maximum Reynolds number for a given particle trajec- 
tory, Rep = pv,pd/u, may be found by using Fig. 6. For each 
trajectory, Re increases from an initial value Rep of zero to Rep. 
When B > 0, Reo = 


3 Experimental Study 


Description. The variation of actual particle trajectories from 
those calculated (Part 2), because of inertial (or profile) drag, 
irregular particle shape, and mutual interaction of particles was 
investigated experimentally. A closed cylinder was installed, 
Fig. 7, on a standard vertical centrifuge spindle which was capable 
of 10,000 rpm without noticeable vibration or heating of the cylin- 
der. The sealed annular air space within the cylinder was ap- 
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proximately '/; in. deep X 2-in. ID & 8in. OD. The pressure 
at the center line of this volume could be reduced as low as 0.) 
psia, measured with a mercury manometer. For these tests the 
pressure, temperature, and density of the air within the cylinder 
were essentially constant. 

After the cylinder pressure was set at the desired initial value, 
Ap, the valve to the vacuum pump was closed. After several 
minutes (to permit equalization of air temperature and the at- 
tainment of solid-body rotation) the valve to the manometer was 
closed and the valve above the particle feeder was opened, causing 
a flow of air and particles to enter the cylinder until p increased 
to room pressure. Because of the 4 to 1 increase in tube ID at the 


4 


tr 
o5 
8 16 20 24 


Fig. 6 Calculated particle velocity relative to cylinder versus particle 
size 
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Fig. 7 Configuration of centrifuge cylinder and feeder 
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feeder, the main pressure drop was at the entry to the feeder and 
the velocity with which air entered the centrifuge when the feeder 
valve was first opened approximately equaled 


9/ 
‘/, 
p 


The maximum value of parameter B was then 


‘ 1/ 
p wh, 
The actual value of B was less than B,, since p increased to room 
pressure during each test and since particles were centrifuged to 
the wall of the passage leading into the centrifuge (at 35 deg with 
the center line, Fig. 7) and thereafter lagged the air velocity. 
Since Fig. 5 indicates that particles were most dispersed by size 
when B = 0, Ap was set at the minimum value for which the 
particles could be forced into the centrifuge ('/, to 1/2 psi) which 


@ * 40° 
Re, = 3.4 


Fig. 8(a) Glass beads 


& 60° — 
Peo 66 


Fig. 8(b) Glass beads 


Table 1 


@, meas, deg— Rep 
rpm B,, = 
500 9.8 14 57 0.6 
1000 4.9 28 64 2.7 35 
4.2 38 7 3.4 
1.6 
0.6 72 
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Results for glass beads 


—Cale for B = 0— 
deg—. Reo 
Min Max d,=18 ds=18 dy=40 d,=18 dg=18 Max d = 40 


resulted in initial air-jet velocities at the inlet port between 44 
and 62 fps. The amount of air flowing into the cylinder during 
particle injection was less than 4 per cent of the amount in the 
cylinder before injection; therefore the disturbance caused by 
the entering air should have been slight except near the jet itself. 
Particles were collected on the gummed side of a '/,-in. strip of 
Scotch tape placed in the cylinder, Fig. 7. The injection process 
was repeated until enough particles were collected on the tape to 
be visible with a stroboscopic light through the lucite cover. 

To estimate the shape of the entering air jet, tests were made 
with a jet composed of approximately half HCl vapor and half 
air injected as in the foregoing with Ap = 1/, psi. A damp strip 
of green pH paper was placed in the cylinder in place of the tape. 
Without rotation (w = 0), */, in. of the strip located radially from 
the inlet became red. Whenw = 2000 rpm, the red region was 2 in. 
long and displaced tangentially in a direction opposite the cylinder 
rotation corresponding to —10° < 6, < 20°. When w = 3700 
rpm, 3 in. of the strip became red at —10° < 0, < 45°. These 
results indicate that cylinder rotation increased mixing of the jet 
and deflected it as if it were composed of small solid particles. 
Since jet mixing increased with cylinder rotation, the average 
velocity in the jet (relative to the cylinder) decreased rapidly 
with radius, and there was little disturbance of particle trajec- 
tories by the jet except near the inlet port itself. This was true 
particularly for the larger-sized particles since they were rapidly 
centrifuged away from the jet, Fig. 4. 

Results. Several test runs were made using glass beads with 
density p, = 2.5 gm/ce and a size range, 18 < d, < 40, Table 1. 
Ninety per cent by weight of the particles was within this range 
(the smallest easily available commercially ). 

For a run with w = 1200 rpm and B,, = 4.2, particles were de- 
posited on the tape from 38° < 6) < 74°. The height of the 
band over which particles were deposited increased from about '/s 
to '/, in. with increasing angle, 6p. This band was centered 
vertically at the height of the inlet port for all the tests. Photo- 
graphs of the tape at 6p = 40 and 60 deg are shown in Fig. 8(a) 
and (b), respectively. From Fig. 5 (at @, = 40°), d,* = 6.6 if 
the particles are injected at zero velocity (B = 0); and d,* = 
8.0 if the particles are injected with the velocity of the entering 
air stream (B = B,, = 4.2). From the results of Part 2 


= — = 
@ rpm p, em/ce 1200 2.5 


= 2.68d,* 
Therefore the particle size at 6, = 40 deg from Fig. 5 is 


d, = 18if B=0, or d, = 21ifB = B, = 4.2 


which agrees well with the average size in Fig. 8(a). The maxi- 
mum value of Reynolds number using Fig. 6 (for d,* = 6.6, 
B = 0) was Re, = 3.4. The following reasoning indicates that 
the actual injection-velocity parameter B is not much greater than 
zero. For Re = 3.4, the drag coefficient of a sphere is only about 
30 per cent greater than 24/Re (the Stokes value assumed in 
Part 2). Therefore particles in Fig. 8(a) would not be much 
larger than the calculated value if B = 0. For B = B,, = 4.2 
and d,* = 21, however, the initial value of Reynolds number 


——Calc for B = B, 


p, deg 
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Fig. %(b) Chalk dust 


4.2 


Re = 3.4 
x 0.9 


and the actual drag coefficient would be greater than 2.2 times the 
assumed Stokes value over the entire trajectory. Therefore the 
particles in Fig. 8(a) would be considerably larger than the 
calculated value of 21 microns if B were as large as B,,. Since 
nearly all the particles in Fig. 8(a) range in size from 20 < d, < 27, 
the actual value of B was nearly zero. 

Similarly, from Figs. 5 and 6 at 0p = 60 deg (in Fig. 8d) if 
B = 0,d,* = 24, Rep = 7. Calculated values of d, and Rep for 
B = O are shown in Fig. 8. Fig. 5 also indicates that the largest 
particles (d, = 40, d,* = 14.9) can be distributed from 9, = 103 
deg (if B = 0) to 0, = 40 deg (if B = B,, = 4.2). The drag 
coefficients of these particles are considerably greater than 24/Re 
which leads to actual values of 6p lower than calculated. 

For all the tests, the average size of the particles deposited in- 
creased with 8p; however, variation of size existed at all values of 
§, as in Fig. 8. This is attributed to adhesion, interference, and 
collisions between particles. 

In Table 1 are shown the measured range of 6, for particle 
deposition and the range calculated from Fig. 5 both for B = 0 
(assuming the particles are injected with zero velocity, # = 0) 
and for B = B,, (assuming the particles are injected at the maxi- 
mum air-jet velocity, % = 1/4(2Ap/p)'/*). Calculated Reynolds 
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numbers, Re, and Reo, are also shown for B = O and B = R,, 
Maximum @, is given for B = B,, since this dces not always 
correspond to maximum particle size, as shown in Fig. 5. The 
measured range of 6, seems to correlate reasonably well with 
calculated values for B = O except for the highest values of w 
and d,* where high Reynolds numbers lead to values of 6, which 
are smaller than those calculated for Stokes flow. 

Tests also were made using chalk dust (CaCO,) with density 
p, = 2.7 grams/cc and an approximate size range of '/, < dy < 
50. Forarun with w = 8300 rpm and B,, = 0.85 particles were 
deposited on the tape from 15° < 6) < 120°. Four photographs 
of the tape at various values of 6, are shown in Fig. 9. Calculated 
values of d, and Rep in Fig. 9 are for B = 0. In Figs. 9(a) and (b) 
there is reasonably good agreement with the calculated value of 
d,. However, in Fig. 9, as Reynolds number increases, actual 
particle size becomes considerably larger than calculated. 

Separation by size of the CaCO, crystals is less than ideal since 
the smallest particles ('/, < d, < 2) are not deposited at the 
smallest values of 9,, but instead are found rather uniformly 
mixed with the larger particles which are rather well separated by 
size. This effect is attributed to adhesion of the smallest particles 
to larger ones and to each other (because of electrostatic or 
molecular forces). Predrying the injection air and dust did not 
appear to change the adhesion of particles. Since particles are 
fed into the cylinder through a long tube of small bore, the 
chances for particle adhesion are great, and this appears to be a 
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disadvantage of the present centrifuge configuration. To some 
extent, mixing of particle sizes could also be due to collisions or 
wake interference. Particles deposited on the tape adhered to it 
very well, and there seems to be little possibility for particles to 
rebound or shift after impact. Since the total mass of the fine 
CaCO; particles was small, these particles probably did not have 
much effect on the trajectories of the larger ones. 


4 Conclusions 


The results of tests with spherical glass beads and irregular 
shaped chalk crystals indicate fairly good agreement between 
measured and calculated values of particle deposition angle 6p as- 
suming zero injection velocity (B = 0). This is true even though 
maximum values of Reynolds number exceeded the Stokes flow 
regime for which the analysis applies. This is probably due to 
the fact that during the initial part of each particle trajectory the 
Reynolds number was low. 

By incorporating the particle feeder into the spindle of the 
centrifuge and decreasing the radius of the spindle it should be 
possible to decrease particle adhesion. Also, by decreasing the 
gas pressure within the cylinder, the effective size of a given par- 
ticle can be increased (due to decreased gas viscosity) and its 
Reynolds number decreased. With these modifications it may 
be possible to separate by size particles which are in the sub- 
micron-size range. 


APPENDIX 
Buoyant Force 


The radial buoyant force on the particle F, can be evaluated to 
show that it is negligible as assumed in Part 2. The radial pres- 
sure gradient in the gas at the location of the particle is pv?/R, 
and the resulting radial force on the particle is 


pv? 
F, = ‘/, R = rriw*Rp 
The viscous drag force is 
F = 6rpo,r 


Py 
and F/F, = —— = 
By 2pw*Rr? Apwr 


For B = 0, F/F, = 0, att = 0 when v, = 0. However, at this 
time F, the centrifugal force on the particle, is 


Pp 
and =~ >1 
p 
When A <1 and B = 0 
R/Ry = e4* and —v, =R = ReA*Ad = AwR 
and —F/F, = p,/p >1 
From Fig. 4 it can be seen that (1/A )(v,/wr) is a fairly large frac- 
tion (not much smaller than unity) for trajectories corresponding 


to 4 < d,* < 20 (or 0.1 < A < 3) when (R/R,) > 2. Therefore 
F, is always small (compared with either F or F,) if p, >p. 


Small-Particle Trajectories 
If parameter 


18u 
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the equations describing particle trajectories derived in Part 2 
can be simplified. Here, 


a=>1+'/,2A)*, (2A)? 
b & 2A[1 — > 2A(1 — S 2A 
a 1 bd 
If in addition 


24 
then 
ag ag ~~ 1 


Upon substitution of these approximations, the trajectory equa- 
tions of Part 2 reduce to 


xz > + AB)e4* cos (1 — 2A2)p 
y = + AB)e4* sin (1 — 2A%)p 
or 


R= + ABje4*, 6 =  — arctan y/z = 2A% 


R 
24%, @ 24 
R(1l + AB) 
1+B 
Ro 12 


Thus for A< 1, B = 0, @, ~ (d,*)? as indicated in Fig. 5; and 
as shown by Calder.?* 


Large-Particle Trajectories 


In the limit when A > 1, the equations for particle trajectory 
reduce to 


a b= (2A), 4A 
and 
> Ry + BR = Ry + 
y = Rod 


Relative to the rotating cylinder and gas, the equations for 
particle trajectory are 


R = (x? + y?)'? Rol + (1 + 


6 = } — arc tan y/z = @ — are tan = = 


DISCUSSION 
K. L. Calder® 


I would like to correct an impression that might be gained from 
Dr. Kriebel’s paper, that the previous analysis by Calder, of the 
particle trajectories in a rotating cylinder of gas, was restricted 
to relatively slow rates of rotation. In the earlier paper, and under 
assumptions identical with those made by Dr. Kriebel, a com- 
pletely general and exact solution was derived for the trajectory 
(including the effects of gravity) using the methods of elementary 


*U. 8S. Army Biological Laboratories, Fort Detrick, Frederick, 
Md. 
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vector analysis. The problem does in fact provide a good, albeit 
simple, illustration of the power of the vector method for problems 
in mechanics, which is so systematically and uniquely developed 
in the book “Vectorial Mechanics’’ by the late Prof. E. A. 
Milne. In contrast with the Cartesian mode of analysis adopted 
by Dr. Kriebel, the vector method immediately provides a kine- 
matic picture of the motion in question. Thus, for the problem 
under discussion, it is readily shown (Calder, 1958) that the 
particle trajectory in the most general case corresponds to the 
vector sum of two 2-dimensional vectors rotating uniformly but 
oppositely, and one of which shrinks exponentially with time 
while the other lengthens exponentially. This vivid description 
gives far more insight into the motion than the Cartesian solu- 
tion and may also be applied with rather less computational 
effort to the plotting of such trajectories as appear in Dr. Kriebel’s 
paper. Numerical calculation of specific trajectories was not, 
however, made by Calder since this was not necessary for dis- 
cussion of the behavior of an aerosol cloud contained in a rotating 
air-filled drum. In addition to the general solution, Calder ob- 
tained an approximate solution, which is valid for small values of 
wd?, i.e., for slow rates of rotation or small particles. In the latter 
case it is shown that, except for an infinitesimal period of time 
following release, the particle motion degenerates into one specified 
by a single uniformly rotating vector which lengthens exponentially 
with time. It is this particular approximation which is the one 
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of primary interest in relation to fine aerosols in a slowly rotating 
drum. 


Author's Closure 


The author is grateful to Dr. Calder for his discussion and for 
reviewing his earlier paper? which is not well described in the 
foregoing Introduction. The following comments are offered per- 
taining to his discussion. 

By inserting initial conditions into the general equations de- 
rived by Calder in terms of counter-rotating vectors, one could 
arrive at explicit expressions for particle trajectories which would 
be equivalent to the final equations of the foregoing analysis. The 
solution in this form would vividly describe the particle motion 
and, in fact, would be more general since it would include the 
gravitational force on the particles. Furthermore, the solution 
in Calder’s form probably would be simpler for computation of 
trajectories as he suggests. However, his paper was not known 
to the author until after the computations had been made. 
Probably the main value of the method of solution presented 
here is to demonstrate that the specified problem can be solved 
with more elementary mathematics. 

Most of the work described here was involved with calculating 
the particle trajectories and corresponding deposition angles, 
plotting the results, and obtaining experimental data for compari- 
son. This work is a distinct extension of that reported in Dr. 
Calder’s paper.? 
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GEORGE RUDINGER 


Principal Physicist, Cornell Aeronautical 
Laboratory, Inc., Buffalo, N. Y. 


Nonsteady Discharge of Subcritical Flow’ 


The calculation of a nonsteady flow discharging into the atmosphere, or into a large 


reservoir, is generally based on the assumption that the effective exit pressure is the same 
as if the flow were steady. In reality, however, the steady-flow boundary conditions are 
asymptotically approached after a disturbance produced by an incident wave, and re- 
cently published investigations provide a better approximation to these transient bound- 


ary conditions. 


Utilizing these results, one can compute the rate of discharge and com- 
pare it with the rate obtained in the conventional manner. 


The difference between the 


results of the two calculations is used to define a lag error in the conventional calcula- 


tions. 


Examples for discharges through an open end and through a sharp-edged orifice 


indicate that the actual transient flow rate may deviate considerably from that computed 
on the basis of steady-flow boundary conditions. 


Introduction 


; N IDEAL steady-flow discharge of a gas from an 
open or constricted end of a duct is readily computed from the 
properties of the gas-supply system and the boundary conditions 
that must be satisfied at the exit. As a result of flow separation 
or viscous losses in the discharging element, the actual flow rate 
is generally lower than the ideal rate, and the coefficient of dis- 
charge is defined as the ratio of the actual to the ideal flow rate. 
In nonsteady flow, an incident wave is usually prescribed, and 
the reflected wave must be determined before the instantaneous 
flow rate can be obtained. Wave reflections generally are com- 
puted on the basis of the assumption that the exit boundary con- 
ditions are the same as if the flow were steady; that is, that the 
pressure is equal to the ambient pressure. Actually, however, the 
incident waves produce deviations of the exit pressure from its 
steady-flow level, while the » ‘ected waves tend to re-establish 
it. This adjustment can pro. ed only at a finite rate, which is a 
function of the time required by sound waves to travel across the 
exit section. Therefore the effective exit pressure during a non- 
steady discharge cannot, in general, be equal to its steady-flow 
value but rather depends on the manner in which the flow is 
created. Benson [1]? observed that the instantaneous flow rate of 
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Nomenclature 


rapidly changing discharges through exhaust ports, computed on 
the basis of steady-flow boundary conditions, did not agree with 
experimental data. He concluded that the coefficient of discharge 
for nonsteady flow may differ considerably from that for steady 
flow and largely attributed this difference to the lag in the es- 
tablishment of the steady-flow boundary conditions. 

A theory by the author [2, 3, 4] vields the effective exit pressure 
for a nonsteady discharge from an open end or an orifice in good 
agreement with experimental observations. This theory can also 
be employed to compute the rate of discharge for various non- 
steady-flow conditions. Comparison of the results with those ob- 
tained on the basis of steady-flow boundary conditions indicates 
the lag effects and should thus contribute to a better understand- 
ing of nonsteady discharges. 

A few preliminary results were published previously [5]. In 
this paper, further exam les of nonsteady discharges are investi- 
gated, and the results are also presented in a better way. The 
present discussion is limited to subcritical (subsonic) discharges; 
supercritical discharges will be considered in a later paper. 

Only the simplest configurations can be treated mathe- 
matically. The gas is assumed to be initially at rest or flowing 
with a constant velocity, and the unsteadiness of the flow is pro- 
duced by prescribed pressure waves coming from the interior of 
the duct. In all calculations, an ideal gas with constant specific 
heats is assumed. 

The previously mentioned investigations of boundary condi- 
tions for nonsteady flow are summarized briefly in the Appendix. 
For a general description of the employed methods of wave- 
diagram analysis of nonsteady flows, based on the theory of 
characteristics, and of experimental techniques of shock-tube 
operation, reference must be made to other publications, for in- 
stance [6, 7, 8]. 


speed of sound 
cross-sectional area of duct 


time 


reference time, equation (3) 


Subscripts 
0 = initial conditions 


discharge coefficient for steady 
flow 

exit diameter 

flow rate 

function of 7, equation (11) and 
Table 1 

orifice contraction ratio 

Mach number 

absolute pressure 

Riemann variables, equations (1) 
and (2) 
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flow velocity 

total amount of gas discharged 
since beginning of transient 

ratio of specific heats 

lag parameter, equation (10) 

lag error, equation (6) 

density 

t/t,, dimensionless time 

duration of incident wave at exit 

function of 7, equation (16) and 
Table 1 


exit conditions at beginning of 
transient 

steady flow behind incident wave 

final steady flow 

actual exit conditions at some in- 
stant 

exit conditions based on steady- 
flow boundary conditions 

prime indicates effective condi- 
tions in vena contracta of dis- 
charge from an orifice 
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4e 
C = u= 
W = 
D, = 
= = e= 
A = 
n= p = o = 
M = T= 
p = r* = 
P,Q = = 


Evaluation of Lag Effects 


The boundary condition for a steady discharge requires that 
the exit pressure of the flow be equal to the ambient pressure as 
long as the flow is subsonic; it may be higher if the flow becomes 
sonic. From these pressure boundary conditions and the proper- 
ties of the gas-supply system, specified, for instance, by the stag- 
nation pressure and temperature, one can determine the flow rate 
of an ideal discharge. The actual flow rate is then subsequently 
obtained by multiplying the ideal flow rate by the appropriate 
coefficient of discharge which depends on the configuration of the 
discharging element and, to some extent, also on the flow condi- 
tions. 

In a nonsteady flow, the effective stagnation conditions at the 
exit vary with time and are determined by the interaction of the 
incident and reflected waves. Since the latter depend on the 
actual, rather than the ideal, discharge conditions, the conse- 
quences of the unsteadiness of the flow cannot be ascertained 
without consideration of the deviations from an ideal discharge. 

A wave diagram for the reflection of an incident shock wave 
from the end of the duct is shown in Fig. 1 and one for the reflec- 
tion of an arbitrary incident wave in Fig. 2. These figures indi- 
cate the reflected waves and the various flow regions that are en- 
countered. The procedures for calculating the reflected wave with 
allowance for the lag effects are summarized in the Appendix. 
In any particular problem, the incident wave must be prescribed 
either directly or indirectly through the physical system that 
produces the wave. The gas is initially at rest or flowing steadily 
(region 0 in Figs. 1 and 2). An incident shock wave reaches the 
end of the duct without any modification, but an arbitrary wave 
undergoes some change by its interaction with the reflected wave 
as indicated in Fig. 2. Every characteristic of the incident 
wave propagates with the velocity u°+ a and is associated with 
its Riemann variable 


P = 


(1) 


where a is the local speed of sound, u the flow velocity, and 7 the 
ratio of the specific heats. The characteristics of the reflected 
wave propagate with the velocity u — a and are associated with 
the Riemann variable 


REFL. 
EXPANSION 
WAVE 


st= 


OPEN 
END 


POSITION 
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Interaction of the incident and reflected waves does not affect 
the magnitude of their associated Riemann variables, but it does 
modify the propagation velocities of the characteristics. To de- 
scribe the incident wave, P must therefore be given as a function 
of time at some point of the duct where no interaction with the 
reflected wave takes place. The wave that actually reaches the 
end of the duct has thus a moditied time distribution which de- 
pends on the wave as well as on the exit configuration. This dis- 
tribution must be determined in every case by preparing the ap- 
propriate wave diagram. In principle, the modification of the 
wave depends also on whether the actual or the steady-flow 
boundary conditions are used, but this effect is so small that it is 
neglected in the examples presented in the next section. 

The magnitude of the lag effects clearly depends on the rate at 
which the incident wave modifies the flow conditions. Scaling 
problems associated with the physical size of the discharge section 
are avoided if all time intervals are expressed in terms of a ref- 
erence time tp in which a sound wave travels across the diameter 
of the discharge. (The boundary conditions used were derived 
and experimentally checked for circular configurations. No 
work has been done with other shapes, but reasonable approxima- 
tions should be obtained by taking the smallest dimension of the 
discharge section as the significant length.) In a steady flow, the 
time for a wave to travel across the exit diameter D, is given by 


D/(a? — u,2)"", 


where subscript e is used to characterize variables pertaining to 
the exit section. In a nonsteady flow, this time would not remain 
constant, and suitable average values a,,y, and tUayg Should be used. 
Since an incident wave which increases the flow velocity also in- 
creases the speed of sound, these changes tend to offset cach other 
to some extent and, at least for the present time, it seems ade- 
quate to use the initial conditions ap and u. Accordingly, all re- 
sults are expressed in terms of a dimensionless time 


Qs 


OPEN 
END 


POSITION 


Fig. 2 Wave diagram for reflection of a compression or expansion wave 
Fig.1 Wave diagram for reflection of a shock wave from an open end from an open end 
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tp (3) 


This definition is sensitive to the choice of the average conditions 
only when the flow closely approaches sonic velocity (tg then ap- 
proaches infinity), but the studies so far indicate [2, 3, 4] that 
the lag effects then become insignificant. 

The instantaneous values of the speed of sound in the exit sec- 
tion a, are obtained from the boundary conditions for the various 
cases, and these, together with the corresponding values of P,, 
vield the instantaneous flow velocities u, according to equation 
(1). The instantaneous rate of discharge is then expressed by 


G = CmAp,u,, (4) 


where A is the cross section of the duct, m the geometrical con- 
traction ratio of the orifice, C the coefficient of discharge for the 
prevailing flow conditions, and p the density. Analogous formulas 
apply for the flow rates G, and Gx. Subscript © is used to in- 
dicate the instantaneous flow conditions computed on the basis 
of the steady-flow boundary conditions, while subscript st refers 
to an ultimately established steady flow. These two conditions 
are identical if the incident wave is a shock wave, Fig. 1. Since 
the flow changes in the exit section are isentropic after the start 
of the transient, the density in equation (4) is given by the rela- 
tion 


), (5) 


where subscript 7 indicates the exit conditions at the beginning 
of the transient. These conditions are the same as the initial 
conditions (p; = po), except when the incident wave is a shock 
wave, Figs. 1 and 2. 

The difference G,, — G represents the error in the discharge 
rate that is made if the steady-flow boundary conditions are used 
for the calculations, and it is desirable to express it in dimension- 
less form as a fraction of some reference flow rate. For the 
present study, the ultimately established steady flow G,: is chosen 
as a suitable reference although, in some particular applications, 
other values may be advantageous. A different choice would 
always have to be made whenever G,, becomes zero or when it does 
not exist because the incident wave is not limited in time. Similar 
limitations apply also to other possible reference flow rates, such 
as Gy or Gas — Go. Selection of Gy also has the advantage that 
one can readily evaluate the extent to which the conventionally 
calculated nonsteady discharge exceeds or falls short of the quan- 
tity of gas that is actually discharged during the transient stage 
(see Discussion). Accordingly, a lag error is defined as 

—G 
A = Ga (6) 
Positive (negative) values of A thus indicate that the flow rate 


3 Ina preliminary discussion of nonsteady discharges [5], a dynamic 
coefficient of discharge was defined as the ratio of the actual instan- 
taneous flow rate to the flow rate which the actual instantaneous 
stagnation conditions would produce in steady flow through an ideal 
discharge configuration. his definition is not as instructive as the 
one given by equation (6) because the instantaneous stagnation con- 
ditions would be different for an ideal discharge. Furthermore, this 
definition becomes impossible to apply when transient flow conditions 
arise that cannot exist in a steady flow. In particular, the instantane- 
ous stagnation pressure at the exit must be larger than the ambient 
pressure for steady outflow, but for nonsteady flow it is only necessary 
that the stagnation pressure be larger than the instantaneous static 
pressure. The latter is lower than the ambient pressure during the re- 
flection of an incident expansion wave, Fig. 7, and it is then possible 
for a strong wave to reduce the instantaneous stagnation pressure 
below the level of the ambient pressure. 
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computed on the basis of the steady-flow boundary conditions is 
larger (smaller) than the actual flow rate. 

With the aid of the relations given in the Appendix and of 
equations (1) and (4) to (6), one can compute A as a function of 7 
for given incident waves and exit configurations. The results for 
a number of illustrative examples are given in the following 
section. 


Examples 


To illustrate the lag error as outlined in the preceding section, a 
number of examples have been prepared for various incident 
waves. Two exit configurations, and initial conditions of rest or 
steady flow are considered. The value y = 1.4 is used through- 
out. To determine the flow behind an incident shock wave, it is 
necessary to prescribe only one parameter, for instance, the pres- 
sure ratio p:/po, Where subscript I is used to indicate the steady- 
flow conditions behind the incident wave, Fig. 1. For a full 
description of a compression or expansion wave, one must also 
prescribe how the flow changes are distributed in time. As 
pointed out in the preceding section, the actual distribution at th 
end of the duct is different from the one that would be obtained 
if the duct did not terminate because of the interaction with the 
reflected wave. Since here the distribution of the incident wave 
may be selected arbitrarily, it is equally arbitrary and more con- 
venient to assume directly the modified distribution at the end 
of the duct and thereby circumvent the need for the construction 
of a wave diagram in each case. In the following examples, the 
assumption is made that the Riemann variable of the incident 
wave varies linearly with time, so that 

Po + (P1 — Po)t/t* for0 Zr Z 
P, = 
fort > 


where 7* is the dimensionless time during which the wave arrives 
at the end of the duct, Fig. 2. Depending on whether P; is 
greater or smaller than Po, equation (7) represents a compression 
or an expansion wave. 

Discharges from an open end (m = 1) or from a sharp-edged 
orifice are computed for flows that are produced by incident 
shock waves. For arbitrary compression and expansion waves, 
only discharges from an open end are considered. This configura- 
tion has the advantage that there are no flow losses (C = 1), so 
that it is not necessary to determine the coefficient of discharge 
for all flow conditions involved. The computing procedures 
could be extended to flows through an orifice that are produced 
by arbitrary incident waves, but such examples are not included 
here, since they do not seem to contribute significantly to a fur- 
ther understanding of the lag effects. 

Reflection of a Shock Wave From an Open End. [Examples are 
worked out for several shock-pressure ratios under the con- 
dition that the gas is initially at rest. The results are shown 
in Fig. 3, where A is plotted as a function of 7. It is evident 
that, for weak shocks and during the early part of the tran- 
sient, considerable errors are made if the flow rate is com- 
puted on the basis of the steady-flow boundary conditions, ac- 
cording to which the final steady flow is instantaneously estab- 
lished. The lag error may easily amount to 0.2 or more and is 
largest in the limiting case of a Mach wave (pi/po = 1). As p1/po 
increases above two, the value of A rapidly approaches zero, 
being only about 0.04 at p:/po = 3. For values of 7 larger than 
about 3, the transient phenomena have practically subsided. 

The computed values of G,, are too high because the exit pres- 
sure during the transient is higher than its steady-flow level. 
Effectively, the discharge takes place into an atmosphere where 
the pressure is p, instead of p,.. The transition of p, from its 
initial value p; (equal to pr) to its final value px is given by equa- 
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t= 
: 
a, 
Pe = Pi 
a, 


° 


Po) /Py 
° 


0.2 


EXIT PRESSURE RATIO 


LAG ERROR 


o | 
TIME t= t/t, 


‘ 


2.0 
TIME t= t/t, 


3.0 


Fig. 3 Lag error for discharge from an open end if flow is produced by 
incident shock waves of various pressure ratios. Inset: Transient be- 
havior of the exit pressure. 


tion (11) of the Appendix and is plotted in the inset of Fig. 3 for 
values of p1/po of 1.5 and 2.0. In the latter case, the discharge 
becomes sonic during the pressure adjustment, and p,, is higher 
than po. 

Reflection of Compression Wave From an Open End. Examples 
for the incident compression waves are computed for the con- 
dition that the gas is initially at rest and for an over-all 
compression ratio p1/po = 1.5. Since the changes of state are 
isentropic, the speed of sound and the pressure are related by 


= (pr/po)'/? = 1.0595 


for the present example. The characteristic equations (1) and 
(2) yield 


Py = 5a; + 
Qi = 5a; — ur = Qo = Say, 
so that 


Pa = Py = 10a; — 5a = 5.595a0 


Since p..'= po, it follows that a,, = ao, and equations (1) and 
4) to (6) determine the lag error as 


A 


P, — — (a,/a)*(P, — 5a,) 
= (8) 


— 


where the time distribution of P, is given by equation (7), and a, 
must be computed from equation (15) of the Appendix. All 
terms in the numerator and denominator of equation (8) are pro- 
portional to ao so that the value of A is independent of the initial 
speed of sound. A plot of A versus 7 is shown in Fig. 4 for the 
stated conditions and for several values of r*, including t* = 0 
which corresponds to the limiting case of an infinitely steep isen- 
tropic compression wave. 

According to equation (7), the derivative 0P,/dr is discon- 
tinuous when Tt becomes equal to r*. The slope of the curves in 
Fig. 4 is therefore also discontinuous at these points which are 
marked by circles. Even before these points are reached, A may 
show a decrease which indicates that the incident wave is not 
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LAG ERROR A 
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1.0 


2.0 "3.0 


TIME V=t/t, 


Fig. 4 Lag error for discharge from an open end if flow is produced by 


incident compression waves (pi/p) = 1.5). Circled points indicate end 
of incident wave (r = r*). 


4.0 


° 
> 


° 


EXIT PRESSURE RATIO (p.- 9 )/p, 


1.0 2.0 


TIME T= 


Fig. 5 Transient behavior of the exit pressure af an open end under in- 
fluence of incident compression waves for examples in Fig. 4 


producing changes fast enough to overcome the readjustment 
process at the exit. As the gradient of the incident wave arriving 
at the exit becomes smaller, the steady-flow calculations are more 
accurate and the maximum value of A decreases. However, for the 
same over-all compression ratio, A requires a longer time to decay 
to zero. The reason is, of course, that the incident wave delays 
the return of the exit pressure to its steady-flow level, as is shown 
in Fig. 5, where the exit pressure is plotted as a function of 7 for 
the various values of r*. These curves look similar to those in 
Fig. 4 except that their maxima are located at the points where 7 
is equal to r*, as can be verified from equation (15). 
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2.0 
TIME v= t/t, 
Fig. 6 Lag error for discharge from an open end if an initial steady flow 


(My = 0.8) is reduced by incident expansion waves (pi/po = 0.75). 
Circled points indicate end of incident wave (r = 7°). 


° 


EXIT PRESSURE RATIO 


w 


2.0 
TIME T=t/tp, 


Fig.7 Transient behavior of exit pressure at an open end under influence 
of incident expansion waves for examples in Fig. 6 


c 


Reflection of Expansion Waves From an Open End. An incident 
expansion wave would induce flow into the duct from the 
atmosphere unless there is an initial flow of sufficient velocity 
to sustain outflow. Examples are prepared for an initial steady 
flow of Mach number My = 0.8, and the expansion waves 
are assumed to be of such strength that ultimately a new steady 
flow is established with M.. = 0.4. The condition ay = a» and 
equations (1) and (2) yield the relations 


Qi = 5ar — = — up = — Mo) 
P1 + = + = ao(5 + 


from which one obtains a;/ao = 0.96 (or pi;/py = 0.75), and P; = 
5.40ao. The rest of the calculation proceeds, as in the preceding 
section, and the resulting variations of A with 7 are shown in 
Fig. 6 for various values of r* including the limiting case of an in- 
finitely steep expansion wave (rt* = 0). 

In these examples, the values of A are similar to those cor- 
responding to the compression waves of the preceding section, but 
note that A is negative for this case. Accordingly, the flow rate 
computed on the basis of the steady-flow boundary conditions is 
too low. The behavior of p,/po is shown in Fig. 7 which illustrates 
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Fig. 8 Pressure records for shock 
reflection from a sharp-edged orifice 
(m = 0.516). The records corre- 
spond to shock-pressure ratios of 
1.58 (a and b) and 1.22 (c¢ and d); 
they are obtained at 1.86 (a and c) 
and 4.33 (b and d) duct diameters 
from the orifice plate. The recording 
time is 5 msec. 


d 


how the incident wave maintains the exit pressure at a depressed 
level. 

Shock Reflection From an Orifice. The discharge coefficient of an 
orifice depends critically on the orifice design and, for this reason, 
experimental data are needed to determine its value [9]. A 
sharp-edged orifice is used for these experiments. Its diameter 
is 2.32 in., and it is mounted at the end of shock tube of 3.23 in. 
internal diameter, so that the value of the contraction ratio m is 
0.516. Pressure changes produced by an incident shock wave 
and its reflection from the orifice plate are recorded by means of 
a suitable transducer. Because of the nonuniformity of the flow 
in the immediate vicinity of the orifice, the pressure must be 
measured at a location where the flow has become substantially 
one-dimensional. A few such pressure records are shown in 
Fig. 8. These are obtained with the transducer located at 1.86 
and 4.33 duct diameters from the orifice. Shock-pressure ratios 
of 1.58 and 1.22 are used, and the gas is initially at rest. The 
recording time is 5 msec. The base line of the records cor- 
responds to atmospheric pressure. Both the incident shock wave 
and the reflected wave which precedes the establishment of the 
final steady flow can be seen clearly. 

From a knowledge of the pressure behind the inci ‘ent shock 
345 
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Fig. 9 Lag error for discharge from a sharp-edged orifice (m = 0.516) 
derived from pressure records in Fig. 8 


wave and the final pressure, one can compute the discharge co- 
efficient C,, for the actual flow conditions [9]. For the indicated 
experimental conditions, the results are 


P;/Po Cau 
1.58 0.76 
1.22 0.68 


The reflected wave consists of a leading shock front followed 
by an expansion wave. This wave form is explained by the con- 
sideration that a shock wave is immediately reflected from the 
solid portion of the orifice plate, while the expansion wave coming 
from the orifice opening is affected by the lag in establishing a 
steady discharge. Interaction of these elements of the reflected 
wave produces the peculiar pressure overshoot seen in the figure. 
It also can be noted that the form of the reflected wave changes 
as it propagates into the duct. This change must be taken into 
account if one wishes to find the effective boundary conditions at 
the orifice [4]. 

Knowing the incident wave and the boundary conditions, one 
can compute the flow rate as in the preceding sections. In the 
present, examples, the coefficient of discharge is assumed to be 
constant during the adjustment of the flow. The variations of C 
during the transient may be estimated on the basis of Jobson’s 
theory [10] and are found to be less than 3 per cent. (For the 
two shock strengths involved, the values of Cy differ only by 
about 10 per cent.) In view of the limited accuracy of the ex- 
perimental data, the assumption of a constant discharge co- 
efficient appears to be justified. The results of the calculations 
of A are shown in Fig. 9, and it may be observed that the lag er- 
rors are about the same as those found in the preceding examples. 
Inspection of the pressure records in Fig. 8 indicates that the 
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transient resulting from the weaker shock lasts almost twice as 
long as that for the stronger shock. This observation agrees well 
with the computed decay of A in Fig. 9. For the stronger shock 
wave, A approaches zero at r ~ 1.5. For the orifice diameter 
used, and for ao = 1140 fps, equation (3) yields a decay period of 
about 0.25 msec. This value is in reasonable agreement with the 
duration of the transient determined from the pressure records. 


Discussion 


The foregoing examples clearly demonstrate the magnitude of 
the errors that are made if the lag in the establishment of steady- 
flow boundary conditions is neglected. For incident waves which 
change the flow conditions rapidly (small values of 7*), the abso- 
lute value of the lag errors may be considerably larger than 0.2 - 
during the early portion of the transient. In accordance with the 
definition of A, this result means that flow rates computed on the 
basis of the steady-flow boundary conditions differ by more than 
20 per cent from the finally established steady flow. For less steep * 
waves (larger values of r*), the errors are smaller but persist for 
a longer time. The values of r* used in the examples are quite 
realistic. Since an incident compression wave may develop into 
a shock wave, all values of r* greater than zero may be en- 
countered. For an expansion wave, T* will rarely approach zero, 
but a value 7* = 1 would not be unusual. This value implies, 
for instance, that a centered expansion wave of the strength used 
in the examples would originate at a point located about 10 duct 
diameters from the exit. 

Another way of looking at the lag errors is to consider the 
amount of gas, W or W.,, that has been discharged since the 
arrival at the exit of the first characteristic of the incident wave. 
The difference W,. — W is readily obtained by integration of 
equation (6) which yields, with the aid:of equation (3), 


t 
Wa Gu Adt = f, Adr (9) 


This relation indicates the amount of gas that is not accounted 
for by the use of the steady-flow boundary conditions. If the 
time is long enough for steady flow to be established, A has de- 
cayed to zero, and one may define a lag parameter 


to express this decrement or excess of discharged gas. Values of @ 
for the examples in Figs. 4 and 6 are shown in Fig. 10, where the 
absolute values \6| are plotted for convenience, but it must be re- 
membered that @ is positive for incident compression waves and 
negative for incident expansion waves. For the given examples, 6 
lies in the neighborhood of 0.2 and varies only slightly with 7*. 
Although @ increases slightly with r* for the particular conditions 
of the compression waves used, it must asymptotically approach 


(10) 


w 


> 
COMPRESSION WAVES (@>0) | 
! ' 
@ 02 > 
EXPANSION WAVES 
a i ' 


DURATION OF INCIDENT WAVES T* 


Fig. 10 Absolute value of parameter @ for compression and expansion 
waves in Figs. 4 and 6 
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zero as T* goes to infinity (quasi-steady flow). The discrepancy 
between W,, and W thus is given, approximately, by +0.2tp,Gx. 

All the foregoing examples show that, whenever the wave 
processes increase the flow rate, the actual discharge is smaller 
than that computed on the basis of the steady-flow boundary 
conditions. Conversely, for a decrease of the flow rate, the actual 
discharge is the larger one. This result is a direct consequence of 
the inertia of the outflowing gas and is thus generally valid. 
Benson [1] observed that the discharge of a compressed gas from 
a cylinder through a rapidly opened port is some 10 to 15 per cent 
smaller than the computed quasi-steady discharge, in agreement 
with the foregoing conclusion. Since his transient conditions are 
only approximately equivalent to a flow started by an incident 
wave, a quantitative comparison of the results cannot be made. 
Benson also reports the unexplained observation that the rate of 
discharge from a cylinder increases with its length. His data indi- 
cate that this effect disappears if the cylinder is more than about 
two diameters long. The examples shown in Fig. 6 suggest the 
following tentative explanation of this phenomenon: In long 
cylinders, the expansion waves coming from the small discharge 
port are better preserved than in extremely short cylinders where 
the waves can no longer be considered as quasi-one-dimensional. 
The resulting three-dimensional wave pattern in the latter case 
tends to produce a rather uniform pressure distribution through- 
out the entire volume. Consequently, the discharge from a short 
cylinder should correspond more closely to a quasi-steady flow 
than that from a long cylinder; the latter would tend to produce 
the larger discharge rate associated with the reflection of expan- 
sion waves (A < 0). 

At present, it is possible to analyze only the simplest discharge 
configurations, while discharge rates from arbitrary configura- 
tions must be determined experimentally. In this respect, non- 
steady discharges are not different from steady ones. However, 
at the present time, measurements in nonsteady flow cannot be 
carried out nearly as accurately as those in steady flow. Methods 
for the evaluation of experimental data are only briefly men- 
tioned here, but they are described in detail in the previously 
mentioned publications. The theory of wave reflectors with con- 
sideration of the lag effects, on which the calculations of A are 
based, agrees with experimental data about as well as the latter 
can be determined. It does not seem profitable, therefore, to at- 
tempt further refinements of the theory unless considerably im- 
proved experimental techniques become available. 

The presented material provides a general indication of the 
magnitude of the lag effects. The extent to which these effects 
are significant must be determined in connection with individual 
problems. 
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APPENDIX 


The computing procedures used for the analysis of nonsteady 
flows follow those of reference [7]. Reflection of pressure waves 
from open ends and from orifices with allowance for the lag in the 
establishment of steady-flow boundary conditions has been de- 
scribed in detail in references [2, 3, 4]. Only the essential steps 
of these calculations can be stated here. Different computing 
procedures must be used, depending on whether the discharge 
takes place through an open end or through an orifice, and on 
whether the nonsteady discharge is produced by an incident shock 
wave or by a wave of finite extent. 


Summary of Nonsteady-Flow Boundary Conditions 


Shock Reflection From an Open End. Fig. 1 shows the wave dia- 
gram for this case. The incident shock wave, prescribed, for in- 
stance, by its pressure ratio p;/po, determines all flow conditions 
in region I. When the wave arrives at the exit, the pressure there 
is instantaneously raised from po to p:(p; = pr) and after steady 
flow has been established, the pressure has become equal to py. 
As long as the outflow is subsonic the condition py = p.. = Po is 
satisfied. To compute the transition of the instantaneous exit 
pressure from p,; to ps, consider first an incident shock wave of 
vanishing strength (Mach wave). The frequency spectrum of 
such a pressure step can be determined by means of a Fourier 
analysis, and the frequency spectrum of the reflected wave can 
then be computed with the aid of the known acoustic impedance 
of an open end of a duct. The pressure distribution of the re- 
flected wave can finally be obtained by superposition of its fre- 
quency components in the form of a Fourier integral. This ap- 
proach yields the effective boundary conditions in the form 


P(t) — Pp 
Pi — Pet 


= I(r), (11) 


where J(7) represents the resulting Fourier integral. 
values of this function are given in Table 1. 


Numerical 
Although equation 


Table 1 Functions I(r) and [3] 


I(r) 
0.126 
O94 
070 
052 
039 
029 
021 
O14 
004 


097 
187 
271 
346 
414 
475 
574 

.648 
705 

0.745 


~ 

2.5 


— 


wo 


8 


(11) is derived on the basis of acoustic theory, pressure distribu- 
tions in reflected waves computed with the aid of this equation 
have been found [2] to be in good agreement with experimentally 
determined distributions also for shock waves of finite strength. 
For shocks strong enough to produce sonic flow after reflection, 
that portion of the reflected wave that can still propagate up- 
stream into the duct travels so slowly that the lag effects tend to 
become insignificant. 
According to equation (1), the relation 
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i 
| 0.774 
0.795 
0.811 
0.823 
0.832 
‘ 0.839 
4 0.844 
0.847 
0.853 
0.856 
= 0 0.858 j 


a,+u, = a; + ur (12) 


y¥-1 
applies, and since changes of state across the reflected wave are 
isentropic, the values of a,(r) can be obtained from the relation 


y-1 


2y 
a(t) = a [2 | aa) 
Pi 


Equations (11) to (13) completely determine the exit flow condi- 
tions and the reflected wave. 

Reflection of an Arbitrary Wave From an Open End. A wave dia- 
gram for this case is shown in Fig. 2. The starting conditions for 
the transient are here identical with the initial conditions. Let 
the consecutive characteristics of the incident wave be numbered 
0,1, 2,...,j,...n. Any two consecutive characteristics represent 
a small wave element which, if the duct did not terminate, would 
produce a change of the speed of sound at the location of the exit 

Aa; = x (P; — P;-1) (14) 
Because of the termination of the duct, a reflected wave element 
is formed which tends to re-establish the steady-flow boundary 
conditions. While this adjustment is in progress, subsequent ele- 
ments of the incident wave arrive. At any time, the instantaneous 
boundary conditions are, therefore, the result of the cumulative 
decaying contributions of all preceding wave elements [3]. The 
speed of sound at the nth point of the wave diagram, Fig. 2, is 


‘given by the relation 


n 
=] T; = 


[®(r, — — (7, — 7,)], (15) 


where subscript e has been omitted for conciseness since all values 
apply at the end of the duct. The term a; — a;-1... in the 
numerator is included for completeness to allow for the possibility 
that the steady-flow boundary conditions may change during the 
transient [3]. As long as outflow is subsonic, this term is equal 
to zero because a; = 4o for isentropic changes of state. The 
function ®(r) is defined as 


I(r)dr fort >0O 
= 1 
(16) 
for 


and its values are included in Table 1. Equation (15) and the 
value of P,, determine the exit flow conditions and the reflected 
waves as in the case of incident shock waves. In the examples pre- 
sented, the wave that reaches the end of the duct is described by 
a linear variation of P, with r. For such a wave, the factor Aa,/ 
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Fig. 11 Wave diagram for determination of initial conditions following 
reflection of a shock wave from an orifice plate 


(rT; — 7;-1) in equation (15) is the same for all elements and equal 
to (a; — ao)/r*; the sum is thus reduced to a single term. 

Shock Reflection From an Orifice. This problem cannot be solved 
without knowledge of the effective exit section which is located in 
the vena contracta of the discharging jet rather than at the orifice. 
To distinguish between the flow conditions at the end of the duct 
and those in the vena contracta, a prime is used to indicate the 
latter. The ratio of the area of the vena contracta to that of the 
orifice represents the coefficient of discharge which depends 
critically on the orifice design and also on the flow conditions [10]. 
It is assumed that the steady-flow coefficient of discharge for the 
conditions that prevail after the arrival of the incident shock wave 
has been determined. The final conditions in the discharging jet 
can thus be computed. 

The exit conditions immediately after arrival of the incident 
shock wave are computed under the assumption that the duct 
does not terminate at the orifice but continues with a cross section 
equal to that of the vena contracta, Fig. 11. As discussed in 
reference [4], there is sufficient evidence, at least for subsonic 
flow, that the vena contracta forms so fast that it may be as- 
sumed to be established instantaneously. On this basis, one can 
compute the strength of the reflected shock wave and the pressure 
p,’ in the vena contracta at the instant of arrival of the incident 
shock wave. The transition of the pressure from p,’ to ps’ is 
given by 

(T) — Par’ 


= I(r) (17) 
Py — Pu 


in analogy with equation (11). For a subsonic discharge, ps’ 
is equal to the ambient pressure. The remaining flow variables 
are obtained from equation (17), from the conditions that P, = 
P;, and from the consideration that the flow from the end of the 
duct to the vena contracta is isentropic. Shock reflection from an 
open end represents a special case of this procedure. 
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Effects of Inlet Conditions on Performance 
of Two-Dimensional Subsonic Diffusers 


Performance data and flow characteristics for subsonic two-dimensional plane-wall 
diffusers are presented for the following conditions. (a) Wall-length to throat-width 
ratios of 8.0, 12.0, and 48.0, (b) total divergence angles from 2.5 to 40 deg, (c) extremely 
thin inlet boundary layers to fully established channel flow, (d) a vaned diffuser with 
L/W, = 8.0 and quite thick inlet boundary layers. Flow conditions and variations 
of flow regimes for L/W, = 48.0 are compared. No real gain in recovery or pressure 
effectiveness is achieved by use of very large L/W;. L/W, = 20 — 25 appears to be 
maximum useful range in the absence of boundary-layer control. A few data are given 
where the inlet flow of the diffuser is distributed by obstructions. Recovery and effective- 
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ness are found to be strongly dependeni on type and amount of inlet turbulence. 


Introduction 


N GENERAL, flow in passages with favorable pressure 
gradients is amenable to known design methods and gives pre- 
dictable stable flow patterns. However, flow in diverging 
passages, such as diffusers, contains a number of unknown 
elements. 

Many empirical studies of diffuser flows have been made. 
A bibliography of these works has been given recently by Kline, 
Abbott, and Fox [10].? This bibliography shows little or no 
systematic study of the effects of inlet conditions on diffuser 
performance. Studies involving changes in inlet conditions 
have been reported by Copp and Klevatt [3], Uram [4], Robert- 
son and Ross [5], Persh [6], Norbury [8], and Winternitz and 
Ramsay [7]. Unfortunately, each of these studies incorporates 
only a limited range of inlet conditions and, at most, only a few 
geometries. Moore and Kline [1] and Cochran and Kline [2] have 
reported flow regimes and performance for two-dimensional 
subsonic units over a wide range of geometries. These results, 
however, include only a few qualitative studies of effect of 
variation in inlet conditions. Since an adequate theory is 
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lacking, availability of systematic data is particularly important 
for design and to aid in increasing understanding. 
The present study has two purposes: 


1 Provision of enough systematic and detailed data on the 
effect of inlet conditions on diffuser flows to allow a more thorough 
study of the underlying problems of stall and energy redistribu- 
tions in adverse pressure-gradient flows, and to develop improved 
correlations and theoretical methods based thereon. 

2 Construction of charts for design application and the 
extension of their use to other geometries by means of the 
improved correlations in so far as possible. 


This paper includes results for some of the foregoing general 
program. In particular, results are presented covering: 


1 Systematic performance data for two-dimensional plane- 
walled diffusers for: 


(a) Low inlet Mach numbers, approximately 0.2. 

(b) High throat width Reynolds number, greater than 10‘. 

(c) Angles of divergence from 2.5 to 40 deg. 

(d) Diffuser wall length to throat width ratios of 8.0, 12.0, 
and 48.0. 

(e) Ninety-nine per cent inlet boundary-layer thickness from 
approximately 0.080 in. to fully established channel flow. 

2 Brief exploratory investigation of the effects on performance 
of center bodies and other flow obstructions located upstream of 
the diffuser throat. 

3 Brief exploratory investigation of the extension of the 


area, sq ft 4 

area ratio = W,/W, 

minimum spacing between ad- 
jacent vanes, in. 

entrance length from connection 
of plane panels and entrance 


length of diffuser diverging wall 
measured from throat to exit, 
in. 

number of vanes 


static pressure, #/sq ft 


Cer 


rolls to diffuser throat, in. 

minimum spacing between dif- 
fuser diverging wall and adja- 
cent vane, in. 

distance from plane of diffuser 
throat to plane of vane leading 
edges, in. 

static pressure-recovery co- 
efficient 


Journal of Basic Engineering 


ideal static pressure recovery for 
one-dimensional isentropic flow 

vane length in flow direction, in. 

constant of proportionality in 
Newton’s second law of motion, 
ft-lb/#-sec? 

ratio of displacement thickness to 
momentum thickness in bound- 
ary layer 


dynamic pressure, #/sq ft, 
a 
29. 
Reynolds number (dimension- 
less) 
local z-direction mean velocity in 
the boundary layer, ft/sec 
(Continued on nert page) 
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Fig. 1(a) Northeast view of apparatus (close-up), B = 44.0 in. 


design criteria of Cochran and Kline [2] for wide-angle, vaned 
diffusers with thin inlet boundary layers to the case of thick 
inlet boundary layers. 


The performance data presented are believed definitive for the 
range covered, and should be of immediate design utility within 
this range of diffuser operation. This remark applies to three- 
dimensional units also since the correlation of [10] can be em- 
ployed. However, these data are not yet sufficient to prepare 
cross plots for the purpose of developing a general design correla- 
tion with respect to inlet boundary-layer conditions. We believe 
that at least two or three additional sets of data at different L/W, 
will be needed before any really adequate attempt at quantitative 


Nomenclature 


Fig. 1(b) Over-all view of apparatus 


correlation of the effect of inlet boundary layer can be made.* 
The work reported for items 2 and 3 is exploratory in nature; 
it was motivated by direct design problems. While far from 
complete, these results should nevertheless give some guides for 
design judgment that have previously been entirely lacking. 


Experimental Apparatus, Methods, and Uncertainty 


The experimental apparatus, Figs. 1(a and 6), is the same 


3 These data can now be obtained relatively readily and will be 
taken in the next phase of the program. In the meantime cross plots 
showing various optima and the area ratios involved are given in [10] 
and closure thereto. 


local z-direction turbulence veloc- 
ity or time variant compenent 
of u ft/sec, rms value 

free-stream velocity outside of 
boundary laver, ft/sec 

distance between diverging walls 
normal to geometric axis of 
diffuser, in. a 


Wi/2 
4 f ( 
0 


26 = total included divergence angle ofthe 
diffuser (degrees) 


n, = pressure effectiveness 


Miscellaneous Symbols 

Ib = pounds mass 

# = pounds force 

) = an undefined function of 
= = by definition 


length variable, ft or in. F 

length variable, ft or in. 

total divergence angle between 
adjacent vanes (degrees) 

boundary-layer displacement 
thickness, in. 
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AP isentropic. one-dimensional 


= = — 


= density, lb/ft® 


inlet 

= exit 

= ideal 
maximum 
center line 
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apparatus employed by Cochran [2] modified to incorporate 
variable inlet conditions. The basic components of the appa- 
ratus are:* 


(a) An entrance section. 

(b) Two-dimensional diffuser. 

(c) Two-dimensional plenum chamber. 
(d) Three-dimensional plenum chamber. 
(e) High-capacity, low-pressure fan. 

(f) Extended exit duct. 


Details of the construction of the apparatus are contained in 
{1], [2], [15], and [16]. Flow-measurement equipment, pro- 
cedures, and uncertainty in the measured and derived quantities 
are described in [2]. 

Varying the length of the inlet section, a, provided symmetric 
inlet boundary layers of varying thickness without also creating 
large changes in inlet turbulence. In this manner, the boundary- 
layer inlet conditions were varied without using external thicken- 
ing devices or turbulence promoters, such as screens or roughened 
surfaces. Boundary-layer trips were employed at the inlet- 
section entrance, but the increase in turbulence intensity caused 
by the trips was negligible. 

All inlet-velocity profiles were taken in the following manner: 
Using a micrometer traverse head to measure the distance from 
a wall to within +0.002 in., a shrouded boundary-layer impact / 
yaw probe was located at a station from the opposite side of the 
flow passage. The wall static pressure at the same station was 
substracted to obtain dynamic pressure by suitable manometer 
connections. Using this method, the dynamic head measured 
near the wall was in error due to probe interference with the 
static-pressure tap out to approximately 0.030 in. from the wall. 
However, in no case did this error exceed 2 per cent of the dynamic 
head. In view of the other uncertainties, this error is tolerable. 
With inlet profiles established, check traverses for  static- 
pressure variation across the throat were made. A sphere-static 
probe which was insensitive to large angles to pitch and yaw was 
used. In no case did the static-pressure variation across the 
throat exceed 3.5 per cent of its mean value. Because in some 
cases large and rapid pulsations of the flow occur at the throat, 
even with only 5 deg total divergence of the diffuser walls, the 
basic uncertainty of a given dynamic pressure at the throat lies 
between 3 and 8 per cent. Therefore the static-pressure varia- 
tion across the throat is within the basic uncertainty of the data; 
accordingly, no correction was made. 

Turbulence-intensity measurements were taken utilizing the 
hot-film technique. A standard L-type wedge probe, manu- 
factured by Lintronic Corporation, was used with standard one- 
channel linearized constant temperature-measuring equipment.® 
The probe presently can be located only to +0.025 in. The 
intensity levels are accurate within +10 per cent of the measured 
value; mean velocity is accurate within +3.0 per cent. No 
measurements of scale, double or triple velocity correlations were 
made, although at times it was obvious, from the oscilloscope in 
use with the hot-film equipment, that some large-scale fluctua- 
tions of moderate frequency were present in the flow. 

Flow visualization was achieved by the use of wool-yarn 
tufts, approximately 1 in. long, placed on the diverging walls of 
the diffuser. In no case were they located closer than 5.0 in. to 
the throat. Approximately 5 per cent of the flow surface area 
was affected by these tufts. Persh and Bailey [9] investigated 
the effect of surface roughness on pressure recovery in a 23-deg 

‘Italic letters in this section refer to the letters in Figs. 1(a and 
5). 

* This equipment became available only near the end of the work re- 
ported. One channel only was purchased for trial. It has proved 
very accurate, reliable, and simple to use. It is now anticipated that 
further channels will be added, and more accurate and complete 
fluctuation measurements undertaken in a later phase of the work. 
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conical diffuser; they found that this amount of surface rough- 
ness had no appreciable effect, but that a small roughness strip 
located just upstream of the diffuser throat stabilized the flow 
somewhat. For our purposes, we surmise that locally the tufts 
may tend to stabilize the flow, but their effect on the over-all 
flow and separation patterns was negligible. Therefore, for all 
practical purposes, the diffuser walls are smooth. 

Movements of the tufts, and the relationships of these move- 
ments to the entire flow field, are given in Table 1. The tuft 
movements apply only to a small local region; they may show a 
local flow independent of and completely different from the whole 
flow field. A typical visual observation and its relation to the 
general flow field for various included diffuser angles is shown in 
Fig. 3. 

The basic regimes of flow defined by Moore and Kline [1] 
under consideration are (1) apparently unstalled, (2) large 
transitory stall, and (3) fully developed stall. Due to apparatus 
limitations, no studies of the jet-flow regime or “hysteresis” zone 
between the fully developed stall and jet-flow regimes were made. 
The location of these regimes and the associated flow patterns 
are shown in Figs. 2 and 3. 


Effects of Inlet Conditions on Recovery and Regimes of Flow 


Basic test results are presented in the form Cpr = (26) 
with L/W, and 26*,/W, as the primary parameters. Further 
clarification for those data concerning center bodies, obstructions, 
and so on, are stated as required. All data were taken with 
q ~ 30.0 #/sq ft. Typical inlet-velocity profiles with L/W, = 
8.0 are shown in Figs. 4 through 6. Detailed data for all inlet- 
velocity profiles for L/W: = 12.0 are given in Appendix A of 
[15]. Profiles for L/W; = 48.0 are available in project files. 
Boundary-layer profiles for L/W, = 12.0 and L/W, = 48.0 are 


Table 1 Tuft movements and their interpretation (2) 


Movement and orientation of tuft Type of flow 
Tuft held firmly against wall, Steady, undis- 
pointing downstream, no turbed flow 

movement 

Tuft held near wall, pointing 
downstream, occasional wig- 
gling 


Symbol 
None 


Steady flow None 
with occa- 
sional disturb- 
ance 

Intermittent 

transitory stall 


Major part of time tuft pointing 
downstream and wiggling; ran- 
dom “flickering’’ (tuft quickly 
points upstream and then 
downstream again) indicating 
a temporary and local separa- 
tion 

Continual “whipping”’ of tuft in Local transitory 
upstream and downstream di- stall 
rections and indicating rapid 
and chaotic occurrence and 
disappearance of separation 

Major part of time tufts are con- 
tinually “whipping’’ upstream 
and downstream; at random 
intervals tufts are temporarily 
held in upstream direction with 
their wiggling 

Major part of time tufts are held 
in upstream direction with 
their ends wiggling; temporary 
whipping of tufts occurred 
at random intervals 

Tufts held in upstream direction 
with their ends wiggling. Tufts 
are doubled back over the 
scotch tape used to aitach 
them to wall, and they are 
therefore held approximately 
1/, to '/, in. away from surface. 


Local transitory 
stall with in- 
termittent 
fixed stall 


Local fixed stall 
with inter- 
mittent tran- 
sitory stall 


Local fixed stall 
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Fig. 2 Zones of diffuser flow in terms of governing perameters for fixed 


mean inlet velocity 


16 
L/W Wail length/ throat width 


West East 
Wall wall 


unstalled unstalled 


Very Steady 
20 = 2.50 


Steady 


50° 


Pairly 


Minor 


T 


Pairly Steady 


26 = 15.00° 
T 


> 
T 


Very Unsteady 
26 = 25.00 


No separ- 
ation 

Minor dis P 
turbances 


Very Steady 
26 = 38.32 


Steady ° 
26 = 52.50 


(Zach petr of squares 
represents the diverging 
walls looking out from 
the diffuser, ) 


Fig. 3 Separation patterns, undisturbed inlet, L/W, = 8.00, W, = 3.00 
Symbols 


in., B = 14.0 in., 5;* = 0.025 in., Rew; ~ 2.4 X 10°, no vanes. 


defined in Table 1. 


essentially the same as shown in Figs. 4 through 6 for L/W, = 8.0. 
Complete performance data for all tests are tabulated in [15] and 


{16}. 
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0 2@=5.00°, 26 
© 20=10.00°, 


0,017, H = 1.42 


Fig. 4 Velocity profiles, L/W, = 8.00, B = 14.0 in. 


© 20=5.00", 26¢/a 
2010.00", 208 = 0.043, Hy = 1.30 


@ 0.040, H, = 1.25 


1 


Tests With L/W; = 8.0, Symmetric Inlet Flow. Fig. 7 presents Cer 
versus 26 for L/W; = 8.0 with no center bodies or obstructions. 
Curve 6 of this figure is from the vaneless-diffuser data of Cochran 
and Kline [2]. The original unit is a plane-walled diffuser with 
a bell mouth entrance of minimum feasible entrance length. 
Although slightly thickened by the use of 0.010-in. diameter 
wire trips, the inlet boundary layers were extemely thin. The 
main core of the flow followed closely the potential solution for 
flow between cylinders derived in [1]. 


Fig. 5 Velocity profiles, L/W, = 8.00,B = 44.0 in. 


The remaining curves 
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were obtained on the modified unit with the variable inlet section 
described in the preceding section: 
Curve 7 is for an entrance length, B, of 14.0 in. 
Curve 8 is the medium long entrance; B = 44.0 in. 
Curve 9 is the long, or complete, entrance case; B = 80.0 in. 
(the velocity profile at the diffuser throat is fully established ) 


For each of these configurations, with 20 = 5.0 deg, the level 
of free-stream turbulence intensity on the center line of the flow 
was measured. For curve 7, u’/U¢ = 0.93 per cent. For curve 
8, u’/Ue = 1.06 per cent. For curve 9, u’/U¢ = 3.3 per cent. 
Cochran and Kline [2], using ‘a hot-wire anemometer instead of 


= 0.049, Hy 1.25 
= 0,055, = 1.20 


+20 0.80 1.00 
ws 


Fig. 6 Velocity profiles, L/W, = 8.00, B = 80.0 in. 


hot film, report u’'/U¢ = 2.5 per cent for curve 6 with 20 = 
7.0 deg. This slightly high value was most likely caused by 
uncertainty and strain indications of the hot-wire probe under 
these conditions. 

Aside from the reduction in Cpg with increased 26,*/W,, 
the main finding to be observed in Fig. 7 is that the shift of 
CrRrinax to lower values of 26 implies a shift in flow regime for 
the location of stall inception with respect to total divergence 
angle. The shift lowers the high turbulence line a-a defined in (1) 
and shown in Fig. 2. As shown in Fig. 10, this shift defines a 
straight line, but the angle at stall inception is a function of 
both boundary-layer thickness and turbulence intensity. How- 
ever, with but one exception, explained later, line b-b, Fig. 2, 
remains fixed as shown for all cases tested. Therefore, increasing 
26,*/W, widens the large transitory-stall region with respect to 
total included angle. 

Tests With L/W, = 12.0, Symmetric Inlet Flow. Fig. 8 presents 
Cpr versus 20 for L/W, = 12.0. In this figure, curve 1 was ob- 
tained using the original apparatus of Cochran and Kline [2], 
not the modified unit described in the preceding section. As 
shown in Fig. 8 this unit, at L/W; = 12.0, produces a high Cprmax 
and again repeats the flow regimes mapped by Moore and Kline 
[1]. Forcurve 2, B = 14.0 in.; curve 3, B = 32.0 in.; curve 4, 
B = 44.0 in.; curve 5, B = 80.0 in. 

One interesting feature of Fig. 8 is the apparent ‘waviness’ of 
curves 3, 4, and 5 in the regime of large transitory stall. While the 
uncertainty in the values of Cpr in this regime is increased, due to 
the gross instabilities and three-dimensional, time-dependent 
character of the flow, this waviness is repeatable, and the separa- 
tion patterns are repeatable. In this region the tufts, aside from 
their usual up-down stream movement, have superimposed upon 
them steady and unsteady movement indicating strong shifts of 
the whole flow back and forth between the parallel diffuser walls; 
i.e., along the north-south axis. [Figs. 1(@) and 1(b).] These 
separation patterns run through the following spectrum: 


(a) From 26 at Cpr. up to values of 20 = 15 deg, the 
primary movement of disturbances of the whole field is north- 
south. 
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Fig.7 Effect of inlet-boundary-layer thickness on recovery of two-dimensional subsonic diffusers for L/W, = 8.0; 
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Fig. 8 Effect of inlet-boundary-layer thickness on recovery of two-dimensional subsonic diffusers for L/W, = 12.0; 
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(6) For 15° < 26 < 20°, the whole flow field displays confused 
movement in the north-south plane, plus major random flipping 
of the transitory stall patterns in the east-west plane, that is, 
from one diverging wall to the other. These patterns can go 
diagonally. The entire flow is extremely unstable and chaotic. 

(c) For 20° < 20 < 25°, the flow field no longer exhibits a 
north-south character. All transitory stall patterns, up to 
intermittent fully developed stall, flip only in the east-west 
direction. < 

These observations suggest, but do not prove, that the fore- 
going 90-deg shifts in stall direction are closely related to the type 
of secondary flow and stall patterns observed in the large transi- 
tory stall regime when vanes are present; these patterns are 
deseribed in this section under ‘“Tests to Improve Performance.” 
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Fig. 9 Effect of inlet-boundary-layer thickness on recovery of two-dimensional subsonic diffusers for L/W, = 48.0; 


Fig. 10 comparing L/W, = 8.0 and L/W, = 12.0 shows the 
shift of Crrmax to lower values of 26 plotted as a function of 26 
with L/W, as a parameter. The waviness of the Cpr-curve in 
the large transitory-stall regime is present again in curve 9, Fig. 
8. Hence, the results shown in Figs. 7 and 8 are consistent. 

Tests With L/W; = 48.0, Symmetric Inlet Flow. Fig. 9 presents 
Cpr versus 26 for L/W, = 48.0. Curve 14 was taken using the 
bell mouth entrance of Cochran [2] and hence had a thin inlet 
boundary layer. The curve is drawn through the data and is 
representative of diffuser performance at very high L/W1. 
However, within the uncertainty of the data the recovery can be 
considered constant for 2° < 20 < 15°. Curve 15 was obtained 
using the modified apparatus with B = 14.0 in. For this case, 
26,*/W, is at least twice the value for any other curve in this 
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paper. Therefore, curve 15 does not lend itself to direct com- 
parison with any of the previous data at L/W, = 8.0 or 12.0. 

The flow patterns at L/W, = 48.0 are different from those 
where L/W, = 8.0 or 12.0. These patterns for the thin inlet 
boundary layer with L/W, = 48.0 comprise the following 
spectrum of conditions: 


(a) For 0° < 26 < 2° the flow is through the diffuser with 
smooth behavior on all walls. 

(b) With 26 = 2.5 deg a thin fixed two-dimensional stall is 
first detected covering one parallel wall (either north or south). 
For the quite small throat width used these stalls amount to the 
same thing as coalesced corner stalls with separation points near 
the throat, Fig. 18. As 20 is increased, the thickness of the 
two-dimensional stall increases until at 20 ~ 5° approximately 
half of the exit plane is stalled. 

(c) Within the range 5° < 20 < 12.5° the original fixed stall 
on one wall partially breaks down while another fixed stall forms 
on the other parallel wall. The separation points vary with time 
but are always in the entrance third of the diffuser. The steady 
portion of the stall increases in thickness and the separation point 
moves toward the throat as 26 is increased. For 12.5° < 26 < 
20° the fixed stalls on both parallel walls increase with 20. 

(d) For 20° < 26 < 30° the two fixed stalls on the parallel 
walls become unequal in size, either one or the other becoming 
large enough to partially block the flow at the throat and radically 
alter the static-pressure distribution. 

(e) For 30° < 20 < 42° large transitory stall persists most 
of the time throughout the entire diffuser; there are always 
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large areas of stall present. Neither fixed two-dimensional stall 
on a diverging wall nor a fixed stall on a parallel wall is stable for 
long periods of time although both patterns form and disappear. 
The flow pattern may be changed artificially by upstream dis- 
turbances. The pattern is apparently primarily determined by 
gross stability considerations. 

(f) With 20 > 42°, for the range of data obtained, the fixed 
two-dimensional stall is on one diverging wall. 


For the thicker boundary-layer case, curve 15, the same 
patterns exist except that the parallel walls are stalled for 7° < 
20 < 25° and the flow-stability region is approximately 28° < 
20 < 39°. 

As yet unpublished work done on a water table by R. W. Fox® 
has shown aspect ratio has no effect on these stall shifts to the 
parallel walls at very high L/W,. Indeed, Mr. Fox’s observa- 
tions confirm all significant aspects of the flow patterns and 
regimes found in the air unit at L/W; = 48.0. None of the 
earlier tests in this program, [1] and [2], were made at L/W, 
values this high. (The observations by Mr. Fox will be reported 
in detail separately.) 

The fluctuations of exit static pressure and exit velocity 
profile for L/W, = 48.0 are not as violent as those encountered 
with either L/W, = 8.0 or 12.0. However, for comparable 
26,*/W, the recovery at L/W, = 48.0 is no better than that 
obtained with L/W, = 8.0 and is slightly lower than that obtained 
with L/W, = 12.0. The work on optimum design of diffusers by 
Kline, Abbott, and Fox [10] shows that substantially higher 
recovery than that obtained at L/W, = 12.0 (and therefore 
L/W, = 48.0 also) can be expected for L/W, up to approximately 
25. The data at L/W, = 48.0 show that the maximum recovery 
and pressure effectiveness obtainable with very high L/W, will 
generally be lower than that obtainable in the range of L/W, ~ 
20 — 25. Thus the quantitative data confirm the important 
design conclusion of [10] that the very high L/W, are not desira- 
ble when higher recovery is needed. 

Moreover, although the flow is a little more stable at L/W, = . 
48.0, appreciable stall begins at very low angles. Also, a considera- 
ble region of very large fluctuations (large transitory stall) still 
exists in roughly the same range of divergence angles as before. 
Thus no real gains appear achievable by use of very high L/W). 

At L/W, = 48.0 a spectrum of stall states is again found with 
increasing amounts of stall as divergence angle is increased. As 
shown in Fig. 18 this spectrum is somewhat different from those 
found for the lower values of L/W, tested previously (compare 
with Fig. 3). Fig. 18 shows that at L/W, = 48.0 the onset of 
stall is not transitory in nature (as occurs at lower L/W,), but 
instead occurs in the form of small fixed stalls. As 26 is increased, 
large transitory stall occurs and finally fully developed stall 
appears. The fixed stall on one diverging wall at high 26 is 
always much larger than the fixed stalls observed with 26 below 
the large transitory-stall region. Comparison of this spectrum of 
stall states with that reported earlier for lower L/W, yields two 
useful conclusions: 


1 Local streaks of backflow at the wall (called small transitory 
stall in earlier reports) may or may not appear prior to the onset 
of appreciable stall. These local streaks of backflow apparently 
are associated with the flow model of the wall layers of the 
boundary layer in adverse pressure gradients, and their occurrence 
or nonoccurrence is dependent on the history and pressure 
distribution of the boundary layer.’ 


* Research Assistant, Department of Mechanical Engineering, 
Stanford University. 

7 This question of the possible history of states in the boundary 
layer as a function of distance along the wall prior to stall was dis- 
cussed in detail in a paper by Sandborn and Kline published in 
this issue, pp. 317-327. 
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Fig. 12 Velocity profiles, L/W, = 8.00; splitter center body 


2 Large pulsations and surge are associated with large 
transitory stall. Both are primarily a matter of over-all passage 
stability, and can occur at angles considerably higher than 
those found for stall inception (as for example at L/W; = 48.0). 
In all cases thus far observed, the large transitory stall is as- 
sociated with breakdown of the over-all flow pattern from one 
involving only small stalls to a fully developed stall with the main 
flow on one diverging wall and the remainder of the flow stalled. 

Tests With L/W, = 8.0, Disturbed Flow. Fig. 15 presents Cpr versus 
20 for the various artificially disturbed flow cases. The un- 
disturbed case for comparison is curve 8, the medium long 
entrance case; B = 44.0 inches. 

In this phase of the work, two extremes of symmetric flow 
disturbance by center bodies were attempted. The first was a 
streamlined, long, “splitter’’ center body. The splitter center 
body was a 0.100-in.-thick sheet of steel, 15.0 in. long in the flow 
direction, with well-rounded nose and tapered tail, mounted on 
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Fig. 13 Velocity profiles, L/W, = 8.00; rod center body 


the center line of the entrance channel just ahead of the throat as 
shown in Fig. 11(a). This center body produced the typical 
“cusped’’ velocity profiles in Fig. 12. This splitter was used in 
an attempt to produce a highly momentum-deficient stream of 
narrow width on the center line of the inlet flow, without in- 
creasing the turbulent mixing of the core of the flow too greatly 
over that of the undisturbed case. This attempt was not entirely 
successful. u’/U measured at W,/4 was 1.21 per cent, while 
u’/U¢ was increased to 5.49 per cent. This increase was caused 
by the mixing generated by the boundary layers being shed from 
the splitter. Curve 10, Fig. 15, shows the resulting variation of 
Cpr with 20; Cpr is essentially unchanged except for increased 

The second method of symmetric disturbance was the oppo- 
site extreme. A bluff center body was used to produce a wide 
band of somewhat momentum-deficient fluid having a large in- 
crease in turbulent mixing. For this purpose, a '/;-in-diameter 
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rod was inserted across the flow on the north-south center line 
of the entrance channel as shown in Fig. 11(b). The typical 
velocity profiles produced at the throat are shown in Fig. 13. 
For this case, u’/U at W,/4 was 7.44 per cent and u’/U¢ was 
10.1 per cent. Curve 11, Fig. 15, shows the variation of Cpr 
with 20. 

Data for the rod-inlet case show a large increase in Cpr for all 
values of 20. In fact the diffuser recovery is higher than that 
for the vaned case discussed later and is higher than that for the 
thin inlet boundary layer with vanes for the region 20 < 16°. 
The value at Cprmax is also slightly greater than any achieved 
with vanes, and stall inception is slightly delayed. However, 
it must be remembered that the head loss due to the rod is not 
charged to the diffuser in this computation because diffuser 
performance is plotted and the rod head loss occurs upstream. 
If the total head loss in the inlet duct and diffuser together are 
plotted, the rod-inlet system has consistently a higher total 
head loss as shown in Fig. 16. Thus the rod center body verifies 
the quantitative importance of large scale mixing at the inlet on 
diffuser behavior as previously recorded on the flow patterns by 
Moore [1]; the rod is not in itself an effective way for reducing 
losses. If a very high-intensity, large-scale mixing exists at a 
diffuser inlet (such as downstream of a compressor), this is 
fortunate. But starting with less disturbed inlet conditions, the 
vanes are a better means both for reducing head loss in the 
combined inlet-diffuser system and for controlling flow patterns to 
very high angles of divergence. The large effect of this mixing is, 
however, worthy of further study to increase understanding of 
just what type of mixing is important, and to determine if it can 
be utilized in some way without large head losses such as those 
eaused by a rod. 

To obtain more generality in the results with disturbed inlet 
flows, one case with unsymmetric inlet-velocity profile was 
tested. This type profile was generated as follows: Three 
splitters, 0.100 in. thick, of staggered length, were located off 
center ahead of the throat, as shown in Fig. 11(c). These 
splitters acted as a “hydraulic resistance,’’ slowing the flow on the 
west wall by flow friction and boundary-layer build-up in the 
narrow passages between the splitters. Typical inlet profiles 
generated are shown in Fig. 14. The lack of symmetry of the 
inlet profiles persisted in the exit plane as well. The reason for 
variation of the middle profile in comparison with the north or 
south profile is that the forces on the splitters were so severe that 
resulting flutter and deflections as great as '/: in. required the use 
of a stiffener across the leading edges of the splitters. Even 
though this stiffener was only '/, in. thick, faired to a knife edge 
on leading and trailing edges, and parallel to the flow streamlines, 
the disturbances caused by this stiffener were not damped out 
before reaching the throat. With 20 = 5.0 deg, intensities at 
the throat were measured with respect to distance y from the 
west wall. At y ~ 0.50in., u’/U = 1.65 percent; y ~ 1.00 in., 
u’'/U = 2.32 per cent; y ~ 2.00 in., u’/U = 1.26 per cent. 
Curve 12, Fig. 15, shows the variation of Cpr with 20. As one 
might predict, stall inception occurred on the west wall. Though 
curve 12 does not show a shift of flow regime for the inception of 
large transitory stall, visual observation showed local occurrence 
of large transitory stall at values of 20 as low as 5 deg. The 
north-west and south-west corners stalled first. The stalls then 
spread toward the middle as 20 was increased. In this un- 
symmetric case alone, of all those unvaned-diffuser flows tested, 
a possible shift to lower values of 20 was detected for Moore and 
Kline’s line bb, Fig. 2. Intermittent fully developed stall 
occurred at 20 = 25 deg. 

Tests to Improve Performance, L/W, = 8.0. Using the same 
entrance configuration, B = 44.0 in., tests were performed to 
determine whether or not the design criteria, developed by 
Cochran and Kline [2], could be extended to diffusers having 


358 / sepTemBER 1961 


| 


| 


4 


of Correlation (10) 
| max 


Moore an? 


Kline (1) (higu 


a-a: 


Modified line a-a ‘| 
| | 
2 | 
| | | 
| | 
| 1 | 
= 
1 a5 2° 2.5 3 4 6 8 10 15 20 25 30 


L/w, or L/R, 


Fig. 17 Correlation chart [10] showing modification of line a-a for vane 
criteria extension to thick inlet boundary layers 


very thick symmetric boundary-layer inlet flow. 
tests, two methods of applying the criteria were used. 
The first was to follow the procedures of the criteria, but 
using a modified flow-regime chart, Fig. 17. In Fig. 17, the 
value of 20 at Cprmax in curve 8 was plotted versus L/W;. As- 
suming that line a-a shifts parallel to itself with regime changes 
caused by increased 26,*/W;, a new line a-a was established 
approximately 10 per cent below the plotted point. This 
value of 10 per cent was obtained utilizing the Cpr,,,, correlation 
chart of Kline, Abbott, and Fox [10]. Line a-a is about 10 
per cent below the corresponding line for Cpr,.x, just into the 
large transitory-stall regime. With this new line a-a, the 
criteria of Cochran and Kline were then followed exactly. 
Pertinent vane parameters, and configuration used, are listed 
in Table 2. For details of vane construction and cluster as- 
sembly see [2]. As the values of f/a obtained using these criteria 
represent the maximum length-gap ratio for which improvement 
in Cpr can be expected, all length-gap ratios were kept as close as 
possible to these values. No attempts to optimize were made. 
Curve 13, Fig. 15, presents Cpr versus 26 for vaned performance. 
A marked improvement is realized at large angles. The separa- 
tion patterns were similar to those observed by Cochran and 
Kline. Stall inception, for the thicker boundary-layer case of 
curve 8, has been delayed. The marked momentary backflows 
characteristic of large transitory stall were greatly suppressed or 
completely absent. In the range of 20 tested, no fully developed 
stall occurred in the vane passages. The backflow seen in 
transitory and fully developed stalls was replaced by extremely 
strong north-south movement of the flow comparable to that 
observed at L/W; = 12, 15° < 20 < 28 although the recovery 
curve does not show the characteristic waviness. Comparison 
of the separation patterns for the vaned and unvaned cases 
shows secondary flows which appear to originate within the 
diffuser and seem to be caused by the vanes. They appear as a 
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direction, either north or south, and then appear to go from the 
corners toward the center line of a parallel wall. Both of the 
flows on the east and west wall, Fig. 19, can reverse direction at 
the same time very rapidly and violently. The typical direction 
shown in Fig. 19 applies in one plane, perpendicular to the north- 
south and east-west planes of the diffuser. Since these secondary 
flows can appear in layers below the vanes, at a different distance 
from the throat, the opposite rotation may be occurring at the 
same time. 

The second method of applying the criteria consisted of using 
the original line a-a developed for very thin inlet boundary 
layers. This test was made for one angle, 20 = 35 deg. A 
cluster of four 15-in. vanes, compared to four 6-in. vanes, based on 
the modified criteria, was inserted into the flow. As shown by the 
second point at 20 = 35 deg on curve 13, Cpr with four 15-in. 
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Fig. 18 Stall patterns, thin inlet boundary layer, L/W, = 48.0. Symbols 


defined in Table 1. 


vanes was the same as that with four 6-in. vanes. In addition, 
visual observation showed the flow with four 15-in. vanes to be 
even slightly more stable than the flow with four 6-in. vanes. 

With the foregoing vaned configuration, the effect of a bluff 
center body ahead of the throat was checked by reinserting the 
rod. The isolated point, Fig. 15, shows a considerable increase 
in Cpr in comparison with the Cer for the same vaned unit 
without a center body, curve 13, and also in comparison with 
the rod with no vanes, curve 11. Indeed, the recovery achieved 
is the same as for the best vane performance with thin inlet 
boundary layers at the same geometry, curve A. This isolated 
result suggests that an investigation of combinations of vanes 
and mixers as a means of obtaining high recovery in wide-angle 
units would be well worth-while. 


Conclusions 


1 Static-pressure recovery is a function of inlet-boundary- 
layer conditions. Reductions in recovery occur as the inlet 
boundary layer is thickened. Cpr is also a strong function of 
free-stream turbulence-intensity conditions at inlet; Cpr in- 
creases with turbulence level. 

2 Since no theory exists by which the effects of 26,*/W, can 
be predicted, further data are needed to provide both design 
information and correlations of the large effects of inlet conditions 
on performance. 

3 The flow-regime chart of Moore and Kline [1] is ap- 
preciably, but not greatly, modified by very large changes in 
inlet boundary layer. Transitory stalls commence at smaller 
values of 26 when very thick inlet boundary layers are present, 
but these stalls still show no wall preference unless the velocity 
profile is unsymmetric with more momentum-deficient fluid 
on one side of the inlet channel than the other. Moore and 
Kline’s line b-b maintains its generality, suffering only a barely 


Fig. 19 Schematic view of secondary flow in a plane below a vane 
installation at large 20, looking upstream toward throat 
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measurable reduction in value of 20 when the inlet profile is un- 
symmetrical. 

4 At medium to high values of L/W, when the length of 
inlet channel produces fully established channel flow (or very 
nearly fully established), strong secondary flows are induced in 
planes perpendicular to the through-flow direction. Each 
diverging wall seems to affect the flow on the other. The fluid, 
in these cases, definitely tends to “pile up’’ in the diffuser corners. 
At L/W, of 8.0 and 12.0, stall inception ocecurrs in the corners 
first, and then spreads over the entire flow surfaces as 26 is 
increased as found in previous tests with thin inlet boundary 
layers [2]. 

5 It is apparent from the data at L/W, = 48.0 that very 
high L/W, are not good for design as higher recovery can be 
obtained by using only moderate L/W;. The spectrum of stall 
states found at L/W, = 48.0 is different from the spectrum at 
L/W, = 8or 12. Again, however, this spectrum is little affected 
by changes in inlet-boundary-layer thickness. 

6 The design criteria, utilizing short, flat, vane installations, 
as proposed by Cochran and Kline [2], has been checked over a 
range of angles for one quite thick symmetric inlet-boundary- 
layer condition. Though no optimizing of performance with 
vanes was attempted, marked improvement in recovery in the 
high-loss regimes of large transitory and fully developed stall is 
still possible with thick inlet boundary layers. Greatly in- 
creased flow steadiness is also again achieved. 

7 Cpr is changed if there are flow obstructions in the main 
stream of the flow upstream of the diffuser throat. The magni- 
tude and direction of the change in Cpr and changes in flow 
regime depend strongly on the type of obstruction and its 
location. 

8 Increases in Cpr and in angle of stall inception caused by 
upstream turbulence and the apparent better performance 
shown by the one point measured with combined mixer and vanes 
suggest that tests to increase understanding of the effects on the 
flow of such mixer and mixer-vane combinations as a means of 
obtaining higher performance would be desirable. 
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Inlet and Exit-Header Shapes for 
Uniform Flow Through a Resistance 


Parallel to the Main Stream 


An analytical and experimental study of flow in headers with a resistance parallel to the 
turbulent and incompressible main stream has been made. The purpose was to shape 
the inlet and exit headers, which had a large length-to-height ratio, so that the fluid would 
pass through the resistance uniformly. Analytical wall shapes and estimated total 
pressure drop through the headers were compared with experimental results. Good 
agreement between analysis and experiment was found for the cases compared. 


Introduction 


HERE has been a great interest in the flow of fluids 
through resistances parallel to the main fluid stream, Figs. 1 and 
2. There are many applications of this type of flow in such equip- 
ment as air driers and heat exchangers. The advantage of this 
flow geometry as compared with the case where the resistance is 
normal to the main stream is that a larger sized resistance can be 
used giving a lower total-pressure drop for the same mass flow 
and frontal area or, if the flow-resistance size is constant, smaller 
frontal area and less fluid holdup in the system are obtained. 
The fluid holdup refers to the amount of fluid in the line during 
steady running conditions. 

A disadvantage commonly found in this type of folded-flow 
system is that the fluid does not pass through the resistance uni- 
formly. In many applications uniform flow through the re- 
sistance is desirable primarily because then full use can be made of 
the active surfaces of the equipment, and usually the total-pres- 
sure drop through the system will be less. Several approaches to 
the problem of obtaining uniform flow exist. One method is that 
of using turning vanes [1] ;! however, these are difficult to fabricate 
and install. Because of flow separation along the vanes they are 
not always successful. Another method might be to vary the re- 
sistance along the channel; however, this may be impractical in 
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Contributed by the Fluid Mechanics Subcommittee of the Hy- 
draulic Division and presented at the Winter Annual Meeting, 
New York, N. Y., November 27-December 2, 1960, of Tae AMERICAN 


Society or Mecsantcat Enoineers. Manuscript received at 
ASME Headquarters, October 26, 1959. Paper No. 60—W4A-160. 


some applications. In this study uniform flow through a porous 
resistance was obtained by shaping the inlet and exit headers. 
The fluid was assumed turbulent and incompressible and the 


Fig. 2 Analytical model 


a = nondimensional co-ordinate nor- 
mal to resistance for exit header, 


nondimensional static pressure, 


kinematic viscosity 


a’ /a; 
B integration constant, (a;/y;)? — D 
D integration constant, (2 — n)/ 


(1 + B —n) 
L 0.31 
F friction constant, — 


4a; (= 
v 


f friction factor, 87,,/pv’? 

L length of flow resistance 

£ defined by equation (26) 

n parameter to fix exit-header shape, 
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p’ /(pv?/2) 

nondimensional velocity in inlet 
header, u’/v; 

nondimensional velocity in exit 
header, v’ /v; 

normal velocity through resistance 

nondimensional co-ordinate along 
resistance, x’/L 

nondimensional co-ordinate nor- 


mal to resistance for inlet 
header, y’ /a; 


term defined in equation (13) 


density 
shear stress at wall 
defined by equation (21) 


Subscripts 
f = term to be added to account for fric- 
tion 
i = term evaluated at outlet of exit 
header or entrance of inlet header 
0 = cases where friction is neglected 


Superscript 
' = (prime) dimensional term 
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length of the header was considered large compared with the 
height. The case of shaping only the inlet header to achieve uni- 
form flow and allowing the fluid to exhaust directly on leaving the 
resistance into the atmosphere has been treated previously by 
Loeffler and Perlmutter [2]. The analysis in this paper for the 
inlet header makes similar assumptions as those used in [2]. 

The case where the fluid enters from the atmosphere through 
a resistance into an exit header which exhausts the fluid parallel 
to the resistance has been studied by Taylor [3] using both 
one and two-dimensional analyses while ignoring friction. Good 
agreement for both analyses with experiments was obtained. 
In the analysis of the exit header in this paper the one-dimensional 
analysis and similar assumptions as Taylor’s are used. It can be 
showa that it is impossible to obtain uniform flow from the at- 
mosphere through a resistance into an exit header which exhausts 
the fluid parallel to the resistance by shaping the exit header. 
This is because the exit header requires a pressure decrease in the 
direction of the outlet of the header to force out the fluid. Since 
the pressure on the upstream side of the resistance is constant, this 
causes the largest pressure difference, and hence the greatest flow 
across the resistance to be near the outlet of the exit header. 

Cichelli and Boucher [4] studied inlet and exit-header shapes 
to achieve uniform fiow through the resistance. They assumed 
that the fluid leaving the inlet header carried no forward com- 
ponent of velocity. This did not prove to be true in the present 
case, as shown by experiment. They also ignored frictional ef- 
fects. Heyda [5] carried out an analytical solution for shaping 
inlet and exit headers to obtain uniform flow through the re- 
sistance using a two-dimensional approach for the exit header. 
Similar assumptions to the present paper were made except fric- 
tion was neglected and the solution carried out for linear shaped 
outer walls of the exit headers. 

In this paper the headers are designed so that the static-pres- 
sure difference across the resistance will be constant for any point 
along the resistance. Since the resistance is constant, this will in- 
sure uniform flow through the resistance at every point. This 
assumes that the streamlines are identical through the resistance. 
The problem was broken up into two separate parts, the inlet 
header and the exit header. The two problems are related by the 
fact that the pressure distribution in the exit header is the same 
as in the inlet header except for a constant difference across the 
resistance. The analysis was finally checked by experiment, Fig. 
1, and the theoretical wall shapes were compared with experi- 
mental wall shapes. Also, estimates for all-over total-pres- 
sure drops were compared with experimental over-all total- 
pressure drops. 


Analysis 


The analytical model is shown in Fig. 2. For the exit header 
for fairly large resistance, the fluid enters with no z-component of 
velocity. For very thin resistances with large open areas this 
will not be true. The one-dimensional momentum balance for 
the exit header is 


—a'dp' — = pd(a'v’*) 


where terms in equation (1) are defined in Fig. 2 or in the nomen- 
clature. Stress 7,, can be defined from the Blasius law using a hy- 
draulic diameter based on infinite parallel plates in the definition 
of the Reynolds number 


(1) 


0.316 


f= 
~) 


Actually, since there is an addition or removal of fluids and the 
wall cross section is changing, the Blasius relationship cannot be 
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expected to hold exactly for this case. 
effects are only minor compared to the change in momentum and 
the inclusion of the friction is useful to indicate the trend and the 


However, the frictional 


magnitude of its effects. It will be shown later that the fluid 
in the inlet header enters the resistance with almost its full 
forward velocity. This would cause the shear at that resistance 
to be very small, hence the effect of friction should be smaller 
than indicated. Nondimensionalizing as follows: 


v’ a’ 


4 a 
v= a » (pv,2/2)’ and z = 


Letting F = (f;/4)(L/a;) where 


0.316 
Jt (= 
v 


a v 
— - dp — —— dz = dav’) 
2 ‘ 


(va)!/ 


Since uniform flow through the resistance is desired, from con- 
tinuity it is required that 


equation (2) becomes 


(3) 


va =r (4) 
Substituting equation (4) into (3) yields 
a Fr z* 
ap ae = a (5) 


At this point the pressure can be given as a function of x and 
equation (5) can be solved for the exit-header wall shape. Also, 
the exit-header wall shape can be given and then it is possible to 
solve for the pressure. In choosing the first case care must be 
taken to insure that the pressure decreases in the direction in 
which the fluid is to flow. This is because the fluid entering the 
exit header has no velocity component in the direction of the 
outlet. In order for the fluid to flow in the direction of the outlet 
the only force available would be the pressure gradient. The pres- 
sure distribution can be chosen as follows: 


(2 — n) (1 — (6) 
P P (1 — n) 
where n is arbitrary. To keep the pressure finite at z = 0, n 
must be less than 1. Differentiating equation (6) gives 
d 
= = — (7) 
Substituting equation (7) into equation (5) yields 
da 2a a\{2 — n) F 
dr gitin x/* 


Exit Header With No Friction. If friction / were neglected in equa- 
tion (8), we would obtain the solution for a 
a = 2" (9) 
where the subscript 0 refers to the cases where friction is neglected. 
To prevent a) from becoming infinite at z = 0, n must be 
greater than or equal to zero. Therefore n is restricted between 
the limits 0 < n < 1, where the upper limit is from the previous 
paragraph. By letting n be a given positive value between these 
limits, a variety of exit-header shapes can be obtained, Fig. 3. 
Exit Header With Friction. It seems reasonable to assume that the 


effect of friction will only change the wall shape slightly; a can 
then be written as 
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Fig. 3 Exit-header shapes for various values of n, for cases of friction 
and no friction 


a=a@+4, (10) 


where a9 > a,. We can consider a, to be the change in wall 
shape due to friction. Substitution of equation (10) into equa- 
tion (8), and discarding the squares of a, as negligible, results in 


(11) 
dx 


This can be solved to give 


(12) 
3n 


Adding equation (12) to equation (9), the wall shape of the exit 
header can be found for the case including friction. These results 
are plotted in Fig. 3 as dashed lines for a given value of F. For 
different values of F the resulting a, can be found by the ratio 
a,2 = (F:/F,)a;.. The friction causes the wall to be farther from 
the resistance than in the case for no friction, because, to maintain 
the given pressure distribution, the drop in pressure due to the 
effect of friction must be compensated for by slowing down the 
fluid by widening the channel. This causes an increase in static 
pressure to compensate for the frictional pressure loss. 

Inlet Header. The fluid entering the inlet header can be in the 
same direction (parallel flow) or in the opposite direction (counter- 
flow ) to the fluid in the exit header, Fig. 2. A momentum balance 
for either case in nondimensional terms is 


dp ny, — + (1 Bjud(yu) = 0 (13) 


uy 


where y = y'/a,, u = u’/v, and the other terms are made non- 
dimensional as before. In the case of parallel flow, u is positive, 
while for the case of counterflow u is negative. The term (1 — 8) 
in equation (13) can be considered the fraction of the z-com- 
ponent of velocity of the main-stream fluid contained in the 
fluid particles passing into the resistance. The value of 8 will be 
considered a constant of the resistance and will be discussed more 
fully later on. 

Counterfiow Inlet Header With No Friction. For the case where the 
inlet-header velocity is in the opposite direction to the exit-header 
velocity (counterflow), assuming uniform flow through the re- 
sistance, from continuity it is found that 


yu = (14) 


The pressure gradient found from equation (7) for the exit header 
must be the same as for the inlet header because the static-pres- 
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> 
Fig.4 Wall shapes for inlet header in counterfiow, neglecting friction 


sure difference between the two headers at each z must be a con- 
stant. Using equations (7) and (14), equation (13) gives 


(2 — n) 


dr 


dy y 
= = 3 ‘15 

The analytical solution for this equation is not obvious. It can 
be solved numerically for the inlet-header shape. If friction is 


neglected (F = 0), equation (15) can be solved to yield 


1 D B (16 
) 


where 


D 
an 


The value of a,;/y; has a fixed lower limit for the condition of uni- 
form flow through the resistance, otherwise yo? becomes negative. 


As long as 
> ( 2 16a) 


yo? will always be positive. yo is plotted against z in Fig. 4. It 
can be seen that as a;/y,; gets large the problem reduces to that of 
the fluid exhausting into a large reservoir as given in Ref. [2]. 
This condition is approached for the case of a,;/y; = 4. For this 
case the inlet-header shape does not seem to depend on the exit- 
header shape n. 

Counterfiow Inlet Header With Friction. Since the effect of friction 
would change the wall shape only slightly, y can be written as 


(17) 


where yo > y,. Substituting into equation (15) and neglecting 
squares of y, yield 


dy, (2 n s +(1 4+ 8) F (18) 
zg 


dr 


Using y from equation (16) in equation (18), y, can be integrated 
as follows: 


zits 
3n — 28 —- r 


1 
9 
E (Dz? + By? + + B — n) 
4 =? (: D + 
B 
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Fig. 5 Correction to inlet-header shapes owing to friction for the counter flow case 


By expansion of the integrand into a series the integral can be 
solved to yield 


=X (20) 
where 


x = + + + 8B — n) 


ll 
+2(6—n) 


2-4\B 


27 
z 


2468\B) 31. _ 
+78 8n 


(21) 


In Fig. 5 the values of y,/F are plotted. These values must be 
added to y to obtain the wall shape when the effects of friction 
are included. 

Parallel-Flow Inlet Header With No Friction. For the case where the 
inlet-header velocity is in the same direction as the exit-header 
velocity, the momentum balance is given by equation (13). From 
continuity, since flow through the resistance is constant, 


y 


(22) 


Substituting equations (7) and (22) into equation (13) gives 


1 dy 


(1+8)1 (2—n) 
dz 


(l-—z)y*? 


= (23) 
z) 
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Fig.6 Inlet-header wall shape for parallel flow neglecting friction for 
values of y;/a; = 0.5, 1, and 2 


After neglecting friction (F = 0), this can be integrated to 


1 
—(1 — 22 n) f — r)*8dr +e (24) 
Yo 


Expanding the integrand in a series yields 


Yo? = 
+( 


where 
2 — 2n 3 — 2n 


28(28 — 2) 
35 — 2n) 


£ = A2— [ 


(—1)*(28)l2* 
(28 — K)IK\(2 — 2n + 


These results are shown in Fig. 6. 
Parallel-Flow Inlet Header With Friction. Breaking y up as in equa- 
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Fig. 7 Correction to inlet-header shapes owing to friction for parallel-flow case 


tion (17), substituting into equation (23), and ignoring terms with 
y,* yield 


dy, 1+8 
(3 


This can be integrated as follows: 


y, exp [3yo%(2 — — 
F(i — z)'*8 


exp[3yo7|(2 — — dz (28) 
+8 
(1 — 


The solution can be found by numerical integration of the inte- 
gral. The results from equation (28) are plotted in Fig. 7. 


Experiment 


An experimental study was undertaken to check the results of 
the analysis and study over-all pressure drops. A view of the 
test section is shown in Fig. 1. The flow enters through the upper 
inlet header. The upper wall of the inlet header, which was 
flexible, was made of '/;-in-thick Plexiglas. It could be shaped by 
means of bolts which were spaced along the sides. The entering 
height of 2 in. and the width of 16 in. were designed to approxi- 
mate a two-dimensional model. The flow left the entrance header 
through the lower surface, which was a porous plate 32 in. long. 
One or more layers of cotton cloth could be placed on top of the 
porous plate to increase the flow resistance. The exit header con- 
sisted of a wall at a fixed distance away from the resistance. 
This corresponded to an n-value of zero in the analysis. This 
distance could be made either 1 or 4 in., corresponding to an a;/y,, 
respectively, of 0.5 and 2. The fluid exhausted into the room at 
the same end that the fluid had entered (counterflow). Instru- 
mentation on the test section consisted of pressure taps located 
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along the center line of the upper and lower walls. The static 
pressure measured at the wall was shown to be the same value as 
at the resistance below by static-pressure profile measurements in 
[2]. Measurements of total-pressure drop through the porous 
plates and the cloths when the fluid flow is normal to the re- 
sistance are given in [2] also. This pressure drop was found to 
follow the relationship 

29 

where AH is pressure drop across the resistance in inches of 
water and »,’ is the velocity normal through the resistance in feet 
per second. The values of K and m were found to be 17 and 1.9 
for a porous plate only; 470 and 1.8 for a porous plate and one 
cloth; and 435 and 1.94 for a porous plate and two cloths. Dry 
air at 125 psig was available as the operating fluid. This air was 
filtered and passed through a standard ASME orifice run to 
measure the mass-flow rate. In determining the upper wall shape 
which would yield a uniform flow through the resistance, the mass 
flow was first set at some desired rate. Next the bolts, Fig. 1, 
along the sides of the flexible wall were adjusted until a constant 
pressure difference across the resistance was obtained at all points 
down the channel. If the static-pressure difference at a point 
was too high, the fluid in the upper header was accelerated by 
lowering the wall. This caused the static pressure to drop until 
the desired pressure difference was obtained. Measurements of 
the wall shape were then made by means of a depth gage. 

The experimentally obtained uniform wall shapes are com- 
pared with the theoretical wall shapes in Fig. 8. The points seem 
to be close to 8 = 0, except near the entrance where the value of 
8 is higher. The porous plate without the cloth seems to stay 
close to 8 = 0, even in the upstream region. The reason for this 
behavior of 8 will be discussed later. 

Fig. 9 shows the static-pressure difference across the resistance 
along the channel. For the shaped wall the static-pressure dif- 
ference has been made constant along the channel by shaping the 
wall. The pressure difference was found to remain constant along 
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the channel over the flow range studied. This flow range can be 
found from the F-range in Fig. 8. Numerical calculation will 
show that changes over a large range of velocity will have a very 
small effect on the wall shape. As shown in Fig. 9, shaping the 
wall did not give constant pressure difference across the resistance 
down the channel when a,/y,; was changed from 2 to 0.5. It was 
impossible to adjust the wall to achieve uniform flow for this 
case. This agrees with the analysis for the counterflow case, 
which claims that there is a minimum value of a,/y; that is above 
0.5 but below 2, equation (16a). 

To study the variation from uniform flow for some different 
simple wall shape, the upper wall was made to increase linearly, 
(y’ = ya@’/L). 

Since a linear wall shape gives smaller channel heights than 
found from the analysis as the flow travels downstream, the static 
pressure drops faster in this case than for the shaped wall. This is 
the reason that the pressure difference across the resistance shown 
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Fig. 8 Comparison of experimental wall shape with theoretical shapes 
for counterfiow case, ai/y; = 2 
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in Fig. 9 becomes smaller down the channel. Thus most of the 
normal flow passes through the resistance near the entrance of 
the inlet header for this case. For an inlet header wall a constant 
distance away from the resistance (y’ = y,), the opposite effect 
occurs. The pressure rises downstream so that the pressure dif- 
ference across the channel increases as the fluid travels down- 
stream. For this case most of the fluid passes through the re- 
sistance in the downstream portion of the resistance. For the 
parallel flow case a similar deduction can be made. If, instead of 
the shaped wall, the height is made to rise linearly {y’ = y;|1 — 
(z’/L)|}, then the wall will be higher than the theoretical shape 
for uniform flow, and the pressure in the inlet header will rise as 
the fluid travels downstream. This causes the largest pressure 
drop across the resistance and therefore also the largest normal 
velocity to occur close to the outlet of the exit header. 

The ratio of normal velocity through the screen at x’ = 0 over 
the normal velocity at = L, (v,, is approximately 
equal to the square root of the ratio of the pressure difference 
across the resistance at z’ = 0 over the pressure difference at x’ 
= L. This ratio was found to be only slightly dependent on flow 
rate for the straight-wall case. However, the ratio is strongly de- 
pendent on the flow resistance. The higher the resistance, the 
closer the ratio of v_,,2-0'/va,2-:' approaches 1. Experimentally 
for counterflow with the upper wall straight y’ = y,(2’/L), it 
was found that for the porous plate v,, ,-0'/v,,,-.' = 0.6. For 
the porous plate plus a cloth »,, ,.0'/v,, ,-:' = 0.75. For the 
porous plate plus two cloths v,, ,.0'/v,, --:' = 0.8. 

Total-Pressure Drop Through Test Section. A complete discussion on 
the causes of over-all pressure drops in this type of flow is given 
in [6]. Plotted in Figs. 10, 11, and 12 are the total-pressure drops 
versus flow rates for the different resistances. Shown as solid 
lines are the theoretical total-pressure losses of Kuchemann and 
Weber [7]. Their maximum estimate I assumes that the total 
head loss represents the head loss through the resistance based 
on the normal velocity »,’ as given by equation (29) plus the 
velocity head drop (p/2)(u;"? — v,"?), in turning into the screen 
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Fig. 9 Pressure drop across resistance along channel 
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Fig. 10 Total-pressure drop through system for porous plate 
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which is not considered recovered. The reacceleration in the exit 
header for this case is assumed to be achieved without losses. 
Their minimum estimate II represents either the first or second 
term of estimate I, whichever is larger. Notice that the total- 
pressure drop for the straight upper wall is higher than for the 
shaped wall. This can be explained as follows: 

For counterflow the total-pressure drop through the system can 
be considered equal to the pressure drop across the resistance at 
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x’/L = 1 plus the difference in velocity head between the incom- 
ing and outgoing velocity at this same point. Since for the 
straight-wall case, y’ = y,(z'/L), the pressure difference across 
the resistance at r'/L = 1 is a maximum (as discussed earlier), 
which is higher than for the shaped wall for the same mass-flow 
rate, a larger over-all pressure drop would be expected. A similar 
result was found in [2]. It was concluded previously that, if the 
upper wall were straight so that y’ = y; the minimum static- 
pressure drop across the resistance would be at 2’'/L = 1. This 
would imply that for the same mass-flow rate the total-pressure 
drop through the system will be smaller for this case than for 
the shaped wall. Similar reasoning can be used in the parallel- 
flow case. 

Also shown in Fig. 10 is the total-pressure drop for the shaped 
wall where a,;/y; = 0.5. Here the total-pressure drop is much 
larger than for the other cases, since all the flow passed through 
only a small section of the resistance and thus gave a very high 
pressure drop through the resistance. 

Notice also that the case for uniform flow without an exit 
header from [2] has a higher total-pressure drop than for the case 
with the exit header. This is because the velocity head out of the 
exit header is not recovered for the case with no exit header. 

Discussion of 6. The problem of predicting the value of £ is dif- 
ficult. One of the most complete discussions of this parameter 
appears in a paper by Soucek and Zelnick [8], and in the diseus- 
sion at the end of that paper by McNown. They came to the 
conclusion that 8 was dependent on the surface characteristics of 
the resistance and on the ratio of the exiting velocity to the main- 
stream velocity. McNown felt that 8 could never be greater 
than 0.5. Cichelli and Boucher [4] in their analysis assumed a 
value of 8 of 1. Heyda [5] assumes a 8 of 0. 1 — 6 in equation 
(13) can be considered as the fraction of the forward velocity of 
the main-stream fluid contained in the fluid leaving the inlet 
header. § would be 0 if the exiting fluid had an z-component of 
velocity equal to that of the main stream. § would be 1 if the 
fluid particle turned and left the inlet header with no forward 
component of velocity. On the basis of smoke streamline studies 
made by Comtois [1], it was found that the fluid enters the screen 
with very little turning. This would be expected, since no pres- 
sure gradient was found normal to the resistance. Thus there 
would be no force to turn the particle until it enters the re- 
sistance. This means that the particle leaves the inlet header 
with its full forward momentum. The experimental results ob- 
tained here show a 8 greater than zero near the entrance of the 
inlet header which drops to 0 farther downstream. The reason for 
this is that initially the boundary layer is being removed. The 
average velocity across the boundary layer is less than the average 
velocity across the header. Therefore, although the boundary- 
layer fluid leaves with its full forward component of velocity this 
is less than that of the mean velocity across the channel. How- 
ever, as this boundary layer is removed, 8 approaches zero. 


Conclusions 


A study was made of turbulent incompressible flow through re- 
sistance parallel to the stream direction for the purpose of obtain- 
ing uniform flow through the resistance. By shaping the inlet 
and exit headers, which had a large length-to-height ratio, that 
was found to be possible. Theoretical and experimental wall 
shapes for uniform flow are given and show good agreement. 
These wall shapes were found to stay constant over a large veloc- 
ity range. Experimental results of the effect of using some simple 
wall shapes different from those calculated theoretically are also 
shown. 

Measurements of over-all total-pressure drops were taken and 
compared with theoretical estimates with good agreement. It 
was shown that for certain shapes giving nonuniform flow it was 
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possible to obtain lower over-all pressure drops than for the case 
of uniform flow through the resistance. 
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DISCUSSION 
J. F. Heyda® and C. D. Fulton? 


We are in substantial agreement with the author but offer the 
following remarks. 

There is no reason to believe in the existence of the quantity 
beta, which implies in Equation (13) that if any fluid becomes re- 
tarded its energy will be added to the remaining fluid. This is 
impossible in either potential or viscous flow. 

Beta may have originated in the notion that the fluid would 
start turning while still in the inlet header because the turn must 
be complete immediately afterward and in subsonic flow nothing 
should happen abruptly. In potential flow, even if there were 
such a turning, there could be no transmission of energy from one 
stream tube to ancther, and therefore beta could not exist. But 
more than that, there is no such turning. A map of curvilinear 
squares—a Laplacian field—constructed in the inlet header proves 
this. The porous resistance dictates only the position at which 
each streamline will be swallowed and not the angle at which it 
will approach. The angle is, in fact, equal to that of a line drawn 
from the far end of the resistance to the header wall opposite the 
point of swallowing. Thus the flow strikes the resistance with full 
force and delivers its momentum to it after leaving the inlet 
header. 

If the surface of the resistance contains large holes, vanes, or 
other configurations, the potential flow pattern will show repeti- 
tive stagnations and regions of increased velocity. But the 
average velocity just outside the holes or vanes will be the same 
as in the inlet header, and so will the average pressure. Thus, 
whether the microscopic or the macroscopic view be taken, the 
results will be the same in the inlet header in potential flow, and 
beta will not exist. 

Nor can beta exist because of frictional effects. If viscous 
shear retards the adjacent fluid in the header before it is swal- 


2 Aircraft Nuclear Propulsion Department, General Electric Com- 
pany, Cincinnati, Ohio. 
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lowed, the momentum extracted from this fluid will again appear 
as a forward force in the solid material of the resistance. The 
total force on the material will be the same with or without 
viscous shear, since the material is bound to receive all the momen- 
tum one way or another. The momentum extracted by shear 
will not appear as a forward push on the main stream of the 
header. 

In the turbulent flow, viscosity can also create eddies of re- 
tarded fluid which will attempt to propagate into the main stream 
at an acute angle. In some cases, that angle will be smaller than 
the angle at which the flow is leaning into the resistance, and all 
the eddies will be swallowed. In other cases, a few eddies will 
propagate and will thereby reduce the pressure in the header. 
They can be accounted for by adding a small increment to the 
value of F. What Equation (13) actually states, instead, is that 
if friction underlies the existence of beta, then friction will pro- 
duce a rise in pressure, which is absurd. 

The notation used by the author in defining dimensional and 
nondimensional variables is not quite consistent in the Nomen- 
clature. This produces difficulties later. Thus, to be consistent, 
a; should be replaced by a,’, and a; would not need to be used since 
its value would then be unity. Similar remarks apply to y; and y,’. 

In the exit header, two types of flow may be conceived. One is 
mixed or one-dimensional and can be generated if the holes in the 
plate squirt out very energetic jets or if some other strong stirring 
mechanism is at work. This corresponds to Equation (;). 

The other type of flow is stratified and two-dimensional. It 
can occur if the flow leaves the resistance in a relatively quiescent 
state. Each stream tube retains its identity and moves in a 
curved, accelerating path toward the outlet. The velocity profile 
is steeply tilted. We have analyzed this flow using a one-dimen- 
sional pressure field, which is justifiable both analytically and 
experimentally. The result is the following equation, here written 
in dimensional form but omitting the author’s prime notation. 


dt 
a(x) = vor 
0 V pit) — p(z) 


The integral computes the header width by finding the vertical 
widths of stream tubes originating at positions t when they reach 
position z. Standing at one position z, the variable ¢ is run from 
0 to z and the integral computed. Then z is changed and the 
process repeated. This is a Volterra improper integral. As ¢ ap- 
proaches z, the vanishing of the denominator reflects the fact 
that each stream tube starts out as a second-degree parabola that 
takes up a great deal of space. This voluminousness is partly 
compensated for by the narrowness of the high-speed tubes near 
the header wall. The equation can be converted into Abel’s in- 
tegral equation. It can also be inverted approximately for p 
by tne methods of Reference [5]. It can be elaborated for com- 
pressibility and variable flow rate through the resistance. It can 
be solved in closed form for certain simple functions. 

The results of the equations for mixed and stratified flows in 
the exit header are not greatly different although the equations 
appear very different and the mathematics are more difficult in the 
improper integral. For a given header shape, the form of the 
pressure curve is the same and the pressure gradient is merely 
somewhat steeper in the stratified flow. For this reason, one 
may elect to use the mixed flow equation corrected by a multiplier 
to handle stratified flow, or any flow between the two. Many ex- 
perimental results agree closely with stratified flow and show the 
associated velocity profile. The following table shows how the 
two flows compare. 


Transactions of the ASME 


End-to-end pressure fall in 


velocity h at mean outlet 
velocity 
Shape of age curve Mixed —— 
Exit header shape pO) — p(x ow ow 
a~az_ Triangle C — log cithmic* 4.60* 7.23* 
a~ Vz Parabola z Linear 3 4 
a=C Rectangle ? Square law 2 2.47 


* In the triangular header the pressure rises to an infinite peak at z = 0. The constant C 


is indefinitely large. 
length, for this case only. 


The shapes of the inlet and exit headers can be related directly 
by eliminating the pressure. For a given exit header, there is a 
multiplicity of inlet headers nested one inside another. The larg- 
est possible inlet header in counterflow is the one producing 
stagnation at its closed end. It requires the least possible inlet 
energy and may be called the economic shape. Omitting friction, 
that shape is given by the following equations when mixed flow 
occurs in the exit header. One equation is the inversion of the 
other. The choice of which one to use depends upon which header 
is given at the beginning. These equations may be regarded as 
either dimensional or nondimensional. 


y(2) a(x) a(t) t 
- - 3 
a(x) y(zx) a? Jo Ly® 


When stratified flow occurs in the exit header, the correspond- 
ing equation is the following, which is not easy to invert. There- 
fore one must start with y(z). There is a multiplicity of shapes 
y(z) that give the same a(z). Economic shapes are those having 
appreciable width at the closed end—i.e., an infinite slope there. 


f 
y(x) y(t) 
The results of the foregoing three equations are shown in the 
following table: 


a(z) = 


Economic inlet header width 


Exit header width 
Exit header = Economic inlet Mixed Stratified 
shape header shape exit flow exit flow 
Triangle Impossible 
Parabola Parabola 0.577 0.5 
Rectangle Rectangle 0.707 0.636 


J. F. Thorpe® 


The author has investigated a very interesting problem and 
presents information which is valuable to the fluid mechanics 
engineer. One particularly useful aspect of this investigation is 
that it defines a class of flow problems to which the one-dimen- 
sional approximation can be applied with acceptable results. 

The author has assumed that the fluid enters the exit header 
with no z-component of velocity. This assumption is valid for 
the high resistance of the porous cloths which he used. As a 
result of this assumption he finds that it is impossible to main- 
tain a constant pressure in the exit header. It was also found 
that the momentum factor 8, which is applied to the fluid leaving 
the inlet header, was essentially zero or slightly positive for the 
resistances tested. 


3 Senior Engineer, Reactor Development and Analysis Department, 
Bettis Atomic Power Laboratory, Westinghouse Electric Corpora- 
tion, Pittsburgh, Pa. Assoc. Mem. ASME. 
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The tabulated pressure falls are for the latter 90 per cent of the header 


The discusser has performed experiments‘ on flow configura- 
tions similar to those investigated by the author. However, the 
transverse resistances were long slots which permitted the fluid 
entering the exit header to do so with the full (inlet header) z- 
component of velocity. In fact, as far as the inlet header is con- 
cerned, it was found that the factor 8 was slightly negative. 
These conditions represent the opposite case to the author’s and 
it is interesting to see what conclusions can be drawn using the 
author’s method of analysis. 

Assuming that the fluid enters the exit header with an z-com- 
ponent of velocity u’, the nondimensional momentum equation 
(for parallel flow) corresponding to the author’s equation (3) 
becomes with his symbols, 


a Fv? 

— —dp dt + u dav) = dav") (3) 
2 (va)** 

The continuity equations for parallel flow and uniform transverse 

discharge become 


va=2 (4)’ 
(22)’ 
Substituting the continuity equations into equation (3)’, 
1- 
2 a y a 


Now if friction is neglected (F = 0), it can be seen that equation 


(5)’ admits of a solution in the casen = 1. That is if 
(n = 1), (9)’ 
Then 
dp + dz = dr 
All that is necessary is to take 
(30) 
Then 
dp = 0; u=v=1 (31) 


Thus it is possible to keep the static pressure constant in the exit 
header by shaping both the inlet and exit headers with straight 
walls. 

If the solution outlined above is to be entirely consistent then 
equation (13) must reduce to dp = 0. Otherwise the assumed 
uniform transverse flow will not occur. With F = 6 = 0 it is 
seen that equation (13) is satisfied with dp = 0 (recall u = 1). 

The discusser has measured the pressure distributions‘ for the 
flow configuration defined by equations (9)’ and (30). It was 
found that the pressure distributions in the inlet and exit headers 


‘J. F. Thorpe, “A Parallel Duct Flow Problem,” Doctoral Dis- 
sertation, University of Pittsburgh, 1960. 
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were constants. From this result, it was concluded (as did the 
present author) that the effect of friction has little to do with the 
wall shape for uniform transverse discharge. 

In the experiments performed by the discusser, the transverse 
openings were slots in a vicinity where the local fluid velocity 
was greater than the average velocity in the inlet header. From 
the measured velocity profiles the factor 8 was estimated to be 
about —0.035. In calculating the axial pressures it was found 
that best results were obtained if this negative value was actually 
used in the calculations. Thus, it would appear that the pres- 
ent method of handling this momentum factor is valid. 


Author's Closure 


The discussers’ comments were very worth while and have 
added a great deal to our understanding of the present problem. 
Some points have been raised which should be enlarged upon. 
A 8 not equal to zero does not always imply that some of the 
energy of the leaving fluid is added to the remaining fluid in the 
inlet header. If there is some nonuniform entering velocity 
profile in the inlet header, the mean velocity near the porous 
wall will not be equal to the mean velocity across the channel 
and when this fluid near the wall is removed with all its for- 
ward momentum, 8 will not be zero. 

The discussers,’ conclusions on the shapes with the lowest total 
pressure drops were very interesting. For the author’s case this 
economical shape can be arrived at as follows. The total pres- 
sure drop through the system would be in nondimensional form 


u; \? 
Pwtal = Pinlet ~ Poutlet + (: ) -1 (32) 


For the counterflow case piniet — Poutlet Will differ by some 
constant of the screen resistances R. By using continuity (32) 
results in 


a 


2 
Protal = R+ ( — (33) 
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It is desired to minimize a;/y; so as to reduce Pyotal- 
Rewriting (16) as follows for 8 = 0 


Since 1/yo? can never be negative the term in the bracket [  ] 
must be positive for all z. Since it is most likely to be negative 
at z = 0 the result for the bracket yields 


2 
(“) > (; (35) 
Yi i-n 


The smallest possible value of a;/y; then will occur at an n of 0. 
Then y;/a; = 0.707 and both the inlet header and exit header 
will be rectangles as found by the discussers. The total pressure 
drop will then be 


Protal = R+1 (36) 


Since from (33) the smallest value of a,;/y; possible is desired 
for the most economical shape this would occur in mixed flow 
with rectangular headers, as shown in the discussion. 

For the case of parallel flow from (32) and (6) 


a; \? 
Protar = R + —— +( ) — |] (37) 
l—n Yi 


This will be a minimum for the re@tangular exit header (n = 0) 
then 


2 
Protal = R+1+ (=) (38) 

The most economical shape would be the largest inlet and 
smallest outlet feasible. However, only in the limit (a,/y, ~ 0) 
will it be as economical as the counterflow case (36). 

Finally there is some question whether 8 actually equals 
— 0.035 for the slotted resistance case. This small effect could be 
possibly due to friction in the header. 


Transactions of the ASME 


1 
- = (34) J 
Yo 
4 
A 
— q 
+ 


The Influence of Tip Clearance on Stall 


GHASSAN KHABBAZ’ 
YASUTOSHI SENOO® 


Limits of a Rectilinear Cascade 
of Compressor Blades 


An experimental study of the influence of tip clearance on the stall limits of compressor 
blades was conducted on a rectilinear cascade. By using the mirror and image tech- 
nique the end wall boundary layer near the clearance was dispensed with. The blade 
loading was maximum at a distance from the tip clearance, but the clearance was found 
to relieve the pressure gradient in general and to retard stalling. 


ls THE past decade, some work has been done in an 
attempt to study the influence of the clearance between the tip of 
the blade and the casing, on the behavior of turbomachines, as 
that of Ruden [1]* who found that a fan’s efficiency decreases 
linearly with increase in clearance gap over the entire range of 
throttling coefficients he used. 

MeNair [2] and Smith [3] have collected and correlated many 
published and unpublished experimental data and demonstrated 
a significant influence of tip clearance on the performance of a 
compressor. Rayan and Ohashi [4] reported that the minimum 
flow rate of proper operation increased considerably as the tip 
clearance increased. Similar trends have been recognized in some 
unpublished papers. 

Since the operation range of a compressor is of prime im- 
portance for gas-turbine compressors, an extended study on the 
tip clearance was carried on in the Gas Turbine Laboratory of the 
Massachusetts Institute of Technology. 

The influence of the tip clearance on the performance of a 
compressor was assumed to be due to three criteria: 


1 Reduction of the axial velocity near the tip due to the tip 
clearance, i.e., additional boundary-layer growth on the casing. 

2 Skewed flow of the boundary layer due to the relative 
motion of the rotor and stator blade rows. 

3 Variation of the blade loading along the span due to the 
tip clearance. 


1 The work was sponsored by Allison Division of General Motors 
Corporation, General Electric Company, and Westinghouse Electric 
Corporation. The authors are indebted to Prof. E. 8. Taylor, Direc- 
tor of the Gas Turbine Laboratory at M.I.T., under whose supervision 
the work was carr.ed out. 

? Research Assistant, Applied Mechanics Laboratory, Massachu- 
setts Institute of Technology, Cambridge, Mass. 

3 Assistant Professor of Mechanical Engineering, Massachusetts 
Institute of Technology, Cambridge, Mass. At present, AiResearch 
Manufacturing Company of Arizona, Phoenix, Ariz. 

‘ Numbers in brackets designate References at end of paper 

Contributed by the Fluid Mechanics Subcommittee of the Hy- 
draulic Division and presented at the Winter Annual Meeting, 
New York, N. Y., November 27—December 2, 1960, of Tue AmeErt- 
cAN Society OF MECHANICAL ENGINEERS. Manuscript received at 
ASME Headquarters, August 2, 1960. Paper No. 60—WA-163. 
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Needless to say, these three criteria are not independent of each 
other, but a study of each of these independently leads to a better 
understanding of the flow at the tip clearance. The present work 
is carried on with the purpose of studying the third criterion by 
getting rid of the end wall boundary layer. This report will con- 
cern itself mainly with the effect of tip clearance on stall limits 
because the work of Rayan and Ohashi showed that the tip 
clearance manifested itself pronouncedly in the stall region. 


Experimental Program 


1 Apparatus and Instrumentation. The experiments were carried 
on in a low-speed wind tunnel cascade having compressor blading. 
This enables one to carry on the experiment more quickly and 
easily than in an actual machine having rotating blades. More- 
over, one can isolate the problem of interest from other factors 
which may otherwise mask the results of the problem. 

The available wind tunnel had means of varying the inlet angle 
very easily by rotating the whole cascade around a center line 
which was the leading edge of the end blade. In parallel to the 
cascade inlet duct, an adjustable diffuser was provided to adjust 
the inlet flow to the cascade, to be a uniform parallel flow for any 
inlet angle. A detailed description of this wind tunnel is given 
in [5]. The cascade consisted of nine NACA 65-410 blades with a 
chord length of 4.875 inches and 20 inches span. The stagger 
angle was 45 deg and the solidity (chord/pitch) was 1. The inlet 
velocity was 93.6 ft/sec giving a Reynolds number of 2.4 x 10° 
based on chord length. 

As was mentioned in the Introduction, a blade with no end wall 
(casing) boundary layer was to be investigated. The principle of 
mirror and image was used to accomplish this. The tip clearance 
was accomplished by cutting a gap in the middle of the blade as 
shown in Fig. 1. This gives a blade, its clearance, and the image 
of the whole picture. Thus a fictitious wall without boundary 
layer can be imagined at the middle of the gap. Consequently, 
the aspect ratio of the present cascade blades is approximately 
two. 
The available wind tunnel discussed in [5] had no end wall 
boundary-layer suction. When an attempt was made to study 
the stall in the vicinity of the clearance, the blade was found to 
stall first near the end wall and thus the flow converged toward 


chord length 
tip clearance 
local pressure 
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= upstream pressure 


(P — Pw)/(pu*/2) edge 
= upstream velocity 


z = distance along chord from leading 


p = density of air 
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the center of the cascade span, changing the two-dimensional 
pattern and preventing stall near the clearance. Moreover, the 
first blade of the cascade which had its suction side coinciding 
with one of the vertical walls of the inlet duct was receiving low 
energy fluid and so stalled before the rest of the blades, changing 
the flow pattern. To overcome these difficulties a boundary-layer 
suction was applied. 

On each of the end walls the boundary layer was sucked from 
two places. First from a slot three inches wide and about a chord 
length upstream from the leading edge of the blades. A velocity 
equal to 0.9 that of the main stream velocity was obtained about 
0.0625 inch from the end wall just behind the slot. At larger 
inlet angles the width of the inlet duct decreased and hence the 
flow rate, while the suction area inside the test section and the 
suction flow rate did not vary. This had no measurable effect on 
the boundary-layer thickness. Therefore the suction was not 
varied with the inlet angle during the experiment. 

The end walls of the cascade were made of a porous material to 
suck the boundary layer which was formed along the wall be- 
tween the upstream suction slot and the exit of the cascade. Due 
to the previous design of the cascade section, the porous wall could 
not be made to cover more than the middle seven blades. The 
porous wall was constructed of a piece of cloth made of plain 
weave cotton 78 X 74/in., sandwiched between two layers of 
fine screens and supported on a perforated metal '!/;-in. diameter of 
holes, */\-in. spacing, having 40 per cent open area. ‘The porosity 
of the cloth was determined by the requirement that the pressure 
in the suction duct be lower than the lowest pressure on the blade 
so as to have all the flow outward and yet not draw an unneces- 
sarily large quantity of air. The fine screens were used to hold 
the cloth in place. 

On the vertical wall one 2'/:-in. wide suction slot was placed 
upstream of the leading edge of the blade. Although at this 
point the flow in the test section was found to be as nearly two- 
dimensional as one could expect, the flow over the end walls had 
still a lower velocity than the main stream causing the blades to 
stall at the ends first. To overcome this, a way of absorbing 
some of the energy in the main stream had to be devised. Bars 
running across the width of the test section and covering the 
middle part of the span were installed two feet upstream of the 
test section and tested with little success. Then screens of differ- 
ent heights and porosities were used instead. Stalling of the 
middle part of the blades before the ends was promoted by the use 

of the hardware screen 4 mesh per inch. This screen covered the 
entire cross section except for 2'/, in. from each end wall. It was 
located at 24 in. from the cascade. The flow in the central part of 
the cross section 12 in. high by 3 blade-passages wide was found 
to be two dimensional. Fig. 2 shows the pressure distribution on 
the blades without tip clearance at '/, in. and 4"'/,,. in. from the 


Fig. 1 The cascade with the blades having a clearance 
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Fig. 2 
locations; 2¢/c = 0 


midspan, respectively. They coincide fairly well, proving that 
the flow in that section is two dimensional. 

2 Blades. Two NACA 65-410 brass blades were made with 
static pressure taps on them to measure the static pressure distri- 
bution along the chord at different distances from the gap. All 
of the pressure taps were located on the lower half of the blades. 
Pressure tubing ran along the lower half of the span inside the 
blades and the static pressure taps were drilled into them through 
the surface of the blades. The two blades that had the static 
pressure taps were mounted beside each other in the cascade in 
such a way that the surface on which the holes were drilled formed 
one blade passage. Due to the fact that the flow is uniform over 
3 blade passages, the loading in one passage is equivalent to that 
on one blade. Whenever a pressure distribution was to be re- 
corded at a certain row, all the other rows were closed by scotch 
tape. 

The pressure tubes on the blades were connected by rubber 
flexible tubes to an inclined manometer filled with alcohol. The 
scale ratio of the inclined manometer was 5 in. of reading on it 
corresponding to 1 in. of water pressure. Thus the accuracy to 
which the manometer could be read was 0.03 in. of water pressure. 

3 Experimental Procedure. The static pressure distribution was 
measured along the blade surface for each row at different inlet 
angles in the vicinity of stall. The velocity far upstream from 
the cascade was kept constant for the entire experiment by bleed- 
ing more or less air from the outlet of the tunnel fan. The veloc- 
ity was determined by means of reading the difference in static 
pressure between the plenum chamber (stagnation) and a position 
just upstream of the cascade. The inlet flow angle was deter- 
mined by a seale fixed directly to the cascade support. The 
clearance was cut at the middle of the span only in the blades 
having the static pressure taps and one on each side (Fig. 1). 
This gave satisfactory results as indicated from measurement of 
yaw angles at '/s in. downstream from the cascade. The edge of 
the clearance was located at a distance of '/;. in. from the first row 
of pressure taps. The clearance size was made larger by shorten- 
ing the upper half of the blades which had no pressure taps. 
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Presentation of Data 


Fig. 3 shows a plot of static pressure distribution on the blades 
without tip clearance at different inlet angles including stall con- 
dition. It is apparent that the stall condition does not change 
the pressure distribution radically. 

The surface pressure distributions at different distances from 
the clearance were plotted for each clearance size at two different 
inlet angles, one away from the stall and the other near it. Due 
to space limitations only some sample curves are shown in Figs. 
4 to 11. The ordinate is pressure coefficient S defined by 


Inlet Angles 
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Fig. 3 Static pressure distribution along surface of blade for different 
inlet angles with 2e/¢ = 0 at 2''/\, in. from clearance 
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Fig. 4 Static pressure distribution on surface of blade 


Journal of Basic Engineering 


S = (p — p..)/(pv*/2) 


where p and p,, are local and upstream static pressure and v is the 
upstream velocity. From these curves the following can be 
concluded: 


As the clearance size is increased 


1 The shape of the static pressure distribution in the vicinity 
of the clearance changes radically, especially on the suction sur- 
face. 

2 The point of minimum pressure moves away from the 
leading edge. 

3 The loading on the blade near the clearance is increased, 


while at a further distance from the clearance it remains un- 
changed. 
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Fig. 5 Static pressure distribution on surface of blade 
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Fig. 6 Static pressure distribution on surface of blade 
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Static pressure distribution on surface of blade 
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Fig. 8 Static pressure distribution on surface of blade 


The third fact can be explained as follows: The axial velocity 
passing through the clearance decreases due to the pressure rise 
across the cascade and because of continuity the flow rate or the 
inlet velocity adjacent to the tip clearance increases. Conse- 
quently, the blade loading increases although the loading coeffi- 
cient does not increase. Therefore, the blade does not stall at 
this location in spite of higher loading. 


As shown in Fig. 3, it is very difficult to decide on the angle at 
which the blades stall. A study of carbon black traces was made. 
This is done by painting the suction surface of the blade with 
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Fig. 9 Static pressure distribution on surface of blade 
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Fig. 10 Static pressure distribution on surface of blade 


lampblack dissolved in kerosene and then running the fan of the 
wind tunnel. The pattern of streamline is shown as traces when 
the lampblack solution dries up. This allows one to detect 
whether back flow occurred. The carbon black study revealed 
that the range of the angles of attack in the foregoing figures 
covered that at which the blade stalled. This was supplemented 
by a study of threads glued to the suction surface of the blades, 
which also enables one to find if any back flow takes place. 

For experiments in a cascade, stall is defined in a number of 
ways: When the drag coefficient becomes 1.5 to 2 that of the 
minimum drag coefficient, or at the peak of the curve of the turn- 
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ing angle versus the inlet angle, or that of circulation versus the 
inlet angle, If this is the case some back flow can occur on the 
blade suction surface before stall, provided it is confined to a thin 
layer. Here a consideration of the term stall is necessary. 
Stall is usually referred to in a situation where boundary layer 
separates from the blade surface and the back flow reaches such a 
magnitude as to decrease the efficiency of the compressor and 
sometimes it is accompanied with unsteady flow as well as de- 
creasing the pressure rise across the compressor. 

The static pressure at a few points near the leading edge on the 
suction surface versus the inlet angle is of interest. In Figs. 12 to 
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Fig. 11 
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14, three pressure taps on the suction surface at z/c = 5, 7.5, and 
10 per cent from the leading edge were chosen as representative 
points. The abscissa of these curves is the inlet angle. The 
pressure at these points decreases as the inlet angle increases up to 
a certain limit and then the pressure increases with a further in- 
crease of the inlet angle. The inlet angle at which the pressure 
reaches a minimum is defined here as the stall angle. For two- 
dimensional cases the stall angle judged by this method checks 
very well with NACA data [6] for stall as determined when the 
drag coefficient reaches 1.5 the minimum drag coefficient. 

The sharpness of the peak of the afore-mentioned curves indi- 
cates how distinct stall is. It is seen from these plots that near 
the clearance stall is sudden at a small clearance, but rather 
gradual at a larger clearance. 

For any one particular clearance size, the angle at which stall 
occurs at a definite location along the span is found from its cor- 
responding figure of the static pressure on suction surface versus 
the inlet angle such as Figs. 12 to 14. The cross plot of these 
results is shown in Fig. 15. 


Conclusions 
From Fig. 15 it can be concluded: 


1 As the clearance size is increased the blade as a whole 
stalls at slightly higher inlet angles, although the maximum static 
pressure rise across the cascade does not increase. 

2 The effect of the clearance is not harmful as far as stalling 
is concerned because near the clearance stall occurred at a higher 
inlet angle than that for the rest of the blade. 

3. The direct influence of the clearance is concentrated in a 
region near the clearance whose magnitude is of the order of 25 
per cent of the chord. 

4 Asthe clearance size is increased the region that can with- 
stand the highest angle of attack before stalling moves slightly 
from the tip of the blade. 


The foregoing experimental study indicated that the presence 
of a clearance in the absence of an end wall boundary layer and in 
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Fig. 12 Static pressure on suction surface versus inietangle; 2e/c = 1.949 per cent 
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Fig. 14 Static pressure on suction surface versus inlet angle; 2e/c = 10.174 per cent 
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From Clearance 


Fig. 15 Angle of stall versus distance from tip of blade for different 
clearance sizes 


the absence of relative motion of the blade rows was not harmful. 
The stalling of the blades near the blade tip in compressors may 
then be attributed to the skewness of the flow caused by the rela- 
tive motion of the blades and casing. This skewness increases 
the inlet angle of the flow with respect to the blade at the tip of 
the blade causing it to stall there first. 
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DISCUSSION 
H. M. Croner® 


An experimental investigation was completed in 1959 at the 
General Electric Flight Propulsion Laboratory on a single-stage 
unshrouded compressor rotor with systematic variations of rotor 
blade tip clearance from 0.010 to 0.320 inch. The test vehicle 
employed a single 8-bladed rotor (no stators), having a hub/tip 
radius ratio of approximately 0.5, with a tip radius of 7.45 in. 
The rotor was driven at 3600 rpm, or a tip speed of 234 ft/sec. 
Blade tip camber was 20.4 deg, stagger 52.5 deg, and solidity 
= 0.41. 

Besides conventional instruments for measuring time-averaged 
values of static pressure, total pressure, and flow angle, eight 
high-frequency static pressure pickups were flush mounted in the 
casing directly above the compressor rotor blade tips. They 
provided an account of the variations of casing wall static pres- 
sure as a function of time at eight equally spaced axial stations 
along the projection of the rotor blade tip section. The dynamic 
pressure pick-ups were Atlantic Research Corporation Blast 
Velocity gages (barium titanate crystal transducers). These 


‘General Electric Company, Philadelphia, Pa. Assoc. Mem. 
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were mounted into a nylon sleeve with a capped bottom having 
a 0.08-in. diameter hole for a static pressure port. 

In comparing the results from these compressor rotor wall static 
pressure measurements with the cascade results presented here 
by Khabbaz and Senoo, the following were noted: 

With increasing clearance, the peak pressure difference across 
the blade moved toward the trailing edge. This is clearly shown 
in Figs. 3 through 11 of their paper, and was also clearly demon- 
strated by the dynamic pressure data from our rotor tests. This 
shift of the pressure loading occurred not only at a high or stall 
angle of attack, but across the full angle of attack range—from 2 
to 20 deg for these rotor tests. 

A comparison was made with the cascade data of Khabbaz and 
Senoo, by converting the cascade data to tangential differences 
of the pressure/suction surface pressures (using an NACA 65-410 
blade at a stagger of 45 deg). The results of this comparison are 
shown in Fig. 16 for an axial station near the leading edge 3C/16 
and a typical high angle of attack (a = 14.0dez). The curves for 
both the cascade and rotor peak in the range of 2 to 4 per cent 
€/C, however, while the cascade results indicate a fairly flat 
characteristic, the rotor data exhibit significant peaking. This 
would appear attributable in part or whole to boundary layer 
skewness—that is, at the small clearances, the tip of the rotor 
blade sees effectively a higher angle of attack (axial velocity 
decrement in the boundary layer). 
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Fig. 16 
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It is interesting to compare the results found for the particular 
geometric configuration described in this paper with the findings 
for other configurations that are similar to it in some respect. 

First, let us consider the single wing of finite aspect ratio. 
The simple lifting-line theory and linearized lifting-surface 
theories indicate that the lift on an untwisted wing drops off 
rapidly as the wing tip is approached. Also, the linearized lifting- 
surface theory indicates that the chordwise center of pressure of 
each wing section moves toward the leading edge as the tip is 
approached. Experiments by Holme [7]’ and Winter [8] show 
that these theoretical trends are correct at very small angles of 
attack, but at higher angles of attack (yet even before any sepa- 
ration appears), the centers of pressure for sections very near the 
tip move aft, and the lift coefficients on these sections increase 
rapidly. The increased lift is due to the occurrence of low pres- 
sures on the suction sides of these tip sections. 

* Flight Propulsion Laboratory Department, General Electric 


Company, Cincinnati, Ohio. Assoc. Mem. ASME. 
7 Numbers in brackets designate references at end of this discussion. 
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Next, let us consider a single wing mounted in a wind tunnel 
such that there is a small variable clearance between the wing tip 
and the tunnel wall. Such a configuration was tested by Rains 
[9]. In his tests surface pressures were not measured on the air- 
foil but, instead, on the wall; the wall taps were located to coin- 
cide with the upper and lower airfoil surfaces when the airfoil 
touched the wall (zero clearance). The airfoil camber angle was 
about 10 deg, the maximum thickness-chord ratio was about 0.08, 
and the angle of attack for which data are reported was 4.8 deg, 
which was high enough to give a suction peak at the leading edge 
when there was no clearance. The center of pressure with zero 
clearance was at about 30 per cent chord. As the clearance was 
inereased to 17 per cent of the maximum thickness (about 4 per 
cent 2e/c) the leading-edge suction peak disappeared and the 
center of pressure moved slightly aft of the 50 per cent-chord 
point. The effect was more pronounced than is shown in Figs. 6 
and 7 in the paper; this is probably largely due to the difference 
in tap location. It is not known whether the tip lift coefficient 
increased or decreased with increasing clearance because there 
were no taps on the airfoil. 

Next, we examine the cascade tests with a wall boundary layer 
conducted by Dean [10]. The blades were 9 per cent thick and 
had 35 deg circular-arc camber. The solidity was 1.0, and the 
angle between the chord direction and the through-flow direction 
was 22.5 deg, in the sense to make it a diffusing cascade. The full 
thickness of the (unskewed) wall boundary layer was 36 per cent 
chord and the air inlet angle was 40 deg. Three rows of taps on a 
blade (at 0.027, 0.089, and 2.86 chord length from the tip) were 
used to measure surface pressure distributions, which were plotted 
versus the axial projection of the chord length so that tangential 
force components could be obtained by integration of the pressure 
distributions. It was found that with no clearance, the tangential 
force (per unit span) for the tap rows near the wall was, because 
of the boundary layer, only about 60 per cent of that measured at 
midspan. As the clearance was increased to 2 e/c = 10.4 per cent, 
little change in the section force coefficients was noted, although 
the leading-edge suction peak moved aft (especially on the 0.027 
section) thus moving the center of pressure aft somewhat. When 
2 e/c was increased to 20 per cent, however, the force on this 
section increased to almost 80 per cent of the midspan force due 
to the growth of its suction peak which had, at this point, also 
moved as far aft as the 70 per cent-chord location. 

Finally, it is to be noted that the rotor experiments described 
by H. M. Croner in another discussion to this paper also indicate 
an aft movement of the center of pressure at the blade tips as the 
clearance is increased. 

Although each of the configurations mentioned here differs in 
some respect from the others and from the authors’ configuration, 
the geometric feature that all have in common is a lifting surface 
that is abruptly terminated at a tip. The aerodynamic feature 
that all seem to display is a suction peak on the upper side of this 
lifting surface near the trailing edge on sections near the tip. 
Since the linearized lifting-surface theory does not predict this we 
should not be surprised if some of its assumptions are inadequate 
or a real-fluid effect is in operation, Photographs of tip-vortex 
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cavitation presented by Rains [9] suggest that the origin of this 
suction peak is very likely related to the proximity of the tip 
vortex, which lies alongside of the airfoil in this region (the 
vortex roll-up starts remarkably close to the leading edge). We 
thus have a situation in which the presence of the rolled-up vortex 
induces a higher loading, which in turn adds somewhat to the 
strength of the vortex. From the point of view of compressor 
applications, it is fortunate that the tip loading does increase 
when the clearance opens, since the maintenance of a high axial 
component of blade force in the wall boundary layer region of the 
flow is essential for the prevention of wall-boundary-layer separa- 
tion and accompanying compressor stall. Of course, this rela- 
tively small gain in section loading cannot make up for the fact 
that there is no loading at all in the clearance space (because there 
is no blade there), so the net result is almost always a loss in peak 
pressure rise capability as the clearance is opened. Exceptions to 
this rule only occur at very small clearances, and seem to be as- 
sociated with a scouring action of the tip leakage jet on the low- 
momentum fluid in the wall boundary layer. 
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Authors’ Closure 


The authors would like to thank Mr. Croner and Dr. Smith for 
their interesting discussion. 

Both Mr. Croner (in Fig. 16) and Dr. Smith cite cases in which 
the general behavior follows the same pattern described in this 
paper, but where the magnitude of variation is more pronounced. 
Mr. Croner attributes a significant part of the difference he ob- 
serves in the blade loading between the rotating machine and 
the cascade near the tip to the skewness of the flow, while Dr. 
Smith mentions that the more pronounced effect of the clearance 
on the motion of the center of pressure in ref. |[9] as compared 
to this paper might be attributed to the tap location. 

Some work was done in the direction indicated by Dr. Smith 
concerning the origin of the suction peak. During the experi- 
ments, a rather crude test was made (using a small 2-blade rotor) 
to find the center of the trailing vortex at the exit plane of the 
cascade. The center was located at a distance from the blade 
tip toward the center of the blade span on the suction side of 
the blade. As the clearance was increased, the center moved 
farther from the blade tip and moved away from the blade 
trailing edge. An attempt was made to study the relation of this 
vortex to the peaking of the pressure on the suction side, but 
the investigations were not carried out very far. 
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Theory of Scale Effects on Cavitation 
Inception on Axially Symmetric Bodies 


On the assumption that the motion of incipient cavitation bubbles on geometrically 
similar bodies is dynamically similar, the relation between incipient cavitation number 
k., and Reynolds number Re has been obtained from the dynamical similarity law 
deduced from the equation of the motion of spherical bubbles. A comparison of calcu- 
lated values based on this theory with experimental data obtained by R. W. Kermeen 
and others shows good agreement at values of Reynolds number greater than the critical 
Reynolds number. Also, by comparing this theory with the formula by R. T. Knapp, 
concerning scale effects on cavitation inception, it is shown that Knapp’s formula is a 
special case of the present theory. 


Introduction 


HE clarification of scale effects on cavitation incep- 
tion is important in determining cavitation damage of prototype 
hydraulic equipment from model tests. As is well known, the 
cavitation number k,; at the time of cavitation inception varies 
with the Reynolds number. This phenomenon has already 
been studied from the theoretical point of view [1]?; as a result 
the theoretical value of k,;, as related to factors affecting it, 
proved qualitatively almost equal to the value obtained from 
tests, although no satisfactory results have been obtained from a 
quantitative standpoint. 

The principal purpose of this paper is to clarify the relationship 
between k,; and Re of axially symmetric streamlined bodies 
which are geometrically similar. 

To this end a dynamic similarity law for bubbles is determined 
from the equation of their motion, and then the functional rela- 
tion between &,; and Re is obtained from this law. Thereafter, 
theoretical values thus obtained are compared with experimental 
values of k,; which have been obtained from the tests of Ker- 
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meen, McGraw, and Parkin [2]. These values are in agreement 
with each other when Re is larger than the critical Reynolds num- 
ber. It is also shown that the formula by Knapp is a special 
case of this theory [1]. 


Theory 


Basic Concept. This theoretical investigation is based on the 
assumption that cavitation inception means that the microscopic 
gas nuclei contained in a liquid continue to grow under hydrody- 
namical conditions, and that the bubbles begin to leave the sur- 
face of a body when their diameters become nearly as large as the 
boundary-layer displacement thickness 6*, and continue to grow 
as cavitation bubbles [3]. 

The second assumption on which the present theory is based is 
that gas nuclei continue to grow in a dynamically similar manner 
until their diameters are as large as the respective values of 6* of 
two geometrically similar bodies when cavitation inception occurs. 
In analyzing this phenomenon, cavitation inception is supposed to 
occur at geometrically similar points on the two bodies on which 
the surface pressure distributions and velocity distributions in the 
boundary layers are exactly the same, independent of Reynolds 
number. 

It is also assumed that gas nuclei or cavitation bubbles are 
exact spheres. 

Similarity Law on Motion of Incipient Cavitation Bubbles. Let the 
physical quantities affecting the motion of spherical bubbles with 


= numerical coefficient 
= numerical coefficient = f(C) 
= pressure coefficient = 


[>-(»- 


pressure coefficient at point of 
minimum pressure on body 


distance traveled by bubbles, ft 


representative body dimen- 
sion, ft 


exponent 
liquid pressure, psf 
liquid vapor pressure, psf 


free-stream velocity, fps 

length on surface of body when 
measured from forward stag- 
nation point, ft 

distance perpendicular to sur- 
face, ft 

dimensionless number 


constant of integration 

body diameter, ft 

function of 

external force, per unit of cross- 
sectional area, acting on bub- 
bles, psf 

total flow pressure, psf 

boundary-layer shape factor = 
6*/d 


incipient cavitation number = 
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distance between axis of revolu- 
tion and a point on surface of 
body, ft 

bubble radius, ft 

Reynolds number = vd/v 

time, sec 

liquid temperature 

velocity of liquid in boundary 
layer, fps 

velocity of liquid outside 
boundary layer, fps 


dimensionless number 
boundary-layer thickness, ft 
displacement thickness, ft 
momentum thickness, ft 
kinematic viscosity, ft?/sec 
numerical coefficient 
liquid density, slugs /ft* 
liquid surface tension, lb/ft 
boundary shear stress, psf 
(prime) designates a dimen- 
sionless ratio 
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c* L= 
Cp 
p = 
Cy nin = = 
da a= 
= B = 
= 
Re = v= 
a= t= = 
al 
1 
u= 
= ™ = 
be: 


respect to two geometrically similar bodies be designated with 
subscripts 1 and 2. The equations of motion can be represented 
as follows: 


3 /dR,\* dR, 
(1) 


Assuming the bubbles to be filled with liquid vapor, F may be 
written as follows: 


With regard to geometrically similar points on bodies 1 and 2, 
the ratios of the bubble radii at these points and of the hydrody- 
namical forces affecting these bubbles are 


(3) 
F (4) 


On the other hand, the time and density ratios are 


ers 


= p’ (6) 
pr 

Equation (1') can be changed as will be shown on the basis of 
equations (3), (4), (5), and (6): 


1 p’ (R'\? 43 (dRi\? aR, 

Equations (1) and (7) must agree with each other if the motion 


of bubbles 2 is dynamically similar to the motion of bubbles 1. 
Therefore, the following equation can be obtained: 


2 
£ (8) 


From equation (8), the following is deduced: 


2 2 
1 \4 F: \t 

In the present theory, scale effects on cavitation inception are 
deduced from the condition which satisfies equation (8); namely, 
dynamic similarity. 

Expanding Process of Cavitation Bubbles. To obtain the condition 
for dynamic similarity, the process by which gas nuclei grow into 
cavitation bubbles must be observed. 

Consider the two geometrically similar bodies shown in Fig. 1, 


undisturbed free-stream velocity of liquid flowing at 
infinite distance from the bodies 
forward stagnation points 


> 


B. Bt geometrically similar points on the bodies 
ly 2 


pvint where gas nuclei begin to grow 

point where diameters of cavitation bubbles reach 
value of 5* 

Cy, Co = pressure coefficient 


ty 
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¢ = time required for bubbles to travel distance between 
Aand B 


The experiments of Daily and Johnson [3] indicate that the fre- 
quency of expanding bubbles passing through a two-dimensional 
water tunnel reaches the maximum when y/6 = 0.3. This value is 
applicable to a flat plate, but no such study has been made on 
axial symmetric bodies. On the foregoing basis, it is assumed 
that the point in the boundary layer where the frequency distribu- 
tion of expanding bubbles on axial symmetric bodies becomes the 
largest can be represented as y/5 = constant = C. 

Also, assuming the velocity distribution in the boundary layer 
to be independent of Re, the following can be obtained: 


U (4) 


u = Uf(C)=CtU (0< C* <1) (10) 


Then, 


From this it is seen that bubbles travel at a velocity C*U. 

If the velocity of liquid flowing at an infinite distance from the 
bodies is represented as v, and hydraulic losses between this loca- 
tion and various points on the bodies are neglected, the following 
is obtained: 


U=0Vi-6, 


In Fig. 1, A; and A», and B, and By, are at geometrically similar 


points, respectively, on the two bodies. The length AB is desig- 
nated 


A,B, = h, = 
Then 


t dl, 1 dl, 
i = > — (11) 
0 Vi- Cy, 
dl. 1 dl, 
= *§ (59) 
J, Vi C,, V1 Cy, 
where ¢,, f2 = time required for the bubbles to travel the distances 


O. = origin at nose of body. 
If l, and /, are transformed as follows: 


= lL, = Liz, 
then equations (11) and (12) can be represented as 


OB: 
C% Joa V1 

A, B 


V2 O2 


<b> 


Fig. 1 Geometrically similar axially symmetric bodies. A = point 


gas nuclei begin to grow; 8 = point where diameters of cavita- 
bubbles reach value of 5*; O = forward stagnation point 
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where 5 
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Let L, and L, be representative lengths of the two bodies, ex- 
pressed in the following relationships 
Ly Ly L, 


Then the following may be determined from (11’) and (12’): 


ty lL, V2 Cm v1 -C,, 


Assuming Cp, = C,,, equation (13) may be written 


ly L, ( Vv; ) 

(14) 

(7) V2 
Incipient Cavitation Number. If the total pressure in these two 


flow systems is represented symbolically by h; and hs, and if hy- 
draulic losses are neglected, p; and p, may be represented by 


pill — C,,)o;* ) 
> 


=h 
(15) 


pall — | 
9 


= he 


The incipient cavitation numbers ky;, and k4:, are given, respec- 


tively, by 
l 1 | 
kai, = (r — pa)/ pw? 


kai, = (». 2 — 


Equations (9) and (14) lead to the following: 


(17) 


(16) 


If C,, = Cy, = C,, the following is obtained from (2), (15), and 
(17): 


A C,)e2* 20; 
2 R, 


-C 20; 


he — Pa, 


2 R, 
(a) 
18) 
From (16) and (18), and letting the pressure coefficient C, be 


that which applies at the inception point of the cavitation, the 
following is obtained: 


202 1 
(te + C,) + pave? ¢ 


20 1 
+ C,) + pint (19) 
1 


Scale effects on the incipient cavitation number k,,; can be ob- 
tained from equation (19). 

Displacement Thickness. For the reason mentioned in [3], the 
value of R in equation (19) is assumed to be one half of the dis- 
placement thickness 6* at the inception point. The boundary- 
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layer transition point is calculated by Schlichting’s method [4} 
while the value of 6* for a laminar boundary layer is obtained by 
Walz’s method [5]. The value of 6* for a turbulent boundary 
layer can be calculated as outlined in the following text. 


Fig. 2. Definition sketch for x, r-co-ordinates 


In the case of an axial symmetric body, the momentum equa- 
tion of the boundary layer, using the co-ordinates shown in Fig. 2, 


is 
dd + Jia +H) 1 dv 1 
+ 
dz U dz r dr pl? 

Defining 

r 

= = =f 


To ‘ 
pl? 
equation (20) may be rewritten in the following nondimensional 


form: 


dd j 1 dU’ 1 dr’ | 
d 
+ dr’ : r’ dr'f 


dr’ 
(U's) v 


where € is a coefficient, after Buri [6]. 
The integral of equation (21) is 


5 
0 (l ) ° 
where C; is a constant of integration. By putting H = 1.4 and 
£ = 0.0128 in (22), equation (22) may be written in the following 


form: 
0.016 
\c, + 4 f 


v 


(23) 
Thus, 6* can be calculated easily when the value of 3’ is found 
from (23). 

Pressure coefficients C,, along the surface of the body are as- 
sumed to be independent of Reynolds number. This assumption 
is made because the value of C, hardly varies above the critical 
value of Re, although its variation is significant below the 
critical value of about 2 « 10° [2]. 


Relation Between Test Results and Theoretical Values 


Relation Between k,; and Re. ‘Test results used in this paper are 
from the paper by Kermeen, et al. [2]. In the present theory, ky, 
is calculated with k,,; of a hemispherical body (d = 4/, in. v = 80 
fps) as the standard. The value of L in (19) is the diameter of 
the hemisphere. 


SEPTEMBER 1961 381 


Le dz, 
C*m — C,, 
In 
a 


105 10& 


10? 


nolds number (solid lines = theoretical curves) 


Fig. 3 shows the relationship between Re and ky, for hemispheri- 
cal nosed bodies of various sizes. The solid lines indicate theo- 
retical values calculated from (19), while experimental test 
values are represented by symbols. It is seen from this figure 
that the theoretical values of k,; are approximately the same as 
the experimental data except when the Reynolds number is 
lower than the critical value. 

Effects of Liquid Temperature Differences. Fig. 4 shows « compari- 
son between experimental and theoretical values of ky; obtained 
for liquid temperatures of 34 and 19.3 deg C, respectively 
body diameter of 1'/s in. 
tained when t, 


, for a 
The theoretical values of ky; were ob- 
= 13.9 deg C, with the experimental value = 
34 deg C, » = 80 fps) as the standard. The theoretical values 
for t, = 34 deg C are calculated by the same method used to 
obtain the theoretical curves shown in Fig. 3. 

The following conclusions may be drawn from Fig. 4: 


1 As long as the values of Re and the liquid temperature dif- 
ference are within the range of this figure, the theoretical and ex- 
perimental values of k,,; are nearly equal. 

2 The gradient of the theoretical curve is steeper than that of 
the experimental curve around the critical Re value. 


Comparison Between Knapp’s Formula and This Theory 


R. T. Knapp obtained the following formula from test results 
on seale effects on cavitation inception with regard to hemispheri- 
cal and ogival bodies [1]: 

(kai, CymiaX = (kai, Cy mio (24) 

If the boundary layer is turbulent from the forward stagnation 
point, the foregoing assumption concerning the magnitude of R 


leads to the following: 
v 


Under the assumption that the surface tension is negligible and 
that the liquid temperature is constant, equations (19) and (25) 
lead to 


(25) 


(kai, + = (kai, + (26) 


If, on the other hand, the boundary layer is laminar from the 
forward stagnation point, 


(25’) 
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Fig. 4 Influence of temperature differences on incipient cavitation num- 
ber ka; (solid lines = theoretical curves) 


Similarly, the following is obtained: 
+ Cy) Lin = (kais + C,) Lav. 


(26’) 


Table | shows the relationship between C, and the exponent 


n of the term (Lv)”" in equations (24) and (26). This table indi- 
cates that Knapp’s formula is a special case of (19). In terms of 
equation (19), it neglects surface tension, the minimum pressure 
coefficient C, min is used, and the boundary layer is turbulent 
nearly all the way from the stagnation point. 


Table 1 Relationship between C, and exponent n, in (24), (26), and (26’) 


Knapp’s 
formula, 
Equation (24) Equation (26) Equation 
26’) 
Exponent n..... 0.5 0.4 1.0 
Pressure coef- 
ficient....... Min. pressure Pres. coef. at Pres. coef. at 
coefficient inception inception 
point point 


Fig. 5 shows the relationship between ky; and Re obtained from 
(24), (26), and (26’), with the value of k,; for d = */, in. and 
v = 80 fps as the standard. Also shown in Fig. 5 are experi- 
mental values obtained for values of d of */s, 2, and 8 in., respec- 
tively. 

The following conclusions may be drawn from Figs. 3 and 5: 


| | ° 
| tw=34C 
Te 106 Re 107 
Fig. 5 Comparison between and theoretical results, by 
equations (26), (26’), and Knapp’s formula (24), of incipient cavitetion 


number k.; versus Reynolds number 
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1 Equations (24), (26), and (26’) show only the general, 
qualitative trends. 
2 The effects of surface tension cannot be ignored. 


Conclusions 
Results obtained in this paper can be summarized as follows: 


1 A law of dynamic similarity governing the motion of bub- 
bles has been determined from the equations of motion of spheri- 
cal bubbles. 

2 On this basis, the incipient cavitation number is represented 
as a function of liquid velocity and body size in order to analyze 
scale effects of cavitation inception on axisymmetric bodies. A 
comparison of this theory with existing experimental results indi- 
cates a good agreement at values above the critical Reynolds 
number. 

3  Knapp’s formula concerning scale effects is a special case of 
this theory. 
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DISCUSSION 
J. William Holl® 


Mr. Oshima has made a fine contribution to the literature on the 
subject of cavitation and he is to be complimented on his work. 
In reading this paper, it appeared that several points were per- 
haps in need of clarification. 

In the Introduction it is stated that the dependance of the 
incipient cavitation number on Reynolds number is well known. 
It would seem that the only well-known dependency of K,,; on 
Re is due to variations in the pressure distributions caused by 
viscous effects. However, it has been debated for some time 
whether or not the growth process is also dependent upon Reyn- 
olds number. The fine agreement between theory and ex- 
periment shown by Mr. Oshima may point the way to an eventual 
acceptance of Reynolds number as an important factor in bubble 
growth. 

The conditions at points A and B in Fig. 1 are very important 
in the theoretical treatment. It is assumed that when the bub- 
ble diameter is equal to the displacement thickness the bubble 
leaves the surface at point A. This assumption is apparently 
based on the results of Reference [2] although this is not stated. 


+ Associate Professor of Mechanical Engineering, University of 


Nebraska, Lincoln, Nebr. Assoc. Mem. ASME. 
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The location of A is not entirely clear. Is it at the point of 
minimum pressure or is it downstream from this point as indicated 
in Reference [2]? 

Also, it is assumed that, at the inception point B, the bubble 
diameter is equal to the displacement thickness. It is indicated 
that this assumption is based on the work of Daily and Johnson, 
Reference [3]. However, there appears to be no mention of this 
relationship in Reference 

Furthermore, how is the pressure coefficient C, at the inception 
point determined? To clarify this and other aspects of the 
calculation procedure, a sample calculation showing the various 
steps in the process employing Equations (19) to (23) would be 
of great value. 

In the section on “Effects of Liquid Temperature Differences,”’ 
data from Reference [2] are plotted in Fig. 4. It is stated that 
the temperatures for these data are 34 deg C and 13.9 deg C. 
However, the data of Reference [2] were obtained only at the 
higher temperature, i.e., 34 deg C and are tabulated in “In- 
cipient-Cavitation Scaling Experiments for Hemispherical and 1.5 
Caliber Ogive-Nosed Bodies,’’ by B. R. Parkin and J. W. Holl, 
Ordnance Research Laboratory, Pennsylvania State University, 
Report NOrd 7958, May 15, 1953. The only published data at the 
lower temperature known to this writer are those given in Ap 
pendix A of “The Effect of Surface Irregularities on Incipient 
Cavitation,’ by J. W. Holl, PhD dissertation, Pennsylvania 
State University, June, 1958. Thus it would be desirable to 
indicate the source of the low temperature data. 


Author’s Closure 


The author is grateful for Professor Holl’s discussions and 
questions which provide an opportunity to supplement the paper. 
The answers to them will be summarized as follows: 

First, the author will present his opinion in regard to the rela- 
tionship between the incipient cavitation number and the Re 
number. As evident from the results of experiments [2] by 
Kermeen, McGraw, and Parkin shown in Fig. 3, below the critical 
Re number 2 X 10° [2], the variation of kz; does not display a 
qualitative tendency in relation to the Re number, and the value of 
ka; shows a sudden increase. This is obviously due to the change 
in the pressure distribution caused by viscous effect. However, 
in the range where the Re number is larger than 2 X 10°, since 
the pressure distribution may be considered nearly constant 
regardless of the Re number, it seems that the variation of the 
value of ka; cannot be attributed solely to the change in the pres- 
sure distribution. The results of experiments given in Figs. 3-4 
reveal that the incipient cavitation number of a hemispherical 
body varies with its scale and liquid temperature as a parameter, 
but does not necessarily represent a function of the Re number 
alone. When the author said in the Introduction that “kg; varies 
with the Re number,” he did not mean that ky; could always be 
handled quantitatively by the Re number alone, but rather the 
author was making an observation with the qualitative tendencies 
alone of ka; and the Re number in mind. 

As to the experimental fact in which the bubble leaves the body 
surface after its diameter reaches the displacement thickness, 
reference has been made by Parkin and Kermeen in “‘Discussion”’ 
of Daily and Johnson’s paper [3]. This face has also been 
pointed out in the paper [2] referred to above. In other words, in 
assuming that the bubble diameter at the inception point is equal 
to the displacement thickness at the same point, the author was 
quoting the experimental facts from papers [2] and [3]. 

The author defined point A in Fig. 1 as a point where a cavita- 
tion bubble begins to grow. In a theoretical treatment, it is not 
necessary to consider whether this point is a minimum pressure 
point or a point downstream from the minimum pressure point, 
the latter point of which is given in the results of paper [2]. This 


SEPTEMBER 1961 / 383 


i 
; 
- 


is evident from the fact that the primary object of selecting points 
A and B on the body surface was to estimate the time required for 
the cavitation bubbles to travel between the two geometrically 
similar points, and also from the fact that in the process of theo- 
retical treatment no consideration is given to the conditions of the 
bubbles at points A and B. 

The experimental points at the liquid temperature of 13.9 deg C 
in Fig. 4 have been obtained from the experimental results shown 
in the ‘Discussions’ by J. W. Hall and J. M. Robertson of paper 
{2}. No literature makes reference to these experiments although 
it is stated that they are “recent studies at ORL on a 1'/;-in. 
hemispherical nose at temperatures 55 and 100 deg F.”’ 

In determining the value of C, in formula (19) it is necessary to 
have some knowledge that would enable to calculate the bubble’s 
radius FR at a point on a body surface showing the selected value 
of C,. Here again the author quoted the experimental result of 
paper [2] showing that the bubble diameter at the inception 
point is equal to the displacement thickness, and set the value of 
C, as the pressure coefficient (—0.73) obtained experimentally at 
the inception points. FR was taken at '/. of the displacement 
thickness at the point. 


Finally, an example of calculation will be given. As stated in 
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the paper, the standard values are: hemispherical body’s di- 
ameter, d = */s in.; stream velocity v = 80 ft/sec; incipient 
cavitation number at t, = 34degC, kai = 0.62 [2]. The purpose 
of the calculation is to deduce the value of kai: at a different 
stream velocity, body diameter, and liquid temperature. Here, 
the result of computation at t, = 13.9 deg C (Fig. 4) will be 
explained. 


If Z, = */s in. and V; = 80 ft/sec in formula (19), then 
R, = 0.71 XK 10-* em, 6, = 71 dyne/em at t, = 34 deg C 


Meanwhile, if ¢,,= 13.9 deg C, Ze = 1'/s in., Ve = 80 ft/sec, 
then 


R: = 1.6 X 10 * em, 6. = 73.5 dyne/em 
Therefore, if C, = —0.73, kan = 0.62, then 
= 0.675 
Similarly, if Z. = 1'/s in., V2 = 40 ft/sec, then 
R, = 2.3 107% em 
Thus, kaie = 0.59. 
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Scale Effects on Cavitation 


WILLIAM HOLL’ 
GEORGE F. WISLICENUS? 


Scale effects on cavitation are defined here as departures from the classical similarity 
relations when changing size, velocity, and/or properties of the fluid. The various 
phenomena governing such scale effects are examined and the resulting similarity laws, 


together with some expected scale effects, are tabulated. The theoretical expectations 


are then compared with extensive test data on desinent cavitation in cold water. 


This 


comparison leads to two different sets of plausible relationships for cavitation attached 
to a streamlined bedy, and cavitation not attached to a solid wall. However, the con- 
clusions drawn are only tentative and qualitative, clearly indicating the need of further 
careful experimentation and analysis. 


1 Definition of the Subject, and Objectives of the Paper 


Rs TERM Cavitation shall denote the formation of 
vapor or gas-filled voids within a liquid under the influence of 
local pressure reductions produced by dynamic action. This 
meaning, therefore, does not include the eroding effects of the 
collapsing cavitation voids which are called “cavitation damage.” 

The term Scale Effects shall be understood to denote not only 
the effects of changes in linear dimensions of the flow on cavita- 
tion, but also those of changes in the velocity of flow, in the pres- 
sure, and in the nature or state (e.g., temperature) of the fluid, 
while the form of the flow and its boundaries, i.e., the design of 
the machines or structures compared, shall remain geometrically 
and kinematically similar. This generalization of the term Scale 
Effects is justified because these effects are of importance whenever 
the flow and cavitation conditions in one machine or structure 
are being simulated by tests with a geometrically similar machine 
or structure called the “model.’’ While the model is usually 
smaller than the actual structure, thus involving a change in 
linear dimensions, it is also customary to use in the model dif- 
ferent velocities and pressures, and sometimes different fluids 
and/or temperatures. 

The most elementary relationship between the velocities, pres- 
sures, and fluid properties pertaining to cavitation states that for 
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——Nomenclature 


similar flow with cavitation the difference between any pressure 
in the machine and the vapor pressure of the liquid is propor- 
tional to pV?, just like any other dynamic pressure (or “head’’) 
difference in the machine. The oldest expression of this law, with 
respect to hydrodynamic machines, is Thoma’s law of similarity: 


Oz = ae = constant (1) 


where H is the total head of the machine and H,, is its total suc- 
tion head above the vapor pressure. 

With respect to flow relative to a specific part or structure one 
uses a slightly different form of cavitation parameter, and the 
classical law of similarity with respect to cavitation then ap- 
pears in the form: 


P — PP 


2 
constant (2) 


where p is usually the static pressure in a uniform flow far ahead 
of the cavitating object, p, the vapor pressure of the liquid at an 
easily measured reference temperature, and V a conveniently de- 
fined reference velocity of the flow, usually at the same place 
where p is measured. 

Thus the classical theory of similarity is expressed by Equa- 
tions (1) or (2), stating that the cavitation conditions in two 
similar machines or structures with similar flows will be “‘similar’”’ 
(e.g., the form and extent of the cavitation voids will be similar) 
if and only if the Thoma parameter oy or the cavitation number 
a, have the same values for the machines or flow structures com- 
pared. 

Generally, this classical theory of similarity has served very 
well; yet some significant departures have been observed. This 


ec = chord length 

= pressure coefficient tion 
= minimum-pressure coefficient 
= diameter 

‘ tion 

= length, or any linear dimension 

height of roughness 

relative height of roughness 


boundary-layer shape parame- 


ter = 6*/0 


the state of desinent cavita- 


free-stream static pressure at 
the state of incipient cavita- 


minimum pressure in the fluid 
vapor pressure 


surface tension 


velocity at the top of the rough- 
ness 
free-stream 
velocity 
boundary-layer thickness 
displacement thickness 
momentum thickness 
absolute viscosity 
kinematic viscosity 
mass density of liquid 


or characteristic 


u,h/y = roughness Reynolds 


cavitation numbers 
number 


desinent-cavitation number 
incipient-cavitation number 


free-stream static pressure 


free-stream static pressure at 
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means that even at the same oy or 7, values some manifestations 
of cavitation in similar machines or structures with similar flows 
have not been the same, or the same form of cavitation (observed 
optically) was not connected with the same value of oy, or ¢, 
when the absolute size, velocity, or nature or state of the fluid were 
changed. The “Scale Effects on Cavitation’ discussed in this 
paper are these departures from the classical similarity law of 
cavitation. 

The intent of this paper is to focus attention on the knowns 
and unknowns of the scale effect on cavitation as defined here. 
The problem is first expressed in terms of certain similarity rela- 
tions. Next, some experimental data about scale effects on cavi- 
tation are presented. Many of these data have been published 
before, but some as yet unpublished data are included. Finally, 
an attempt is made to correlate the information available to the 
authors in the form of a set of conclusions, not because the infer- 
mation is sufficient for such a step, but mainly for the purpose of 
stimulating further discussion and investigation of this subject. 


2 The Problem of Cavitation Scale Effects Expressed by 
Similarity Considerations 


Departure from the classical similarity relations of cavitation 
suggests an examination of the basis of these relations. 

It is evident that the classical relations are based on certain 
assumptions. These are: 


(a) All pressure differences in the flow are proportional to 
pV?, ie., no other forces than inertia forces are effective. 
Furthermore, geometric similarity includes surface irregularities 
of the flow boundaries. 

(b) The pressure at which cavitation takes place is the equi- 
librium vapor pressure of the liquid which is known and constant 
for the particular flow field considered. 

(c) Cavitation takes place instantaneously whenever the vapor 
pressure is reached. There is no tension in the liquid, and there 
are no time effects. 


It is easy to see that these assumptions are really not valid, so 
it is actually surprising that the classical similarity relation based 
on these assumptions has served so well. 

The first of these assumptions is simply that of a frictionless, 
incompressible fluid without the effect of gravity or other “body 
forces,’’ i.e., the flow outside of the cavitation voids is assumed 
to be the familiar flow of a fluid so idealized. The second and 
third assumptions pertain to the mechanism of cavitation or 
vaporization as such. It is thus natural to divide the discussion 
of scale effects into two parts: 


(a) Seale effects on the flow outside the cavitation voids which 
therefore affect the minimum pressure in the liquid flow, irrespec- 
tive of the presence or absence of cavitation. 

(b) Seale effects on the cavitation process as such, which may 
cause the pressure at the cavitation voids, herein called the 
“cavitation pressure,” to depart from equilibrium vapor pressure 
at the bulk temperature of the liquid, and may cause tension and 
time effects. 


Scale Effects on the Minimum Pressure in the Liquid. The actual 
flow and its pressures are known to depart from the ideal flow. 
The similarity laws governing these departures are the following: 


(a) To maintain a constant ratio of inertia to viscous forces, 
the Reynolds number must be kept constant 


R= <5 = constant (3) 
u/p 


(b) To maintain a constant ratio of inertia forces to gravita- 
tional forces, the Froude number must be kept constant 
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V 
—>= = constant (4) 


(c) To maintain constant effects of compressibility, the Mach 
number must be kept constant 


M = a = constant (5) 


where “a’’ is the velocity of propagation of a pressure wave within 
the flow field. 

Assuming 4/p = constant and a = constant (i.e., the same 
fluid) it is evident that these three laws require: V-L = constant, 
V/V/L = constant, and V = constant. Obviously only one of 
these laws can be satisfied under one set of conditions. Since 
liquids are nearly incompressible one might think that the effect 
of changes in the Mach number can be neglected. This may not 
be true for flow with cavitation, as a mixture of liquid and vapor 
(or gas) can have a very low acoustic velocity. 

Thus all three conditions (V-L = constant, V/1/I = con- 
stant, and V = constant) deserve consideration. 

There is still another law of similarity to be considered with 
respect to scale effects on the minimum pressure in the liquid 
flow, namely, that of relative roughness. This would not be 
necessary if geometric similarity of the boundaries would include 
all surface roughness and other irregularities. However, this 
condition is practically impossible to fulfill. 

Surface irregularities are present on all hydrodynamic bodies, 
and consequently, families of “similar’’ shapes lack exact geo- 
metrical similarity since surface irregularities are usually not 
sealed proportionally. Surface irregularities can lower the mini- 
mum pressure significantly from that which would be predicted 
fora smooth surface. Thus, if C,, .. is the coefficient of minimum 
pressure for a smooth surface, then cavitation produced by surface 
irregularities is such that 


Corin (6) 


Surface irregularities thus constitute a major scale effect on the 
minimum pressure. 

An investigation of the effect of isolated surface irregularities 
on the occurrence of cavitation was recently conducted [1, 9].* 
This study indicated that the onset of cavitation for a surface 
irregularity in a turbulent boundary layer is dependent upoa the 
relative height of roughness h/é, the boundary-layer shape 
parameter H, and the roughness Reynolds number R,, where h 
is the height of the roughness and 6 the local thickness of the 
boundary layer. The results show that the relative height of 
roughness appears to be the most important parameter describing 
the onset of cavitation on surface irregularities and that as h/é 
increases the pressure reduction caused by the roughness be- 
comes greater. Furthermore, this investigation indicated that 
very small irregularities can cause significant local pressure re- 
ductions (Fig. 1). 

Disregarding Reynolds number effects, one can assume that 
the boundary-layer thickness is proportional to the general linear 
dimensions (L) of the structure. The resulting similarity condi- 
tion would be: 


Relative roughness = h/L = constant. (7) 


The foregoing brief discussion of scale effects on the minimum 
pressure indicates that there is a good deal known about this prob- 
lem, although certainly the problem of cavitation produced by 
random surface roughness and the associated problem of turbu- 
lent pressure fluctuations [10] is unsolved. Nevertheless, 
when compared to the scale effects on the cavitation pressure, the 


3 Numbers in brackets designate References at end of paper. 
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problems of scale effects on the minimum pressure are rea- 
sonably well understood. 

Scale Effects on the Cavitation Pressure and on the Growth of Cavitation 
Voids. Scale effects on the cavitation or boiling process as such 
may be divided into two groups: 


(a) Effects on the vapor pressure due to the change in local 
temperature resulting from the process of vaporization, and 

(b) Effects of molecular forces, for example, surface tension, on 
the pressure at which a void will form in a liquid. 


The variation of the local vapor pressure due to cooling at the 
bubble wall (resulting from vaporization) was first investigated 
theoretically by Plesset and Zwick [22]. They found that, al- 
though the change in temperature is small, the effect on the growth 
of a bubble is appreciable. These findings were confirmed by 
Dergarabedian [23}. 

Stahl and Stepanoff [28] attempted to derive a simple approxi- 
mation by which this cooling effect could be considered with re- 
spect to the cavitation behavior of pumps. Their line of reasoning 
was further pursued by Salemann [29] and Jacobs [30]. In the 
following an attempt is made to establish the most important 
variables of the phenomenon by a simple similarity consideration: 

The effect of vaporization on the local vapor pressure is neces- 
sarily small if the vapor pressure is low as, for example, in cold 
water. The ratio representing this effect is obviously p,/p where 
pis any representative, absolute pressure in the cavitating system. 
The simplest similarity requirement is thus 


(8) 


Whenever the liquid contains appreciable quantities of gas one 
must add the same condition regarding the equilibrium pressure 
(p,) of the dissolved gas 


Po 


constant (8a) 
It should be noted that the presence of gas tends to increase a," 

The similarity relations (8) and (8a) are incomplete as they 
ignore the effects of vaporization and heat transfer on p, and p,. 
Assuming the velocity of vapor removal from the cavitation void 
(by entrainment) is proportional to the velocity of flow V, and 
assuming, as one extreme, the entire heat transfer to take place 


by turbulent convection, one finds that the local temperature 
drop is 
a, v 
AT = constant — 
a, Uv, Cp, 


(9) 
where a, and a, are areas of vapor removal and of heat supply 
through the liquid. Thus a,/a; is a form parameter of cavitation. 
d is the latent heat of vaporizatior and Cp», the specific heat of the 
liquid. v, and v, are the specific volumes of the liquid and the 
vapor. 

If in the other extreme the entire heat transfer takes place by 
conduction, one must multiply the previously derived expression 
by the ratio of heat transfer by convection to that by conduction 
which is the Peclét number 


P, = (10) 


where K is the coefficient of heat conduction. Thus for pure 
conduction (e.g., in the case of small bubbles floating with the 
liquid) 


a, vu A 
AT = constant — — 
a, v, Cr, 


(11) 
Obviously neither one of Equations (9) or (11) are reasonable 
approximations of the true situation which may be expected to 
fall between these two extremes. Lumley‘ calculated that in the 
case of laminar flow past the cavitation void and heat transfer by 
conduction normal to the flow the Peclét number appears to the 
1/, power. Thus the general result is 
a, 


AT = constant — A 
a; v, Cr, 


(12) 


where 0 <n < 1 (as pure convection or pure conduction are un- 
likely to occur). 
The resulting reduction in vapor pressure is 


T 
ar 


Ap, = (13) 


where dp,/O0T must be taken from the vapor tables of the fluid, 
and the condition of similarity is 


4 The Pennsylvania State University. 
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be 


Ap, 


= constant. (14) 


Since the Peclét number (Equatien 10) contains the product 
V-L, it follows that there will be an effect of changes in V-L. 
However, an increase in V-L will increase Ap, and thus reduce 
the effective (local) vapor pressure, thereby reducing the cavita- 
tion number ¢, calculated on the basis of a higher bulk vapor 
pressure. It has been found, on the other hand, that an increase 
in the Reynolds number, which is proportional to V-L, tends 
to increase ¢,. 

Effects of surface tension and other molecular forces on the 
pressure at which a cavitation void will form are principally con- 
nected with the inception of cavitation. Theoretical estimates 
indicate that. without an initial void, tensions ranging from 500 
to 10,000 atmospheres are needed to form a cavity in water. 
Qualitatively one arrives at a similar result by calculating the 
difference in pressure between the inside and the outside of a 
(small) bubble from its surface tension. Fig. 2 gives the results 
of this calculation for water. Carefully controlled experiments 
employing degassed and purified water have given cavitation 
pressures of minus 150 atmospheres [12, 13]. Tensions are 
not usually encountered in cavitation experiments on engineering 
structures in water, although Parkin and Kermeen [14] have 
measured tensions of '/; of an atmosphere for cavitation on a two- 
inch hemisphere, The lack of significant tensions has implied 
the existence of “nuclei,” i.e., weak spots in liquids, for only in 
this way can the lack of tensions be explained [15]. 

Various forms of cavitation nuclei have been proposed by 
workers in the field [16, 17], but the one proposed by Harvey, et 
al. [17], appears to be the most consistent with the results of re- 
cent investigations [18, 19]. Harvey proposed that a cavitation 
nucleus consists of a pocket of undissolved gas trapped in the 
crevice of a hydrophobic solid as illustrated in Fig. 3. Since the 
walls of the crevice are unwetted, the gas pressure is less than the 
water pressure by the effect of surface tension, and therefore 
the water cannot dissolve the gas. Hence the gas pocket is an 
active center for the formation of a cavitation bubble. Never- 
theless, the existence of such nuclei can only be inferred, and thus 
the true structure of the nuclei is one of the most important 
unsolved problems in the field of cavitation. 


PRESSURE DIFFERENCE IN ibs /in® 


io* 1o* 
BUBBLE RADIUS IN INCHES 


Fig. 2 The pressure difference between the inside and the outside of a 
bubble as a function of bubble radius 
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Following the suggestion by Gilmore and Plesset [20], one may 
write the following conditions of similarity for cavitation as re- 
lated to surface tension and cavitation nuclei: 


The Weber number: £ = constant (15) 


where ¢, is the surface tension (in pounds per foot), the ratio of 
the size of the nuclei (A) to the dimensions (L) of the flow: 


i. = constant, (16) 


and finally the number of cavitation nuclei in the flow: 
n = N-L* = constant, 


where N is the number of nuclei per unit volume of the fluid. 
Actually, the significant parameter may well be 


Wn = WN-L = L/Al, (17) 


where Al is the average linear distance between the nuclei, as this 
distance is readily related to a characteristic time required for 
cavitation inception. It should be noted that the influence of 
the number of nuclei per unit volume may be significant only for 
cavitation away from the solid flow boundaries, as near to these 
boundaries irregularities of the solid surface may form the 
nuclei. Furthermore, Gilmore and Plesset have pointed out that 
the number of nuclei is a significant variable only if it is sufficiently 
small so that nearly every nucleus acts as a center of cavitation. 

With regard to surface tension effects, the Harvey hypothesis 
of nuclei would lead one to believe that the size effect of surface 
tension is restricted to the dimensions of the nuclei (A), so that 
the conditions (15) and (16) can probably be combined into one 
condition regarding the Weber number of the nucleus: 


= constant. (18) 
While it is extremely difficult to satisfy this condition, the 
recognition of this requirement, nevertheless, is valuable as it 
focuses attention on the possible effects of surface characteristics, 
grain size, and other properties of the wall material and finish. 
As the true mechanism of cavitation is as yet unknown, it is of 
course impossible to state that the similarity relations mentioned 
above are complete. Nevertheless, these relations may be re- 
garded as representing the present state of knowledge and are 
therefore combined in Table 1. It should be recognized that 
the classical relations, included in this table, must always be 
satisfied together with the requirement of geometric and kine- 
matic similarity. The term “fluid properties’ refers primarily 


to such properties as vapor pressure, viscosity, compressibility, 
surface tension, and the like, which usually remain the same for 
the same fluid at the same temperature. 


Fig. 3 Nucleus of cavitation: A weak spot in the liquid permitting 
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The last column lists an estimate of the effects of de- 
partures from the particular similarity requirement of every 
line, resulting from changes in V and L only. Obviously, these 
estimates are debatable, but are necessary in order to compare 
test results (as given in the next section) with the trends pre- 
dicted on theoretical grounds. In this column the changes in o, 
shall be understood to apply to the same form or extent of cavita- 
tion as further explained in the following section. 


3 Test Results Regarding Scale Effects on Cavitation 


In order to compare the results of the foregoing similarity con- 
siderations with corresponding test information, it is necessary 
that this test information disclose either the change in the form 
or extent of cavitation as a function of changes in dimensions, 
velocity, or fluid properties for constant cavitation numbers, or 
it should show a change in the cavitation number for constant 
form or extent of cavitation. No change in cavitation at the 
same cavitation number would indicate no “scale effects’’ as de- 
fined here. 

The authors have no data on the first form of comparison, i.e., 
no observation on changes in the form or extent of cavitation at 
the same cavitation number. To obtain the second form of com- 
parison one must be able to identify the “same’’ form or extent 
of cavitation experimentally. This has been accomplished up to 
now only with respect to the onset or disappearance of cavitation. 
All test data presented in this paper therefore pertain to this 
particular “state’’ of cavitation. 

The critical cavitation number at which cavitation appears or 
disappears is determined usually by visual observations of the 
cavitation zone while the pressure is gradually reduced or in- 
creased at constant velocity of flow. The observation of other 
manifestations of cavitation, such as changes in the performance 
of a hydrodynamic machine or structure, are being used ex- 
tensively but do not have nearly the precision of visual observa- 


tions since there may be appreciable cavitation without any 
measurable effects on over-all hydrodynamic performance. (Only 
acoustic observations correlate consistently with visual observa- 
tions. ) 

The cavitation numbers connected with the appearance of 
cavitation at diminishing pressure (g,,) are usually lower than 
the cavitation numbers connected with the disappearance of 
cavitation at increasing pressure (¢, m) Because of this difference, 
called cavitation “hysteresis,” one of the authors introduced (in 
Reference [2]) the distinction between “incipient cavitation’”’ for 
the first appearance, and ‘‘desinent cavitation’’ for the last dis- 
appearance of cavitation. The “inception pressure” p, is then 
related to the “incipient cavitation number” o,, by: 


Pi — Po 


and the “desinence pressure’’ p, is related to the “‘desinent cavita- 
tion number” ¢,, by: 


(19) 


Pa — Py 


7,, appears to be the upper limit of o,,, so that 


(20) 


Fy, 2 Fp, 


(21) 


and the inequality represents the afore-mentioned hysteresis. 
This phenomenon has been explored by Kermeen [3] and has been 
observed in connection with the flow over bodies of revolution 
coaxial with the flow [3, 5], and sharp-edged disks [6], while the 
two-dimensional flow over hydrofoils [7, 8], appears to be subject 
to little or no hysteresis. Whereas no rational explanation of 
cavitation hysteresis is as yet available (Charpentier, Reference 
[4], suggests consideration of gaseous diffusion ), it is evident that 
its explanation should be closely related to that of cavitation 
scale effects. 


Table 1 


Forces & Characteristics | General Similarity Requirements 


Similarity Requirements 


Probable Effects on oy | 
for Same Fluid Properties 


of Changes in V& L only, 


Inertia Forces ONLY 


= const. or 
Classical Theory) 


H 


Py = const. 
v°/2 


No Effects 
cp = const. and 
oy * const. 


Hy proportional to v2 


P - Py proportional to v2 


Viscosity & Inertia 


Forces R v 


A/P 


= const, 


Reynolds’ Law of Similarity 


L const. op increases with V + L 


- 
‘Gravity & Inertia 


Forces = const. 


Froude's Law of Similarity Vv 


Vertical Differences in 
Cavitation decrease with 
Increasing V/VL 


Ta = const. 


ynamic 


Elastic & Inertia Forces 


(Compressibility) V/a = const. 


Law of Constant Mach Number 


Not predictable. Proba- 
bly effective only with 
extensive cavitation. 


Vv = const. 


Effects of Surface 
Irregularities 


= const. 
R = const 


od: 


Scale Effects on the 


Fluid Pressure 


: = const. 


Tp increases with h/L. 

Op decreases with 
increasing L 

if h increases slower 

than L. 


Effects of Vapor 
Pressure 


op increases with V 
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Effects of Vaporization 
and Heat Transfer 


c 
Peclet number Pe = V-L 


oc, decreases with 
increasing V-L 


bermodynamic 
Scale Effects 


T 


(6) and (7) may be neglected if p,/p is very small (e.g. 


cold water). 


4] 


Surface Tension and 
Inertia Forces 


Law of Constant Weber 


wa wconst. a t= 
cs cs 


ber = const. or 
const. -. V = const. 


increases with v2L 


Number of Nuclei 


Molecular 
microscopic 
scale 


other 
effects 


cavitation) 


S/N +L = const. (only if nearly 
all nuclei form centers of 


increases with L 
const. P (for N = const.) 
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The most important practical difference between incipient and 
desinent cavitation from the viewpoint of this paper lies in the 
fact that incipient cavitation does not give consistent test results 
regarding the value of o,,, whereas values of o,, (desinent cavita- 
tion numbers) are reasonably repeatable. Therefore, only desinent 
cavitation numbers are presented in this paper. 

The following experimental information was obtained in the 
course of rather extensive investigation on cavitation scale 
effects conducted in the water tunnels of the California Institute 
of Technology and of The Pennsylvania State University. The 


BODIES OF REVOLUTION 


available data are divided into those obtained with various 
streamlined bodies (shown in Fig. 4), where cavitation takes 
place at or very close to the surface of the cavitating body, and 
those with bluff bodies (separated flow) where cavitation takes 
place away from the solid flow boundaries. 

The pressure distributions over the streamlined bodies are 
shown in Fig. 5, and the corresponding test results in Figs. 6 
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through Y, potted against a suitably defined Reynolds number. 
Fig. 6 is a summary of a very large number of test points obtained 
at The Pennsylvania State University, representing two series of 
tests, one at about 90 deg F and another one at about 50 deg F. 
The high-temperature data were shown in Reference [5] to collapse 
into one curve (for each series of models) when plotted against 
V- D'/*, suggesting a Weber-number correlation. It was pointed 
out, however, that this was not conclusive, as the surface tension 
was nearly constant during these tests. If the high and low-tem- 
perature data of Fig. 6 are plotted against the Weber number, 
separate curves are found for each temperature range. Thus the 
Weber number is not the only independent variable of these data. 

The data in Figs. 6 through 8 have strikingly similar charac- 
teristics. For a given size the desinent cavitation number in- 
creases with Reynolds number (except for the smallest of the 0.5 
caliber given in Fig. 6). Furthermore, for a given Reynolds 
number the desinent cavitation number decreases with increas- 


ing size. On the other hand, the NACA 16012 hydrofoil data 
shown in Fig. 9 differ markedly from this trend. There the cavita- 
tion number decreases for a given size with the Reynolds number 
(i.e., with increasing velocity) and increases for a given Reynolds 
number with increasing size. This unique behavior goes together 
with the flat pressure distribution of these profiles at 0-deg angle 
of attack (see Fig. 5) in contrast to the peaked minimum pressure 
of other streamlined bodies tested. Reference [7] reports that 
cavitation on the profiles with flat pressure distribution had the 
form of traveling bubbles, whereas with peaked under-pressures 
cavitation appeared to be attached to the surface. 

With respect to bluff bodies (i.e., separated flow), most available 
test data pertain to sharp-edged disks (Fig. 10) and ‘‘zero caliber 
ogives,”’ i.e., cylinders with a flat cutoff end facing the flow (Fig. 
11). The most striking difference against the behavior of stream- 
lined bodies lies in the magnitude of the changes in ¢,,, which 
varies by a factor of two for a change in Reynolds number by a 
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factor often. This appears to be at least twice the largest change 
observed with most of streamlined bodies (excepting the Joukow- 
ski hydrofoil data shown in Fig. 7). Furthermore, the cavita- 
tion number of bluff bodies continues to increase with increasing 
Reynolds number. In this respect the test points of the “zero 
caliber ogives’’ (Fig. 11) seem to continue the sharp disk data (Fig. 
10) without « break or indication of leveling-off. 

McCormick [25] conducted an investigation of vortex cavita- 
tion shed from the spanwise ends of lifting hydrofoils. His re- 
sults indicate a Reynolds-number relationship similar to that ob- 
served with bluff bodies and disks. However, later tests which 
extended his work to larger dimensions showed a decrease in 
cavitation number for increasing velocity of flow, and an increase 


in cavitation number with increasing size (see Fig. 12). Careful 
examination of the test points in Figs. 10 and 11 shows a be- 
ginning of this trend, i.e., at the high Reynolds numbers the 
points of one size form a distinctly flatter (almost horizontal) 
curve, so that the cavitation number appears to increase with 
size (rather than Reynolds number) and to be almost independ- 
ent of velocity. 

Somewhat thought-provoking is the plot of the wing-tip vortex 
cavitation numbers against the velocity of flow (Fig. 13), ap- 
parently indicating a decrease in cavitation number with in- 
creasing velocity, but no effect of size, as the curves of two dif- 
ferent sizes of wing (4-in. and 12-in. chord) appear to coincide 
(for the same angle of attack). 
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4 Analysis of Test Data 


The bewildering appearance of the best test results as yet 
available, and presented in the preceding section, has so far dis- 
couraged investigators from drawing specific conclusions regard- 
ing scale effects on cavitation. This is the more understandable 
as some relatively large scatter of test points appears to reflect a 
true physical instability of the phenomena involved rather than 
inadequate test procedures {19]. In spite of these difficulties, it 
seems necessary to attempt some analysis of the available test 
data in order to use this information as a basis for future in- 
vestigations, even if such investigations should prove the present 
conclusions to be incorrect. 

All test data presented in this paper have been plotted against 
the Reynolds number as independent variable. This must not be 
interpreted to mean that the Reynolds number is considered to be 
the proper variable, but simply that no other variable is known 
that would serve this purpose. Although the data of Figs. 6 
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through 11 show some degree of correlation with Reynolds num- 
ber, it should be noted that only the ogive and disk data were ob- 
tained over a fair temperature range [1, 5,6]. Hence, the abscissa 
in Figs. 7, 8, 9, and 11 could have been VL rather than Reynolds 
number since the viscosity was nearly constant. If the stabilized 
bubble theory hypothesized in Reference [2] is correct, then this 
may in a qualitative sense indicate why Reynolds number is an 
important scaling variable since the point at which a bubble is 
stabilized in the adverse pressure gradient, and therefore, the 
pressure on the bubble, must certainly be dependent on Reynolds 
number. Also, the effect of turbulence on the desinent cavita- 
tion number, as suggested by Daily and Johnson [10], should be 
a function of Reynolds number. However, the effect of Reynolds 
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number on the pressures of the mean flow (line 2 of Table 1) is 
likely to be quite small, as may be seen from the comparison be- 
tween the coefficient of minimum pressure (C,,,;,) and the cavita- 
tion number ¢ >», given in the upper part of Fig. 6, indicating that 
most of the changes in o,, shown in Figs. 6 through 9 are not 
due to Reynolds number effects on the hydrodynamic pressure 
differences of the mean flow. 

The most striking distinction revealed by the test results pre- 
sented is that between cavitation attached to the surface of a 
body by virtue of a fairly peaked pressure minimum (Figs. 6 
through 8), and cavitation away from the wall and/or traveling 
with the flow (Figs. 9 through 13). As stated before, surface- 
attached cavitation shows an increase in ¢,, with increasing 
Reynolds number or velocity, and a decrease in ¢,, with increase 
in size. On the other hand, traveling cavitation or cavitation 
away from a solid wall shows an increase in o,, with increasing 
size, and either a slower increase, or no change, or a decrease in 
74 With increasing velocity (or Reynolds number). 

The situation will now be compared with the theoretical 
estimates listed in the last column of Table 1. Since the test 
results are limited to vertically fairly small test bodies, to desinent, 
i.e., extremely local cavitation, and to water at temperatures 
where the vapor pressure is relatively low, we can eliminate lines 
3, 4, 6, and 7 (tentatively) from this analysis and are left with: 


(2) Viscosity: 

(5) Surface irregularities: 
(8) Surface tension: 

(9) Number of nuclei: 


increases with V-L 

0,4 decreases with increasing L 
7», increases with V?-L 

0», increases with L 


The behavior of streamlined bodies with attached cavitation 
can apparently be explained by viscosity and surface-tension ef- 
fects (increase in o,, with velocity and size) and surface irregulari- 
ties (decrease in ¢,, With increasing size). To draw this con- 
clusion one must assume that in connection with the results 
shown in Figs. 6 through 8 the reduction of o,, below C,.., by 


viscosity and surface tension was decidedly greater than the in- 
crease in ¢,, resulting from surface irregularities. Furthermore, 
it is reasonable to assume that for attached cavitation the num- 
ber of nuclei in the liquid is not decisive, as the solid wall with its 
cracks and other irregularities should provide the necessary 
nuclei. 

On the other hand, for cavitation away from the solid wall 
and/or traveling with the flow (Figs. 9 through 13), the number 
of nuclei in the liquid should be important so that item (9) may 
be said to explain the increase in the desinent cavitation number 
(Op) with size (L). Yet the decrease in o,, with increasing 
velocity (or Reynolds number) remains unexplained, as items (2), 
(5), (8), and (9) of Table 1 do not cover this behavior. The only 
item in Table 1 that does this is item (7) covering the effect of 
heat conduction (Peclét number) on cavitation. It must then 
be concluded either that the thermodynamics of the cavitation 
process is important for extremely local cavitation (which may be 
plausible) and for very low vapor pressures (which is rather 
difficult to comprehend), or that there is another process in- 
volved in cavitation not listed in Table 1, involving a character- 
istic velocity inherent in the cavitation process (V.) which is 
not increasing proportionally to the velocity of flow (V). As- 
suming such a velocity, it is evident that the missing criterion of 
similarity with respect to cavitation would have the form V./V 
= constant. Assuming that V, contributes toward cavitation, 
i.e., that o,, would increase with V,/V, it follows that for all 
cases where V, increases slower than V (including V, = constant 
or diminishing) ¢,, would decrease with increasing V which is 
just the relationship needed to explain the behavior of ¢,, in 
connection with cavitation NOT attached to a solid wall (Figs 9 
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through 13). 
therefore be explained by the effect of a limited number of nuclei (item 
9 of Table 1) plus a (not listed) effect of a characteristic velocity of 


The characteristics of not-attached cavitation may 


cavitation (V,). If one does not assume such a velocity one 
would have to admit that thermodynamic effects (item 7 of Table 
1) are important even for cold water, i.e., for low values of p,. 
It should be clear that the assumption of a characteristic velocity 
of cavitation (V,) is equivalent to the frequently assumed “‘time 
effect’”’ on the process of vaporization or cavitation. 


5 Conclusions 


The obvious general conclusion that must be drawn from the 
preceding data and deliberations is that the process of cavitation, 
and with it its scale effects, are as yet not properly understood. 
The practical importance of simulating actual cavitation condi- 
tions by test with different dimensions, velocities, and fluid 
properties makes it mandatory to investigate carefully the under- 
lying physical principles. In order to stimulate such investiga- 
tions, some additional, very tentative conclusions are offered for 
discussion : 


(a) Scale effects on cavitation, defined as departures from the 
classical similarity relations when changing size, velocity, and/or 
fluid properties, are appreciable. 

(b) Scale effects on cavitation must be expected to obey a rela- 
tively large variety of similarity relations (Table 1). There is 
experimental evidence that most of these relations are important, 
and no evidence that one particular relation outside of the 
classical relation is generally predominating. 

(c) Seale effects connected with different forms of flow and 
cavitation obey different similarity relations (or combinations 
thereof). Therefore it is not possible to estimate these scale 
effects or the laws to be observed in “scaling’’ without some 
knowledge of the form of flow and cavitation concerned. 

(d) Seale effects on the desinent cavitation numbers connected 
with cavitation attached to a solid wall may be explained qualita- 
tively by viscosity and surface tension effects, indicating an in- 
crease in cavitation number with velocity and with size, and by 
surface irregularities, indicating a decrease in cavitation number 
with increase in size. 

(e) Seale effects on the desinent cavitation numbers connected 
with cavitation away from a solid wall and/or traveling with the 
flow may be explained qualitatively by a limited number of cavita- 
tion nuclei in the liquid, indicating an increase in cavitation 
number with size, and a limited characteristic velocity of the 
cavitation process (V,) (increasing slower than the velocity of 
flow) which would result in the observed decrease in cavitation 
number with increasing velocity of flow. (Instead of assuming 
a characteristic cavitation velocity V,, it may be possible to ex- 
plain the behavior of not-attached cavitation by a heat-conduc- 
tion, Peclét number, effect on desinent cavitation. ) 
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DISCUSSION 
A. J. Acosta’ and B. R. Parkin® 


The writers agree with the authors that a survey of data now 
available on cavitation scale effects and speculations concerning 
their possible interpretations are stimulating. In response to this 
stimulus we wish to bring a slightly different viewpoint to that 
section of this paper which concerns Eqs. (8) through (14). As 
a first observation we would suggest that although the dimension- 
less ratios of Eqs. (8) and (8a) are certainly possible scaling 
parameters, they are not dynamic ones; they may not, there- 
fore, be those which are most germane for scaling a particular 
cavitating flow. 

Over the past several years the writers have made privately 
some qualitative discussions of the type leading to Eq. (9). It 
appears to us that a possibly more useful expression is obtained 
by writing 


AT = (<2) (22) 


where Cy = Cy (Re, Pr, F) is the heat-transfer coefficient? and 
where Cg is the volume entrainment coefficient which is a func- 
tion of at least Re and F [Eq. (4) of the paper]. Use of the 
Clapeyron equation leads to the decrease in vapor pressure 


v Ce a, v, pT 
% 


Assuming the model of the paper, similarity of the expected cav- 
ity flow is provided if 


ov 


and Re are held constant. Here px denotes the total pressure 
inside the cavity. In general, this pressure will be composed 
of vapor and permanent gas pressures. In the present discussion 
partial pressures from the latter source are excluded. With this 
understanding we may write 


Ap, 
ox = opt (25) 
pV? 
2 p 
as. , 
Thus ‘7py2 8 parameter that indicates the importance of the 
2p 


cooling effect. This parameter may be contrasted to Eq. (8) of 
the paper. From our Eq. (23), it follows that 


2 
Ap, Cg a, =» (26) 


2G 
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G = 32.2 lb mass/slug. 


Equation (25) requires that ao, be kept invariant for dynamic 


ejmilarity. Thus for two fluid systems, 1 and 2, we may write 
Ap, 
2 2 2 2 


If this relationship holds, external dynamic similarity will prevail; 
but it is extremely difficult to satisfy all requirements which it 
implies. Suppose, for example, that we wish to compare two 
flows in liquids which are in corresponding states. The volume 
ratios of Eq. (26) are then invariant and the last term of this ex- 
pression becomes (since the reduced volume v/v, pressures p/p, 
and temperatures 7'/7', are the same), 


(28) 


Given the two fluids, the change in bulk vapor pressure Ap,,., is 
determined. Therefore the static pressure change of the tluid 
Ap must be changed in accordance with Eq. (27). The governing 
parameters are seen to be that of Eq. (28) together with Re, the 
Prandtl number Pr, and F. 

It is clear that even under these simplifying assumptions, the 
similarity requirements are most severe and depend upon the 
postulated configuration of the flow. We would, therefore, like to 
applaud and to emphasize again the caveat contained in conclu- 
sion (c) of the authors’. It is clear that decisive experiments 
which delineate the type of cavitation flows are necessary before 
meaningful similarity arguments can be made. 


Phillip Eisenberg? 


The authors are to be commended for undertaking a quantita- 
tive discussion of what is, at best, a most difficult task. Cer- 
tainly they will have succeeded in their express goal of stimulat- 
ing discussion and provoking thought about this technologically 
important and otherwise intriguing subject. My contribution is 
intended only to point out and to emphasize some aspects which I 
feel were not given sufficient attention. Other than that, I fear 
that I am about to add to the confusion rather than to the clari- 
fication of the questions raised. In fact, as will be seen, the con- 
clusions that one apparently reaches at the present stage of our 
knowledge of the problem of cavitation inception and its scaling, 
are that there will always be an uncertainty associated with pre- 
diction of the conditions for cavitation onset. Perhaps the best 
that one may hope for is a characterization of a system in terms 
of a most probable critical cavitation number. I shall try to make 
clear the reasons for this statement. (Since the bases for the pres- 
ent discussion were outlined in several previously published re- 
ports,” "! the present discussion will only summarize the reason- 
ing contained in these earlier discussions ). 

In a sense, the attempt to draw conclusions from studies of sv- 
called ‘‘desinent’’ cavitation would appear to skirt the problems 
of sealing and of prediction. Although such techniques do indeed 
give sa srimental results of greater consistency than those in 
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which inception is observed, the conditions in the liquid en- 

vironment would seem to have been altered rather significantly, 
once cavitation has occurred. Whether this is a valid caution 
to be observed is not, of course, known at the present time; how- 
ever, it would seem to merit serious consideration. 

Leaving aside this question, I would like to mention briefly 
some/of the factors that may affect the inception process and, 
where possible, relate them to the various aspects discussed by the 
authors. 

With regard to the basic mechanisms of inception and the con- 
ditions that must exist in the liquid in order for cavitation to 
occur, it has, as the authors have pointed out, been the generally 
accepted view for some time now that inception in ordinary 
liquids is associated with the growth of nuclei (submicroscopic in 
size) containing vapor, undissolved gases, or both, which are 
present either within the liquid or in crevices on bounding walls 
or suspended particulate matter. This view has prevailed to the 
point where it has been concluded (indeed on the basis of physi- 
cally realistic arguments) that dissolved gases can play only a 
very minor role, if any at all. What has emerged during the 
past few years is a less extreme view in which the role of dissolved 
gases has been more clearly examined and identified. The possi- 
ble interplay of diffusion into nuclei of subcritical size and the 
subsequent growth to a size large enough for cavitation to occur 
is of significance in all problems of extrapolation from model to 
prototype. This was effectively demonstrated by Strasberg in the 
paper cited by the authors (though not specifically mentioned in 
their text). In fact, in the experiments of Kermeen, et al., men- 
tioned in the paper, small bubbles attached to a body were ob- 
served to grow within the limits of the boundary layer thickness 
before bursting into cavitation at that point. Thus, two im- 
portant cases must be considered when discussing the scale effects, 
or more precisely, the extrapolation problem: (1) conditions for 
growth of unstable nuclei explosively into vaporous cavitation, 
and (2) the initial growth—by diffusion of dissolved gases—of sub- 
critical nuclei to a size sufficient for vaporous cavitation to occur. 

Now, it should be pointed out that in the former case the onset 
of growth of a nucleus does not depend very much on the duration 
of the transient pressure although the maximum size of the result- 
ing bubble is, of course, a function of time. In the latter case, the 
growth to critical size by diffusion does indeed depend upon the 
time available for this fetal growth during the application of the 
required pressure. Consequently, it is not unlikely that incep- 
tion may be effectively prevented on a model scale (especially if 
the experiments are carried out in a tunnel with a very efficient 
resorber or in a large water tunnel where dissolution of air bubbles 
takes place efficiently) and not on the prototype under otherwise 
similar hydrodynamic and geometric conditions. 

In this connection, one can’t help but wonder whether the 
variations of critical cavitation number with velocity observed in 
the CIT and ORL tunnels for all bodies except the NACA 16012 
hydrofoils are not merely a reflection of the effectiveness of resorp- 
tion at the various velocities. The trends are just as would be 
expected in these cases and this suggestion may be worthy of 
further exploration. 

This suggestion does not, of course, help explain the variation 
with size of model when the speed is held constant nor the varia- 
tion for the 16012 foil. 

At this point, I should like to recall the various boundary layer 
effects that may be of importance in the inception process.” 
These include the pressure gradients in the flow direction (with 
respect to producing separation and the concommitant low pres- 
sures thus induced), the gradients across the boundary layer (with 
respect to effects on local pressure and forces on nuclei which tend 
to hold them against a body), and turbulence in the boundary 


layer which may have significant effect on the local pressure re- 
ductions. 


Transactions of the ASME 


x? 
2G 


In connection with the possibility of early inception associated 
with local boundary layer separation, it should be noted that the 
adverse pressure gradients on the smaller bodies are more severe 
than on the larger ones. If, indeed, local separation has occurred, 
the observed trend with size would again be expected. Of course, 
the higher the Reynolds number, the smaller should be the sepa- 
ration between large and smal! models on this account. Con- 
sidering the scatter of data and the possibility of other effects, it 
is difficult to draw firm conclusions about this point either. 
With regard to the behavior of the smallest model in the CIT 
series, this would be explained on the basis that laminar separa- 
tion has taken place and cavitation thus has occurred in the sepa- 
rated region at much higher ambient pressures than would other- 
wise be the case. 

The relatively large increases in critical cavitation number with 
both speed and size (i.e., Reynold’s number) for the sharp-edged 
disks would, I think, be expected since the intensity of turbu- 
lence in the wake shear zone would be expected to increase just 
behind the disk. Also, there would seem to be little difficulty in 
providing nuclei in the entrained wake to linger there and grow. 

The NACA 16012 hydrofoils are indeed anomalies on several 
accounts: (1) the behavior with Reynolds number, (2) the order- 
ing with size, and (3) inception coefficients well above the mini- 
mum pressure coefficient. It would be of interest in these cases 
to know whether inception occurred about nuclei moving through 
the low pressure region or started from in situ growth of nuclei 
entrapped on the surface of the body. The latter type of incep- 
tion would account in part for the behavior shown, at least as far 
as the effect of size is concerned. 

The comments I have made were intended to emphasize some 
of the hydrodynamic effects that might be given additional study 
in the present connection. They were motivated by the fact 
that most of the experiments reported were made in water at 
temperatures where the liquid density is very large compared with 
the vapor density and where the vapor is probably very nearly 
in equilibrium pressure throughout the process. Certainly, the 
thermodynamic effects will become more and more important as 
the density ratio is decreased, and especially in cases where the 
entrainment rates are so high as to require taking account of a 
nonequilibrium system. 

Finally, I should like to point out that we have so far discussed 
only scaling in a given liquid-gas system. The problem of ex- 
trapolation to quite a different liquid-gas system has additional 
aspects that require thought. I refer to the problem of extrapolat- 
ing model results, obtained in the laboratory, to river and 
Ocean environments. In view of the complications of the oc- 
currence of nuclei in environments that are not easily charac- 
terized, stich as the oceans, it is not possible to make precise pre- 
dictions of what will happen on two different scales when the 
liquid-gas systems are different in physical makeup as well. (The 
characterization of nuclei size and number will evidently depend 
upon the mechanisms which account for their stabilization and 
persistence.) 

Since the characterization of the liquid-gas system in the forego- 
ing sense and of such hydrodynamic factors as turbulence in 
boundary layers, separation zones, and wakes, must evidently be 
statistical in nature, the ultimate prediction of critical cavitation 
numbers would also seem to lead to statistical representation at 

best. 

Again, my compliments to the authors for bringing together in 
a most illuminating way, and for their discussions of, their data on 

cavitation scale effects. 


B. W. McCormick’? 


First, I want to congratulate the authors for having the courage 
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to attempt to bring some order out of chaos. Cavitation incep- 
tion is a phenomenon governed by both the physics of the fluid 
and the physics of the flow., Thus its prediction or analysis in- 
volves, in general, a consideration of both of these areas. 

I would like now to comment briefly on a specific type of cavi- 
tation considered in the paper, namely, cavitation in the region 
of separation behind a bluff body. If one removes the physics of 
the fluid from consideration, that is, assumes that the critical 
pressure for the inception of cavitation is equal to the vapor pres- 
sure, then I believe it is possible, as I will now show, to develop a 
scaling relationship which is substantiated by the experimental 
results shown in Fig. 10 of the paper. 

The rate of discharge of vorticity in the mixing zone behind a 
blunt obstacle theoretically is given by: 


7 = U*/2 (29) 


where U is the free-stream velocity. Experiments reported by 
Goldstein'* give values which are nearly twice as much. How- 
ever, the constant of proportionality is not of concern at this 
point. 

If f is the frequency of vortex shedding and the rate of discharge 
of vorticity is proportional to U*, then obviously the strength + of 
each vortex must be given by: 


y « U/f (30) 


The frequency, f, can be expressed in terms of the Strouhal 
number as: 


S = fd/U (31) 
so that (30) becomes: 
y « Ud/S (32) 


Except at low Reynolds numbers, R (and near the critical R 
for rounded shapes), the Strouhal number varies only slightly 
with Reynolds number. Therefore it will be assumed that the 
strength of each vortex can be given by: 


y « Ud (33) 


Now, if vorticity diffusion is neglected, then particles of fluid 
which are in rotation must remain in rotation. If 6 is the thick- 
ness of the boundary layer at the point of separation, in the time 
1/f, which is the period of vortex shedding, a quantity of rota- 
tional fluid is shed given by: 


Q« 
but in the same time, one single vortex was formed so that the 
fluid contained in its core (assuming a Rankine model) must be 


equal to Q. Thus, if r is the radius of the vortex core, it follows 
that: ‘ 


« (34) 
It might be mentioned that this result is contrary to a report"* 


which assumes that r is proportional to 6. 
The thickness of the boundary layer can be expressed as: 


6 « d/R* (35) 
Thus, combining (32), (34), and (35) 
« d*/R* (36) 


13 §. Goldstein, ‘Modern Development in Fluid Mechanics,” vol. 
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The pressure coefficient at the center of a Rankine vortex is 
given by: 


(37) 


If, at the inception of cavitation, it is assumed that the mini- 
mum pressure is equal to the vapor pressure, tlLen the critical 
cavitation index, ¢,,, is equal to the negative of (37). Substitut- 
ing (33) and (36) and (37) gives finally: 


Cer « R* 


(38) 


According to (38) therefore, the critical cavitation index should 
vary directly with some power of the Reynolds number. In order 
to verify or disprove this result, the data from Fig. 10 of the paper 
have been replotted in Fig. 14 on a log-log scale. 

It can be seen that, with the exception of a few isolated 
points, all of the data fall in a narrow band having a slope of 
0.282. Since these data were obtained with disks normal to the 
flow, a value of 0.282 is not unreasonable in view of an exponent 


of 0.2 for a turbulent boundary layer on a flat plate without a 
pressure gradient. 


Authors’ Closure 


The authors would like to express their appreciation for the 
constructive discussions which have been submitted. It is ap- 
parent that one of the major objectives of the paper, i.e., to in- 
duce discussions of the problem of scale effects, has been achieved. 

Drs. Parkin and Acosta have given a very lucid discussion of the 
effect of vaporization on heat transfer. They are indeed correct 
in indicating that from a dynamic point of view one should non- 
dimensionalize p, in Equation (8) by '/29V? rather than P. In 
view of this it cannot be concluded that o, should decrease with 
increasing VL as indicated in Table 1 for the Effects of Vaporiza- 
tion on Heat Transfer. Also in Table 1 under Effects of Vapor 
Pressure it cannot be concluded that o, increases with V. 

One should note that gaseous cavitation can cause o, to de- 
crease with increasing velocity as indicated in Reference [2] of 
the paper. Perhaps this explains the decrease of ¢, with V shown 
by the data for unattached cavitation, i.e., Figs. 9 and 13. Thus 
it may not be necessary to introduce the concept of a character- 


398 september 1961 


> 

2 OTs 

Ow “gee F gon 

rer » [Store = 0. 262 

S 

RE MWWMBER 
OT + + + 
/0 


Fig. 14 ocr as a function of Reynolds number 


6 jo® 2 3 


istic velocity of cavitation to explain this variation. 

Eisenberg’s discussion has brought out several important 
points. Perhaps one of the most important of these is the dif- 
ference between desinent and incipient cavitation. It is indeed 
true that laboratory testing has been centered on desinent cavita- 
tion primarily because of its repeatable nature. Nevertheless, 
as Eisenberg suggests, incipient cavitation should be more 
thoroughly investigated in order to clarify these differences. 
Kermeen, Reference [3], has conducted exploratory research in 
this area but much additional work is needed. 

Perhaps the decrease in o, with velocity for the NACA 16012 
hydrofoil is an indication of gaseous rather than vaporous cavita- 
tion as explained above. This would also account for o, being 
greater than C,,,;... The singular nature of the '/,-in. hemisphere 
in Fig. 6 may be due to the low pressures caused by laminar 
separation as indicated by Eisenberg. Rouse and McNown, 
Reference [27], have found that separation occurs for R, < 2 « 105 
and it is seen that the '/,-in. data fall in this range. 

Dr. McCormick presents an interesting analysis of desinent 
cavitation in the wake of the sharp edged disks. Certainly his 
derivation yields results which are in close agreement with the 
experimental results. It may, however, be an oversimplification 
to assume that cavitation occurs when the liquid pressure is 


equal to vapor pressure. Kermeen and Parkin, Reference [6], in- 
cluded the effects 


Op, = A — 4B/Wa, 

where Wz, is Weber number (based on initial bubble radius, Ro, 
and free-stream velocity, V), B is a factor depending on the air 
content having a value of about '/2 for the disk experiments, and 
A is factor depending upon several pressure coefficients descrip- 
tive of the flow. Possibly the factor A is dependent upon 
Reynolds number, although one cannot conclude this from the 
results of Reference [6]. It may be that in a separating flow the 
overwhelming effect is due to the variation of the minimum pres- 
sure coefficient with Reynolds number, in which case Dr. MeCor- 
mick’s analysis may be a fairly good model of the flow. 

In closing, the authors would again like to express their ap- 
preciation for the discussions which have been submitted. The 
problem of scale effects is a most complex and intriguing one, and 
only by the exchange of different viewpoints and the resrlts of 
further research can we hope to achieve a satisfactory solution. 
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Maxx observations [1, 2, 3]* have shown that the 
performance of a centrifugal pump with different fluids or with 
the same fluid at different temperatures is not the same at the 
same cavitation number when the latter is based upon the vapor 
pressure of the bulk fluid. Various similarity rules have been 
put forward in these works to account for the observed effect; 
namely, that lower net positive suction heads are achievable in 

most cases compared to those observed in cold tap water. This 

difference is ascribed to the thermal effect associated with 

evaporating a certain fraction of the bulk fluid and the attendant 

decrease of vapor pressure. Scaling rules of the vapor-pressure 

decrease are made by assuming the process static and that all of the 

fluid in the inlet of the pump is at the same pressure. The meas- 

urements of Salemann [4] show that such a simple concept is 

inadequate, and he offers further speculations about the nature 

of the cavitation process as do Acosta and Hollander [5]. The 

purpose of this note is to describe an experiment intended to show 

the types of cavitation that occur and, where possible, to measure 

directly the reduction of vapor pressure or net positive suction 

head observed in pump experiments. 

The test arrangement consists of a closed hydraulic loop, a 
means of pressurization, recirculation, and a cylindrical test 
section. The test section is composed of a glass working section 
1.1 in. in diameter and 4 in. long, and an upstream stilling section 
12 in. in diameter. The stilling section contains a vapor-pressure 
bomb containing the working fluid a support system on which 
objects are mounted and made to cavitate in the transparent 
working section, and a differential manometer with associated 
valving. External heating and cooling heat exchangers are also 
available. The purpose of the manometer is to measure the dif- 
ference in pressure between the cavity formed in the working sec- 
tion and the vapor pressure of the flowing fluid. This difference, 
other things being equal, will be a direct measure of the change re- 
quired in NPSH (net positive suction head) for various fluids 
and inlet conditions. However, as will be seen, it is not always 
possible to measure the cavity pressure. 

Preliminary measurements and observations have been made 
with water up to 250 F and Freon 113, a fluorinated hydrocarbon 
with a normal boiling point of 117 F. Cavitation was observed 
behind a */\s-in. disk held normal to the stream in the working 
section. A small tube transmitted the pressure within the cavity 
behind the disk to the manometer through the support assembly. 
A disk was used in these experiments only for convenience. In 
the future, shapes that do not give a separated wake will also be 
used. Some shortcomings and limitations of the equipment were 
revealed in these first experiments. However, the following ob- 
servations can be made: At inception, a cloud of small cavitation 
bubbles filled the wake behind the disk. As the inlet pressure was 
lowered, this region grew until (in water) the cavity length was 
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about 10 disk diameters, at which time a clear and distinct bubble 
with a fluctuating re-entrant jet was formed similar to that ob- 
served in water tunnels, Fig. 1(a). This jet frequently impinged 
on the back side of the disk and prevented measurement 
of the cavity pressure. With further reduction of the cavity 
pressure, the cavity disappeared downstream, and the working 
section became “choked.’”’ Under these conditions, the pressure 
in the cavity with water as the working fluid was found to be 
about '/; in. Hg less than the vapor pressure at temperatures of 
200-250 F. The dissolved air content was about 2 ppm for these 
tests. Similar observations in water at room temperature have 
shown the cavity pressure to be greater than the vapor pressure by 
about 25 percent. This is due to air diffusion, whereas the vapor- 
pressure depression observed supports the contention [5] that 
vapor entrainment and subsequent evaporation from the surface 
(and hence cooling) lower the vapor pressure at these higher 
temperatures. 

Several photographs of cavities of moderate length in Freon 
and water are shown in Fig. 1. It is apparent that the form of 
the cavitation is quite different in the two liquids, a fact sug- 
gested in [4]. While the water cavities are relatively clear and 
well defined, the Freon cavities are always indistinct and frothy, 
consisting of many small bubbles. Whereas the entrainment 
from the cavity is slight in the case of water, it is dominant in 
Freon. The frothy character of the Freon cavity precluded 
measurement of cavity pressure. Interestingly enough, the 
vapor-pressure depression of the Freon was sufficient, evidently, 
to prevent the tunnel from becoming choked, and a clear bubble 
could not be observed for any combination of temperature or 
pressure available. 

From the foregoing remarks, it can be seen that similarity 
arguments not based upon physical observations are likely to be 
inappropriate. In this connection, we point out that the Freon 
and water-cavitation photographs in Fig. 1 are paired to be at 
the same value of B‘ [2, 4], ranging from B = 2 to 0.65. It is 
clear that this parameter does not insure a similar form of cavita- 
tion. Likewise, it would appear that similarity arguments based 
on vapor entrainment and heat transfer® to the cavity surface 
will not be general, either. Although this mechanism appears 
to be reasonable for water, sufficient experimental work has not 
yet been done to examine this suggestion in detail. Also, it 
must be remarked that the concentration of cavitation nuclei in 
various fluids and under various conditions may play a dominant 
role in the cavitation scale effects being considered here. The 
thermodynamic processes alluded to herein may, therefore, be 
only incidental. 

The instrumentation of these experiments did not permit direct 
comparison of the cavitation numbers to be made for cavities 
of the same size but of various temperatures, nor could the 
velocity be varied over a sufficiently wide range. Further work 
along these lines is continuing, and it is hoped that the outcome 
of these experiments can be reported in the near future. 


4 The vapor-liquid volume ratio for a head depression of 1 ft. 

‘ The presence of heat transfer requires as additional parameters, 
for similarity, the Reynolds number and Prandtl number. The 
exact functional dependence depends on the type of flow and the 
particular boundary conditions. 
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(e) Water, B = 0.65 (245 F) 


Fig. 1 


(b) Freon 113, B = 2 (nominal temperature, 115 F) 


(f) Freon 113, B = 0.65 (150 F) 


Photographs of cavities formed on a small disk. Flow is from left to right, and disk is just out of view. Nominal flow velocity is 19 fps. 


Photographs are compared on the same value of B (vapor-liquid volume ratio for a head depression of 1 ft). 
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The Jet-Flap Compressor Cascade 


Scholz's method for measurements on a two-dimensional cascade has been extended 
to include mass and energy input into the main flow by trailing-edge jets. 

Pressure recovery and mixing losses downstream of the cascade have been theoretically 
investigated and the need of low jet velocities has been emphasized. Improvements 
which can be expected by increasing the jet width but keeping the jet coefficient constant 
have been demonstrated. 


The airfoil tested was the NACA 65-(12)10 compressor blade with a thickened trailing 


edge. 


A stagger angle of 45 deg and a solidity of 0.915 were used throughout. 


Results 


are given in the form of wake profiles, axial and tangential force coefficients, and cascade 


polars. 


Introduction 


N RECENT years much interest has arisen in a new 
type of high lift device: the jet flap. This consists of a stream of 
air blown from the trailing edge of an airfoil, usually at an angle to 
the chord. It has the effect of increasing the circulation lift, 
just as a solid flap does, and of reducing separation by entrain- 
ment. So far, it has been applied almost exclusively on isolated 
airfoils. 

The use of the jet-flap principle on compressor blades for the 
prevention of rotating stall was suggested by F. E. Marble [1, 2]? 
and M. Roy [3]. Asa first step in the realization of this idea, ex- 
perimental] studies were carried out at Cornell University by E. L. 
Clark and D. E. Ordway [1, 2] on a two-dimensional cascade. 
Although their measurements were rather crude in many respects, 
they indicated an appreciable increment in lift and turning angle 
as the jet coefficient was increased. The most significant result, 
for the application to the prevention of rotating stall, was that 
the angle of attack at which large separation occurs was increased 
by several degrees. This means that a compressor row equipped 
with jet-flap blades could work normally at lower flow coefficients, 
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i.e., a smaller axial velocity than a compressor with conventional 
blading. 

However, the jet flap is not the only way of increasing the stall 
angle. There are many other high lift devices which enter into 
consideration such as boundary-layer suction [4] and slotted 
blades [5]. 

The purpose of the present study was to develop a method for 
the evaluation of measurements on two-dimensional jet-flap 
cascades and to determine whether the jet flap was an efficient 
way of preventing stall. 


1 Scholz’s Method for Conventional Cascades and Its 
Extension to Jet-Flap Cascades 


N. Scholz [6] has developed a comprehensive method for the 
evaluation of two-dimensional cascade measurements, including 
the effects of the blade wakes and the effective contraction due to 
boundary-layer growth on the side walls of the wind tunnel. By 
taking into account the mass and energy input of the jets, hia 
method was extended and used in the present tests. 

1.1 Scholz’s Method. Upstream of the cascade, in plane 1, see 
Fig. 1, the static pressure, air speed, and flow direction are con- 
stant along the cascade. In plane 2y behind each blade there is a 
wake and these quantities are no longer constant. At a certain 
distance downstream, in plane 2, the conditions will be homogene- 
ous again due to mixing. Instead of making measurements in this 
last plane which might be far downstream, one makes them in the 
plane 2y. Then, applying the equations of motion and con- 
tinuity, one calculates the corresponding homogeneous conditions 


c= 


blade chord 

axial force coefficient 
tangential force coefficient 
jet coefficient 


= ratio of the jet velocity to the up- 


stream velocity or w,/w, 
mass flow 
static pressure 
total pressure 


= average total head, Eq. (17) 


dynamic pressure 

blade spacing 

air velocity 

direction normal to the cascade row 
direction parallel to the cascade row 
blade force per unit span 
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correction factor for mixing proc- 
esses 


= mechanical losses per unit span 


order of terms neglected 


= nondimensional average static pres- 


sure difference, Eq. (6) 
nondimensional average total head 
difference, Eq. (5) 


= angle of attack 
= angle between the stream direction 


and normal to the cascade 


= angle defined by Eq. (8) 


slot width of jet exit 
“turning” coefficient, or Aw,/w, 


= ratio of the jet mass flux to the 


main stream mass flux, or m;/ry 
loss coefficient, or Ap,/q, 


air density 
total contraction coefficient 
apparent contraction coefficient, or 


(1 + €;) 


Subscripts 
1 = upstream conditions 
2 = homogeneous downstream con- 


2y 
2’ 
a 
j 
t 


ditions 
measurement plane downstream 
trailing edge plane 
axial or normal to the cascade row 
jet 
tangential or parallel to the cascade 
row 
geometric average, see Fig. 2 
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Fig. 1 Flow past a two-dimensional cascade 


in the plane 2. By comparing flow quantities in the planes 1 and 
2, the pressure rise, velocity ratio, turning angle, and total head 
difference across the cascade are found. The results are given 
by the following equation [6]: 
Static pressure rise, 
= P + 2 cos? By K + O(K*) (1) 
1 


Velocity ratio, 


2 
~ 1 — P, — P — K cos’ By, + K sin® By, + O(K*) (2) 
i 


Total head difference, 


Pu = K + OK") (3) 
1 


Flow direction, 


tan 6 = tan a [1 + ] + OK) (4) 


where 


(5) 


(8) 


K represents the effect of the wake and may be called the ‘“‘correc- 
tion factor’’ because it corrects the downstream values one would 
get by averaging the measured quantities in the plane 2y over a 
blade spacing to give the exact values of the homogeneous flow 
far downstream. 

Despite boundary-layer removal on the side walls, it is not 
always possible to avoid completely the contraction of the flow 
across the cascade, but a correction for this effect can be made. 
The contraction across the cascade stot is equal to the ratio of the 
downstream to the upstream axial velocity or 


_ Bs 


Bi 


(9) 
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A detailed description of the correction for the pressure rise and 
turning angle can be found in Scholz’s paper [6]. 

1.2 Extension for Jet-Flap Cascade [7]. The relations of Eqs. 
(1) to (8) of Section 1.1 are valid for the jet-flap cascade also and 
may be used without change. However, the mass input of the jet 
must be taken into account for the contraction across the cascade, 
and the energy input for the losses. Moreover, the blade force co- 
efficients can be defined in such a way as to give a fair comparison 
with conventional blading. 

1.2.1 Mass Flow of the Jet. Due to the addition of air to 
the main flow by the jet, the axial velocity downstream is larger 
than that upstream and gives an apparent contraction which has 
to be distinguished from the contraction produced by the bound- 
ary-layer growth on the side walls. One has 


w, w; cos 
Wa, Ww, COs By 
where y;, the apparent contraction due to the jet, is given by 


1+ 6; (11) 


with 


mass flow of jet 


mass flow of main stream 


(12) 
cos Bi pi 
pw, and w,,/wa, are both measured and prot is found from Eq. (10). 
The corrections for the contraction due to the boundary-layer 
effects can then be carried out in the same manner as for the con- 
ventional cascade. 

1.2.2 Blade Force Coefficients. For isolated airfoils, the force co- 
efficients are defined with respect to the dynamic pressure of the 
unperturbed stream. In cascades, there are two distinct dy- 
namic pressures: one upstream and one downstream. It has 
therefore been proposed to define force coefficients in cascades 
by using a geometric mean velocity [6]. The force coefficients 
of the jet-flap blades have been defined with respect to this mean 
velocity, see Fig. 2. Applying the equation of motion and con- 
tinuity the following relations may be easily derived: 


Fig. 2 Definition of the mean velocity w.. 


Tangential force coefficient, 


t 
= 2 — tgB. — €,(tgB, + + cos? (13) 


Axial force coefficient, 
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+ €, (: -—— + cost 8, (14) 
cos By 


1.2.3 Energy Relations. One is interested in the mechanical 
energy of the flow and hence the losses are defined as being the 
change in mechanical energy across the cascade. 

Without jet, the energy equation is simply 


m(pPi + qi) = m(pe + qe) + L (15) 


where 7, is the mass flow and L the losses. The loss coefficient 
$1, is defined as the loss per unit mass flow per axial dynamic 
pressure 


L Pa — Pu 


= — (16) 
™ 

With jet, one has two energy inputs: that of the main flow 
and that of the jet. One may define an average total head p,, as 
being the total head obtained by an ideal mixing of the two flows, 
that is, a mixing process in which the total mechanical energy 
would be conserved. The energy equation now becomes: 


rin, + m;) = + + mMAp; + 
= p,(m, + m;)+L (17) 


The loss coefficient is defined in this case as 


(mm + ™, qay 
This definition gives a correct way of comparing losses in a jet- 
flap cascade with those occurring in a conventional cascade. The 
downstream axial dynamic pressure has been chosen as a reference 
pressure because it seems more justifiable to refer the losses to the 
total flow. 
Using the concept of average total head, one can show that 


n 
+ O(e;*) (19) 


The first term is the difference of total head across the cascade 
and is given by Eq. (3); as the jet strength increases, this term 
gets smaller and might even become negative since the jet in- 
creases the total pressure downstream. The second term gives 
the correction needed to take into account the energy input of the 
jet; the static pressure rise (p, — p,)/q is given by Eq. (1); 9;/q 
is the ratio of the jet dynamic pressure to the upstream dynamic 
pressure. It is seen that as long as the jet velocity is of the same 
order as the main flow velocity the second term will be small; but 
as the jet velocity increases, the losses will increase essentially 
with the third power of the jet velocity because q, ~ w,* and 
€;~w;. Hence Eq. (19) indicates that the losses might become 
very large for high jet velocities and this point will be made quite 
clear in the following section. 


2 Theoretical Investigation 


As the jet velocity increases there are two effects which become 
larger: (a) the pressure recovery after the cascade, and (b) the 
mixing losses. By considering a simple physical model, the order 
of magnitude of these effects can be estimated. The flow down- 
stream of a jet-flap cascade can be compared to the mixing of two 
flows in a channel with the initial velocity distribution as indi- 
cated in Fig. 3. The walls of the channel correspond to the 
streamlines going through the middle of the blade spacing. In- 
troducing the two parameters 
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Fig. 3 Mixing of two flows in a channel as a simple model for the flow 
behind a jet-flap cascade 


6 
=- (20) 
t 
k= —! (21) 
Wy! 
and the average total head Pu! 


1+ 


one can derive the two following relations by applying the equa- 
tions of motion and continuity: 


Pressure recovery, 


— Pr’ 


= — 1)* + O(ks?) (23) 
2! 
Mixing losses, 
= kak — 1)* + O( ks?) (24) 
2 


Eq. (23) reveals that for high jet velocities the pressure recovery 
downstream may become an important part of the total pressure 
rise across the cascade. If, however, the wind tunnel discharges 
into the free atmosphere, this pressure recovery cannot occur. 
Nevertheless, by making the measurements just at the end of the 
test section and using Eq. (1) the pressure recovery can be taken 
into account. 

Eq. (24) shows again that the losses increase essentially as the 
third power of the jet velocity ratio k,. In order to minimize the 
mixing losses, the jet flap should be used in the low range of jet 
velocities. Tests of Refs. {1 and 2] were run with k,, ranging 
from 4 to 8 and thus with very high losses. 

Theoretical and experimental results for isolated airfoils indi- 
cate that aerodynamic characteristics, such as the lift, depend 
only on the jet coefficient c; no matter how it is obtained, as long 
as the jet velocity is not too small [8]. One can reasonably as- 
sume that this is true for cascade blades also. In this computa- 
tion, c, is defined as 


= kek? 25 
(25) 


Hence one can obtain the same c; by having either small ks and 
large k,, or large ks and small k,; i.e., small jet velocities. Values 
of the losses given by combining Eqs. (24) and (25) are plotted 
in Fig. 4. This figure shows clearly how the mixing losses can be 
reduced by increasing the slot width for a constant c;. Another 
advantage offered by wide slots is that the mass flow ¢, is larger 
for a given jet coefficient, in fact, one has €; ~ V ks for c,; con- 
stant. This might be a very important factor in a multistage 
compressor because it would increase the axial velocity and re- 
duce the chance of stall in the subsequent stages. This is an ad- 
vantage which is not given by other high lift devices. However, 
there is certainly a limit to the improvements given by wide slots; 
above a certain slot width, for a given c;, the jet velocity will be 
too small in order to achieve an appreciable entrainment effect. 
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Fig. 4 Mixing of two flows in a channel: influence of jet width on the 
mixing losses 


3 Cascade Measurements 


3.1 Experimental Setup. Experiments were run in a cascade 
wind tunnel, equipped with porous side walls and flexible end 
walls with boundary-layer removal. The inlet angle 8, was 45 
deg and the solidity c/t was0.915. The airfoil type was an NACA 
65-(12)10 compressor blade with 2 per cent trailing edge radius 
and is shown in Fig. 5. The jet exit width was 0.020 in. The 


Reynolds number based on the chord length was 3.0 10°; from 
the data given in Ref. [1], the Reynolds number effects should be 
negligible above this value. The corresponding upstream velocity 
was approximately 156 ft/sec and the Mach number '/7, so that 
the main flow could be regarded as incompressible. 


Fig. 5 Cross section of the NACA 65-(12)10 compressor blade, with 2 
per cent trailing edge radius, showing internal duct design 


3.2 Wake Measurements. Figs. 6 to 9 give the total head profiles 
one-half chord downstream for different angles of attack a with 
varying jet velocity. The corresponding jet coefficient, which is 


defined by 
md 
(26) 


is given in Table 1 with ky: = w,/w. 
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For a = 16 and 18 deg, or angles at which the flow is not, or very 
slightly, separated with no blowing, the main effect of the jet is to 
reduce the size of the wake and permit very smooth velocity dis- 
tributions. Because of the jet deflection angle, more energy is 
given to the flow on the lower side of the blade and an asym- 
metry in the wake can be observed. For a@ = 20 and 22 deg, or 
angles at which the flow is quite separated with no blowing, a net 
improvement is obtained by blowing since the size of the wake 
and the velocity peaks are greatly reduced. However, Fig. 10 for 
wake measurements at a = 24 deg reveals that there is an upper 
limit to the improvements offered by jet flaps. At this angle of 
attack, there is no jet velocity for which the wake is small and 
the stall is unavoidable. This is due to the fact that energy is not 
supplied at the place where it is needed and is wasted in mixing 
losses. It is possible that a slot position closer to the upper than 
to the lower side of the blade, as has been suggested by Hans 
Kraft, would improve this situation. As the ratio k., was in- 
creased above 3.5, the downstream total head was smaller than 
the upstream value over the whole blade spacing, except in the jet 
itself. 

3.3 Force Coefficients. The increment in axial force is larger 
than in tangential force because of the direction of the jet with 
respect to the cascade, see Fig. 11. 

3.4 Cascade Polar. The concept of lift and drag loses some- 
what its significance for cascades in general and for jet-flap 
cascades in particular. It is convenient to introduce new quanti- 
ties which represent the “useful’’ and the “loss’’ component of 
the change in flow conditions across the cascade. 

The useful component 4, is defined as the dimensionless change 
in tangential component of the velocity and might be called the 
“turning’’ coefficient: 


= 4B — B: (27) 

The loss component is the loss coefficient [,, defined by Eq. 
(16) for the conventional cascade and Eq. (18) for the jet-flap 
cascade. The polar [,, = f(6,) gives a good picture of the 
efficiency of a cascade. In the present tests the slot width used 
was not very large and the loss coefficient is rather high, see Fig. 
12. It is seen that ¢,, increases very rapidly as a function of the 
jet velocity. But, as pointed out in Section 2, the losses could 
be greatly reduced by increasing the slot width. Experimental 
investigations of an improved blade configuration are currently 
being made at Cornell and will determine how far the jet may be 
widened and yet still give enough entrainment effect. 


Conclusion 


A method for the evaluation of measurements on a jet-flap 
compressor cascade has been developed. The need for low jet 
velocities has been demonstrated both theoretically and experi- 
The improvements given by large slot widths have 


mentally. 
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Fig. 10 


been theoretically investigated. The jet flap gives an increment 
in stall angle and turning coefficient. Two advantages of the jet 
flap over other high lift devices have been pointed out: (a) A 
more uniform velocity profile downstream. The control of the 
wake is certainly an attractive aspect for more efficient operation 
of the following stage. (b) An increased axial velocity down- 
stream. By taking a part of the compressed air in the last stages 
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Fig. 6-10 Total head profiles one-half chord downstream for different 
angles of attack a and with varying jet velocity 
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Fig. 12 Cascade polar 


and using it as an air supply for a first stage with jet flap, no 
only will the first stage work better, but also the following stages 
because of the increment in axial velocity. It is therefore be- 
lieved that the use of the jet flap in compressors can become an 
efficient way of preventing rotating stall. 
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DISCUSSION 
K. J. Bauermeister® 


This report represents an interesting comparison of the con- 
ventional incompressible compressor cascade flow and the cas- 
cade flow with jet-flaps. The author extends Scholz’s method 
for evaluation of measurements on two-dimensional cascades 
to the case of additional mass and energy input into the main 
flow by the jets. This is carried out essentially by introducing 
a second contraction coefficient 4, The first contraction co- 
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efficient yor given by N. Scholz takes into account the contraction 
of the cascade fiow due to the boundary layer on the side walls. 
The formal definition of yu, exists rightly because the jet increases 
the axial velocity w... But for the reviewer it is hard to grasp 
the physical background of the interpretation of u; as “contrac- 
tion coefficient”’ because the jet does not cause a contraction of 
the cascade flow at all. 

The author shows on the basis of Eq. (19) which defines the 
average total head that the second term which takes into account 
the energy input of the jet increases with the third power of the 
jet velocity w;. Hence a low jet velocity is necessary to get 
small losses. With regard to this relation there remains to be 
mentioned the slope function €; ~ 6/t, i.e., the mass flow of the 
jet is proportional to the slot width of the jet exit. Conse- 
quently a decrease of losses is possible by reduction of the slot 
width too. Thereby one is able to decrease the thickness of 
trailing edge and in this way the profile losses. 

The results of the investigations are plotted in Fig. 12. A 
comparison of this cascade polar with that of an adequate two- 
dimensional cascade with profiles NACA 65-(12)10 as given 
in [9] shows that in the cascade with jet-flaps the same optimum 
turning-angle is obtained as in a cascade with conventional pro- 
files if velocity ratio is w;/w, > 2.5. 

Thus the improvement of the polar curve due to the jet is 
just sufficient to balance worsening of the polar curve which re- 
sults from the considerable thickness of the trailing edge. 


Reference 
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H. Kraft‘ 


I happened to see Dr. Ordway’s setup in 1959 and I still feel 
in some ways as I felt then. There should be somewhere and 
somehow a detailed investigation about the phenomenon of a 
relatively high energy jet penetrating the flow around a profile 
around the downstream stagnation point and in the presence of 
boundary layers. 

In his theory the author does the very natural and normal 
thing and computes jet mixing essentially as a normal constant 
impulse and constant pressure phenomenon. Now this may be 
quite justified in the case of the low solidity small deflection 
compressor cascade. In the turbine cascade, which is closer to 
my heart, there is always a rather complicated pressure-velocity- 
density relation which extends around the trailing edges. It is 
rather hard to understand it in all its physical details. It seems 
to be the result of the interaction between the main potential 
part of the flow which does want to approximate the pressure 
rise toward the downstream stagnation point and the viscous 
force in the boundary layer. Oddly enough, this is most visible 
on the pressure side of the profile. 

Now if some of these interactions are also at work on the com- 
pressor cascade—and there is little reason why this should not 
be so—then that means that the assumption of more or less con- 
stant pressure jet mixing is perhaps too simple an approach. 
The author finds from his experiment that the jet energy must 
not be too high which is rather basic for all jet mixing phe- 
nomena, especially when the pressure is actually constant. 

There is, of course, always apparent the experimental fact that 
the presence of the jet does materially alter pressure distribution 
over the profile. If this were not so the hope of delaying stall, 
rotating or otherwise, would be in vain. 

There is, however, the possibility, or rather the physical ne- 
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cessity, that the existence of the jet asks for a different optimum 
contour. This would say that, once—in a cascade—the details 
of the jet action are properly understood, one can hope that a 
number of very attractive solutions can be found. When in 
England, some years ago, the suction wing was investigated, 
there were found all sorts of profiles which differed materially 
from the accepted shape. A similar situation can be expected 
here. 

The author has made a promising start. There is hope that 
these remarks will help to push this development further along. 


Author's Closure 


In reply to Mr. K. J. Bauermeister, with respect to the physical 
interpretation of u;, it should be clarified that this coefficient was 
identified only as an “apparent contraction coefficient.” 

As pointed out in the text, Eq. (19) only indicates that the 
losses might become very large for high jet velocities. However, 
Eq. (24) verified this suspicion. 

The real criterion for the efficiency of the jet-flap cascade is to 
keep the jet coefficient constant and to determine the variation of 
the losses with slot width, or from Eqs. (24) and (25) 
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The values given by this relation are plotted in Fig. 4. and show 
clearly that the losses decrease with increasing slot width. 

The cascade polar, Fig. 12, gives a rather unfavorable picture 
of the jet-flap in cascade because of the small slot width which was 
used. New experiments [10] with increased slot width have 
shown that the losses can be reduced, confirming the results of 
the theoretical investigation. Moreover, the increased axial 
velocity might increase the over-all efficiency of a multistage com- 
pressor even if the stage efficiency with jet flaps is not as high. 

In reply to Mr. H. Kraft, the author does not believe that the 
variations in the static pressure along the blade row would alter 
the conclusions obtained on the basis of the simple model with 
constant pressure. New measurements [10] have confirmed the 
trends shown by the theoretical investigation of the present 
paper. 
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Introduction 


© SOME extent all fluid machinery is influenced by 
unsteady flow conditions. In those cases where unsteady flow 
effects are important, the design of the flow geometry is compli- 
cated by the difficulty of creating experimental models and re- 
sponsive instrumentation by which the influence of design 
parameters may be determined directly. Rather, recourse usually 
must be made to parametric experimentation on rather complete 
machines, determining the influence on over-all performance of 
systematic variations of certain parameters. This indirect ap- 
proach is expensive, time-consuming, and often indecisive and 
misleading, since the parameter of interest is entangled in a mesh 
of other factors which introduce a certain amount of error and 
“noise’’ in the experimental measurement. Even more im- 
portant, such parametric testing usually inhibits the casual ex- 
planations which can give rise to the design inspirations provided 
by the direct observation of the flow phenomena. This paper is 
concerned with the development of a technique for such direct 
observation of unsteady compressible fluid flow and includes an 
analysis of a particular flow phenomenon and the experimental 
correlation which confirm the validity of the observation tech- 
nique [1]. While applied here to the partial-admission turbine, 
the approach should prove valuable elsewhere. 


Partial-Admission Turbines 


Partial-admission turbines are turbines where the working 
fluid is admitted only to sections of the wheel’s periphery. There 
may be one or more arcs of admission, which when closely spaced 
may influence the flow of each other. This paper is limited to the 
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———— Nomenclature 


The Hydraulic Analogy Applied to Nonsteady, 
Two-Dimensional Flow in the Partial- 
Admission Turbine 


case of one admission arc, or the case where arcs are so widely 
spaced that they do not influence one another. Moreover, this 
paper deals only with turbines with over-all pressure ratios which 
result in supersonic fluid velocities. 

Partial-admission turbines have been used widely in steam 
power plants both for auxiliary drives where efficiency is unim- 
portant and as the first stage in high-pressure, high-power turbo 
machines, where the high steam flows result in relatively large 
arcs of admission with tolerable efficiency. For the propulsive and 
auxiliary power requirements of underwater, airborne, and space 
vehicles where over-all system weight and volume are prime con- 
siderations, the combination of high-energy-value of the turbine 
working fluid and relatively low output-power requirements do 
not permit the design of full admission turbines, the design cri- 
teria of which are well-developed. 

In the theoretical limit, any nozzle flow area, however small, 
could be distributed axisymmetrically to achieve full admission, 
but manufacturing limitations, as well as gas boundary-layer 
growth and dirt problems, put lower limits on blading size, and 
high-speed bearing difficulties put upper limits on the shaft speed 
of the decreasingly small turbine disks. 

Previous investigations of partial-admission turbines have 
mostly considered the turbine as a whole [2, 3, 4, 5] without 
investigating the flow phenomena in detail. It has, however, 
been apparent that the flow in the turbine has to be nonsteady. 
A doctoral thesis [6] by D. F. White, published in August, 1958, 
contains a theoretical analysis of the nonsteady flow in a subsonic 
partial-admission turbine. 


Description of Flow 


The actual flow in a partial-admission turbine is in reality very 
complicated and cannot be described completely by a single flow 
model. Fortunately, the significant aspects of the flow can be 
described by a nonsteady, frictionless flow model, as shown 
schematically in Fig. 1. The small ratio of blade length to wheel 
diameter in partial-admission turbines permits the use of a two- 
dimensional flow model. The fluid in the blade channels is 
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a = nozzle arc width M = Mach number u = z component of velocity 

C = speed of sound M, = relative Mach number U = turbine blade velocity 

D = distance between nozzle and blade P = pressure v = y component of velocity 
rows R, = Reynolds number v, = relative nonsteady velocity 

F = Froude number r = radius v, = relative velocity of fluid 

h = water height s = blade spacing p = fluid density 

k = ratio of specific heats t = time 
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Subscripts are defined in the text. 
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Fig. 1 Schematic of flow in partial-admission turbine 


accelerated upon entering the nozzle flow and decelerated upon 
leaving the nozzle flow. A high-pressure region occurs where the 
high-velocity jet hits the stagnant fluid in the rotor channel. 
This high pressure will propagate by shock waves through the 
rotor channel and will be reflected as rarefaction waves from the 
open end. 

Even though the velocities in the nozzles are supersonic, the 
disturbances from the impact may move upstream into the nozzle 
exits and cause a fluctuating shock front. 

As the wheel channel leaves the nozzle arc, the fluid in the 
channel is decelerated suddenly. This causes rarefaction waves 
to move into the channel which are reflected as compression 
waves from the open end. 


Analysis of the Flow in a Supersonic Partial-Admission 
Turbine 


As suggested in Fig. 1, a typical turbine geometry has a blade 
spacing of about '/; of the channel length with the ends of the 
channels making a 30-deg angle with the blade velocity direction. 
While the end conditions of the channel appear important, their 
incorporation in the analysis of the flow results in a two-dimen- 
sional, nonsteady flow field which cannot be handled mathe- 
matically. It is therefore necessary to make the assumption of 
one-dimensional flow. A blade geometry to satisfy this assump- 
tion would have very long, closely spaced, narrow passages. 

In order to make the analysis tractable, several additional as- 
sumptions are made as follows: 


(1) Frictionless flow 

(2) Constant channel cross section 

(3) A single nozzle with uniform and supersonic flow 

(4) No leakage between nozzle and channel rows nor over the 
blade tips 

(5) Exhaust side of the channel at exhaust pressure 


The time development of the flow in the nozzle and blade chan- 
nel was analyzed by the method of characteristics. Fig. 2 shows 
the specific case of the development of the flow in a blade channel 
after it has entered a very wide nozzle. Subscript 0 refers to the 
initial conditions in the nozzle, e refers to the exhaust conditions, 
and } to the conditions between the nozzle and exhaust. The 
densities and speeds of sound will normally be different on two 
sides of a contact line. It is of interest to note that the shock 
moving down the blade channel reaches the exhaust end of the 
channel by the time the channel has moved one blade spacing. 
Choked flow develops at the blade channel exit, preventing some 
of the rarefaction waves from entering the blade channel. The 
shock which moves against the primary flow stops between the 
nozzle and blade rows and stays there until the rarefaction waves 
from the exhaust end catch up withit. Then this upstream shock 
is weakened and gradually is pushed down and out of the blade 
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Fig.2 Flow development in blade after entering nozzle arc 


channel. For this idealized case and the particular geometry, it 
would take a nozzle arc comprising 21 blade spacings to develop 
full-admission flow. 

Beyond 7 blade spacings, the analysis is not expected to be very 
authentic due to the very high velocities which have developed 
and the subsequent increasing influence of friction. This would 
be particularly true where the flow is supersonic and where bound- 
ary-layer growth, as well as finite thickness of the turbine blades, 
may lead to the formation of shocks and possibly choking of the 
flow. 

Depending on the flow velocity in the nozzle and the ratio be- 
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Fig. 3 Limiting Mach number as a function of exhaust to nozzle pressure ratio 
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Fig. 4 Flow development in blade channel after leaving nozzle arc 


tween P, and Po, the initial absolute velocity of the upstream 
traveling shock may be either up into the nozzle, down the blade 
channel, or zero resulting in a stationary position as shown in 
Fig. 2. The first case results from a very high exhaust pressure P, 
or a very low nozzle Mach number M,(M)> 1). Fig. 3 describes 
which case prevails as a function of initial Mach number relative 
to the blades and exhaust to nozzle pressure ratio. On the curve 
M,. equals the Mach number of the upstream traveling shock; 
above the curve the shock moves into the nozzle, below it stays 
at the nozzle outlet or it is washed down into the blading. 

The nozzle are in a partial-admission turbine can be as narrow 


410 


SEPTEMBER 1961 


as a few blade spacings. Thus a blade channel can leave the noz- 
zle arc before the flow in the channel has attained flow correspond- 
ing to full admission conditions. Fig. 4 describes the flow in such 
a blade channel upon leaving the nozzle arc. Turbine geometry 
and flow conditions are as in Fig. 2. In, addition the nozzle are is 
assumed to be 5 blade spacings wide. Thus the initial flow con- 
ditions for Fig. 4 exist at time corresponding to 5 blade spacings 
in Fig. 2. Fig. 4 indicates how the deceleration of the fluid in 
the channel, due to cutoff upon leaving the nozzle arc, creates a 
low-pressure field at a pressure considerably lower than the ex- 
haust pressure. As a consequence, shock waves travel back into 
the blade channel reversing the channel flow. The resulting 
oscillating flow pattern in the analyzed case has a period of 
about 1.4 X 10~‘ seconds; thus a complete cycle corresponds to a 
blade channel translation of 7.5 bladespacings. Depending on 
the extent of frictional dissipation, this oscillation will die out 
after several cycles. 


Two-Dimensional Flow Considerations and Analysis 


Most real turbines do not satisfy the assumption of narrow 
blade passages necessary for the preceding one-dimensional 
analysis. Thus a consideration of the two-dimensional aspects 
of the channel flow is mandatory, especially during that time when 
a formerly inactive blade channel is first entering the nozzle flow. 
Considering this event, it is noticed that the effective access 
width from the nozzle fluid to the channel starts from zero and 
increases linearly with time to a full blade channel width. This 
“opening’’ time is approximately equal to the time it takes the 
shock wave traveling downstream in Fig. 2 to reach the exhaust 
end of the blade channel. The resulting two-dimensional effects 
may be expected to modify the initial shock wave. 

In addition to blade channel effects, the gradual opening of the 
blade channels may be expected to cause a fluctuation in the 
nozzle flow. 

Fig. 5 shows how the compression waves will gradually enter 
the blade channel and how rarefaction waves will enter the noz- 
zle and the previous blade channel for the case of P, < Po and 
My <1. When M, > 1 the picture will be similar except that the 
rarefaction waves will not go upstream. 

The flow as described in the foregoing is nonsteady and two- 
dimensional, and cannot be handled analytically. However, by 
examining the boundary conditions in either the sub or supersonic 
cases, it will be found that they are almost independent of time. 
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Fig. 5 Schematic of waves spreading as a blade channel enters the 
nozzle area. Subsonic flow in the nozzle. 


The waves are spreading into uniform fluid and along straight 
walls, except for the curved portion of the blade. Since the radius 
of curvature of the blade is very large compared with the rest of 
the geometry in the flow field, the curved part of the blade can be 
replaced by a straight line. 

After this substitution it will be noted that the boundaries of 
the nonsteady flow field are expanding approximately at a con- 
stant rate. For the case of spreading acoustic waves this is exact, 
but if the waves form into shocks, their speed of propagation will 
depend on the strength. Although it is not clear that the shock 
strength will remain constant with time, it is assumed that the 
shock strength remains constant. 

The flow boundary conditions are now in a form which permits 
nondimensionalization of all distances by dividing by the prod- 
uct of Vt, where V is a characteristic velocity and ¢ is time meas- 
ured from the moment the blade channel was exposed to the 
nozzle flow. The boundary conditions thus transformed are in- 
dependent of time. 

Assuming frictionless two-dimensional flow of a perfect gas, 
the governing physical equations are written: 


Continuity: 


O( pu) 
, 
ot ox oy 


+ 


Momentum in the z and y directions: 


Defining 


and substituting into the foregoing equations, making the 
assumption of isentropic flow gives: 
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Fig. 6 Initial pressure distribution in the blade channel after entering 
the nozzle arc, calculated along a radius shown in Fig. 5 
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where k = ratio of the specific heats and subscript 0 refers to 
average fluid properties. 

The resulting equations are independent of time; thus the 
problem has been reduced from three co-ordinates, z, y, and time, 
to two, the nondimensionalized space co-ordinates ¥ and 9. 

While simplified versions of these so-called pseudostationary 
equations have been solved by Lighthill [7] and Ludloff [8], the 
general forms shown previously are too complicated to solve 
analytically. Also, the set of equations is elliptic for small values 
of and 9; thus the method of characteristics cannot be used. 

For the case of small velocities, implying an assumption of small 
changes in pressure and density, Lighthill’s method for small per- 
turbations described by Ludloff was applied. The equations were 
rewritten in polar co-ordinates about the origin of the blade lead- 
ing edge and Laplace’s equation in polar co-ordinates was ob- 
tained after going through a Buseman transformation. The 
boundary conditions were changed correspondingly and the pres- 
sure distribution evaluated by the relaxation method. The 
variation of pressure along the straight line defined in Fig. 5 is 
plotted in Fig. 6. A weak shock at the front of the spreading 
wave is indicated with a gradual increase of pressure behind the 
shock. 

Although this solution will not apply directly to the turbine of 
interest where the nozzle velocities are supersonic, Fig. 6 provides 
an indication of the form of the pressure distribution at fluid 
velocities up to Mach 2. 

As the pressure waves spread, they will ultimately reach the 
far side of the blade channel and be reflected. That portion of 
the initial wave which is headed down the channel will be con- 
fined between the walls and steepen into a shock. The argument 
of time-independent boundary conditions does not hold for the 
reflected wave. It will travel across and down the channel and 
be reflected from the other side, superimposed on and modifying 
the major shock wave traveling down the channel. 

End effects are also important when the blade channel leaves 
the nozzle arc. A low-pressure region is created in the blade 
channel upon the cutting-off of nozzle flow. For supersonic nozzle 
flow, if supersonic flow is developed in the blade channels before 
leaving the nozzle arc, the nozzle flow will not be affected by the 
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fluctuating blade-channel flow. However, if the flow on the blade 
channel is subsonic, the influence of the low pressure can cross 
the blade-channel entrance and enter the nozzle in the direction of 
the Mach waves, decreasing the nozzle exit pressure and in- 
creasing the local velocity. The exit flow in the nozzle would ac- 
cordingly fluctuate with a lower local pressure on the cutoff side. 

Since the cutoff is gradual, the rarefaction wave spreading 
down the blade channel will be generated over the finite width of 
a blade spacing instead of at a point as assumed in the one-dimen- 
sional theory. 

An additional complication will arise due to the oblique ends 
of the blade channel. Rather than reflection from a fixed point 
as assumed in the analysis, the oblique ends will tend generally 
to distribute the reflected waves; for example, a shock reflected 
from a closed end will not be as sharp as the one-dimensional 
theory predicts. 

From the foregoing discussion, it is apparent that the flow 
leaving the nozzle will be fluctuating and that the major dis- 
turbances will occur at both ends of the nozzle are. Ad- 
ditional disturbances will be generated by the blade leading edges 
as they move across the nozzlechannels. With a nozzle angle of 
20 deg, these disturbances will propagate partly into the nozzle for 
nozzle Mach numbers less than 1.93. 

The one-dimensional analysis indicated that the up-stream 
traveling shock due to the initial impact would stay between the 
nozzle and blade row for a wide range of exhaust pressures. 
The requirement of a stationary shock with a varying strength 
can only be satisfied if the shock is oblique. For any nozzle 
Mach number less than 1.93, these oblique shocks will intersect 
with the opposite nozzle wall and be reflected. For very weak 
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shocks, the fluid leaving the nozzle will thus consist of two 
supersonic flow fields. For stronger shocks, the flow will be 
partly supersonic and partly subsonic. This will again modify 
the flow in the blade channels. 


Experimental Program—The Hydraulic Analogy 


The analogy between the flow of a compressible fluid and a sheet 
of liquid was first discussed by Fougeret (1920) [9] and Riabou- 
chinsky (1932) [10]. It has been further developed and verified 
experimentally by several persons, specifically von Karman [11] 
and Preiswerk [12]. The most recent and extensive studies of 
the hydraulic analogy have been conducted by Professors Ippen, 
Harleman, and several others [13-20] in the Hydrodynamics 
Laboratory at M.1L.T. 

The analogy is justified by deriving the differential equations 
for frictionless isentropic two-dimensional fiow of a perfect gas 
and the frictionless, shock-free two-dimensional flow of shallow 
water on a plane surface. If the Froude number in the water is 
set equal to the Mach number in the gas and the water height pro- 
portional to the gas density, the differential equations for the 
water will be identical to those for a gas with ratio of specific heats 
of k = 2. Since the gas of interest in this particular investigation 
has a k = 1,25, this introduces a similitude problem if exact re- 
production of the gas flow is required. However, many flow 
variables are not very strong functions of k, so the errors intro- 
duced by maintaining geometrical correspondence between gas 
and water flows will not be large. While the classical analogy is 
derived for shock-free flow, the case under investigation includes 
supersonic, transonic, and subsonic regions with a variety of pos- 
sible shock and rarefaction wave configurations and interactions. 
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Fig. 8 Photograph of test section 


Theoretical and experimental investigations [13-21] have de- 
veloped correlations between the gas and water flow for super- 
sonic, transonic, and specific nonsteady wave forms which are 
quite satisfactory. 

Since surface tension forces, vertical motion of the water, and 
friction are not included in the development of the analogy, a 
water table experiment must be devised to minimize these factors. 
The analogy requires that the water height be an order of mag- 
nitude less than the critical dimension in the flow direction, less 
than six inches and more than '/, inch, since capillary waves tend 
to predominate over gravity waves at lesser water heights. Ex- 
periments at the Hydrodynamics Laboratory of M.I.T. have 
shown that the analogy holds for all water heights between 0.3 
inch and three inches; for steady flow 0.9 inch is favored. 

However, the lesser water heights are desirable since this re- 
duces the model size. A relationship has been published [15] 
which gives a length of L = h X 5 K 10-5 & R, as minimum for 
a simple model where L = minimum model length (in.), h = 
operating water height (in.), 5 X 10-5 is a nondimensional con- 
stant, and R, = Reynolds number with characteristic length of 1 
foot. ForR, = 3 X 10° andh = 0.5 inch, a length L = 7.5 inches 
was determined for the turbine under consideration. Since the 
turbine blades are a complicated shape, a blade chord of 10 inches 
was chosen as a practical maximum considering the equipment 
space available. This geometry is scaled up some 40 times com- 
pared with similar gas turbines. 

The variables of major interest in a water table experiment are 
local water heights, local water velocities, nozzle-exit Froude 
number, blade velocity, and shock position geometries. The in- 
strumentation necessary to detect and record these variables is 
much simpler in form and application, and data reduction less 
tedious, for the hydraulic analogy approach compared with direct 
Schlieren and interferometric photography of a comparable com- 
pressible gas flow. Reference [1] discusses in detail design 
studies of the apparatus and instrumentation for the two ap- 
proaches. 

The most significant instrumentation advantage of the hy- 
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draulic analogy approach stems from the fact that a sheet of 
water 0.375 inch deep flowing with a velocity of 1 ft/sec has a 
Froude number equal to 1. Thus the velocities in the hydraulic 
case are less than 1/1000 of the corresponding velocities in the gas, 
permitting visual observation in real time of the nonsteady 
aspects of the flow. 


Description of Apparatus and Instrumentation 


Fig. 7 is a schematic drawing of the water table. Fig. 8 isa 
photograph of the test section. The basic construction materials 
are wood and glass, with very little metal except in the nozzles, 
cart supporting wheels, and drive. The stationary tray, 24 feet 
long and 16 inches wide, has adjustable sides so that the clearance 
between them and the blade cart can be controlled. The cart 
wheels roll along two runners in the bottom of the tray. The 
semicircular runner guides the cart laterally to prevent contact 
with the tray sides; the flat imbedded runner is interrupted over 
the glass portion of the tray so as not to obstruct the view. ‘iue 
leading half of the 12-foot cart is made of wood (it serves to 
stabilize the flow) and the rear half of glass for through observa- 
tion. 

The geometry of the blades is shown in Fig. 9. They are made 
of Fiberglas reinforced plastic with a good surface finish and 
profile tolerances within +'/ inch. Portions of the exhaust re- 
gion and nozzle bottom are made of glass to enable observation 
of the flow entering and leaving the blades. 

The nozzle construction shown in Fig. 9 was chosen in prefer- 
ence to a Prandtl-Meyer nozzle since it can be adjusted to any re- 
quired Froude number. Provision is made for a maximum of five 
nozzles, each one blade channel wide. 

The exit water height can be adjusted by varying the height of 
the overflow barrier. The inlet flow, direct from the city water 
main, enters a basin, flows through an automobile radiator grid 
for quieting, into the basin before the nozzles. The variable- 
speed drive is connected to the drum through a chain drive and 
clutch. A plastic-coated steel cable is wound around the drum 
and attached to the cart by means of the dashpot. The clutch, 
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Fig. 9 Blade and nozzle geometry 


normally disengaged, is engaged only to move the cart forward. 
The cart is restored to starting position manually. 

Water height in the blade channels is measured electrically 
with commercial components except for the water height trans- 
ducer and preamplifier, described in Fig. 10. Blade position is 
superimposed on the recorded water height by means of a micro- 
switch operated by each passing blade. Cart speed is determined 
by a microswitch, a fixed length cam, and an electric timer. Static 
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water heights in the supply basin, nozzle exits, and blade channels 
are measured by a depth micrometer. 


Experimental Program 


The variables of primary interest in the two-dimensional par- 
tial-admission turbine are: 


(1) The choice of nozzle and rotor blading geometry 
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Fig. 10 Water height transducer and preamplifier 


(2) Nozzle exit Mach number 

(3) Ratio between nozzle exit and exhaust pressures 

(4) Width of nozzle are compared to the turbine blade spacing 

(5) Ratio of wheel velocity to nozzle exit velocity 
This paper will not report a comprehensive experimental program 
but rather the execution of a few selected tests chosen to evaluate 
the one-dimensional analysis, to show the effects due to the two- 
dimensional character of the flow, and to suggest the utility of 
the water table as a design tool. A more detailed investigation, 
using photostereogrammetry as the data recording and reduction 
technique will be reported in a subsequent paper. 

The technique of flow visualization developed in this paper will 
ultimately be applied to the design of turbomachinery blading. 
For the purposes of this evaluation of the technique, the turbine 
blading geometry was adapted from that used in the Dynamic 
Analysis and Control Laboratory missile internal power project. 

Since the initial relative Mach number M, has a strong in- 
fluence on the pressure P, in the impact region, the nozzle exit 
Mach number Mo, or hydraulic equivalent, the Froude number Fo 
is varied. The ratio between nozzle exit pressure and turbine 
exhaust pressure which affects over-all stage pressure ratio was 
included by varying the ratio between exhaust and nozzle exit 
water heights. 

The ratio of nozzle-are width in the plane of the wheel and 
blade spacing has figured importantly in previous Dynamic 
Analysis and Control Laboratory investigations [3, 4, 5]. The 
linear analysis, Fig. 2, predicts very little difference between noz- 
zle ares from 2 to 5 blade spacings. Since a nozzle are of 5 blade 
spacings was the maximum attainable, 5 nozzles were scheduled 
for most of the runs. The two-dimensional effects should be most 
pronounced for a nozzle are of one blade spacing; therefore tests 
at this very low admission arc are included. 

The ratio of blade velocity to nozzle exit velocity was kept con- 
stant after exploratory experiments indicated that changing the 
cart velocity had the same effect as changes in the Froude number 
F,. The case where the turbine operates so far off the design 
point that separation occurs at the blade edges is not amenable 
to the analogy and is not considered in this paper. 

The test series are as follows: 


Series F, ho 


i 


where 
F, = nozzle exit Froude number 

nozzle exit water height (inches) 

exhaust chamber water height (inches ) 

cart velocity (ft/sec) 

U/v ratio of cart velocity to nozzle exit velocity 
= nozzle-to-blade clearance (inches) 
a/s ratio of nozzle are width to blade spacing 


The water height was measured along the channel center line 
at positions 2, 3, 4, 5, and 6 as shown in Fig. 9. Positions 2 and 6 
are the first and last full cross sections. Point 1 and point 7 on 
the same circular arc as the others were used only for exploratory 
measurements. Sixteen-millimeter moving pictures showing the 
development and propagation of the shocks were also taken. 

In order to estimate the errors introduced by measuring the 
water heights at the channel center line, the flow in a curved 
channel joined to a straight pipe was analyzed. The following 
assumptions were made: 


(1) Uniform steady flow introduced into the straight pipe 
(2) Subsonic, irrotational, lossless flow 
(3) Abrupt transition from straight to curved flow 


The error evaluation could only be carried on up to a Froude 
number of about 0.65, where it was about 2 per cent. At higher 
Froude numbers, portions of the flow in the curved portion would 
be supersonic, but no drastic change in accuracy is expected to 
occur for F = 0.7 or 0.8, and since, from the one-dimensional 
analysis (Fig. 2), the Froude number in the channels never ex- 
ceeds one, the recorded data should require no significant correc- 
tion. 

In order to minimize the errors resulting from conversion from 
water flow to gas flow, the water flow was analyzed directly in the 
same manner as in Figs. 2and 4. The wave diagrams for initiation 
and termination of nozzle flow were superposed with the appro- 
priate nozzle width resulting in a composite wave diagram as in 
Fig. 11. 

Theoretical water height profiles at probe positions 2, 3, 4, 5, 
and 6 were determined from the wave diagrams and plotted 
against time, or distance in blade spacings, traveled by the blade 
cart. 

The water height recordings at the same five positions are 
superposed on the theoretical results for Series A through E in 
Figs. 12, 13, 14, 15, and 16. Experimental water heights at 
positions 1 and 7 in Series A, and position 1 in Series B are also 
included. 
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Note that the pressure wave spreading into the blade channel 
upon nozzle flow initiation does not form a shock, but rather has 
a shape very similar to the pressure wave predicted in Fig. 6. The 
ripple in the pressure rise at positicn 2, @, is due to the wave re- 
flection from the side of the blade channel. As it moves down 
the channel the pressure pulse steepens into a shock wave of in- 
creasing strength, and gradually approaches the position of the 
shock wave predicted by the one-dimensional analysis. Waves 
due to the uneven flow in the nozzle exit are evident. 

The rarefaction waves going back up the blade channel after 
the arrival of the first pressure pulse are quite similar to those 
predicted. The higher than predicted values of probe position 5, 
@, are probably due to shocks formed behind the supersonic 
region which develops around the convex side of the blades. . 
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Fig. 11 Major waves—theoretical, Series A 


Discussion of Experimental Results 


8 
The average water heights in the region exposed to the nozzle 3 - ei a 
flow correlate well with the predicted profiles based on the one- 
¢ dimensional analysis except for the form of the rise and fall. The 3 
; fact that the pressure rises almost one-half blade spacing before a 


the predicted pressure rise is easily explained as the water starts 
entering the blade channel as soon as a small opening to the first 
nozzle has been formed which occurs one-half blade spacing be- 75 


fore the channel is in front of the first nozzle. On the cutoff side, *, 
water will likewise continue to enter the blade channel until one- 6 
half blade spacing after the one-dimensional analysis had pre- = 


dicted a sharp cutoff. 


Water Height (in.) 


° 2 


—EXPERIMENTAL 
-—---- THEORETICAL 


Fig. 13 Water height profiles in the blade channel, Series B 


Probe Position 
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Fig. 12 Water height profiles in the blade channel, Series A 


Fig 14 Water height profiles in the blade channel, Series C 
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The gradual cutoff of the nozzle flow results in high-velocity 
fluid entering the blade channel after the pressure there has been 
considerably decreased. This high-velocity fluid will cause a 
further decrease of pressure upon complete termination of nozzle 
flow. The water heights just after cutoff will therefore tend to 
go to lower values, @®, than predicted as generally confirmed in 
the experiments. 

Following the flow development further, all the experimental 
water-height profiles show that the rarefaction waves due to noz- 
zle cutoff are reflected as compression waves which form shocks 
and are subsequently reflected from the upstream end of the 
blade channels. The pattern of the waves is as predicted, but the 
water-height increase, @, is far below the predicted values. The 
discrepancy is so great that it cannot be caused by friction or 
leakage at the assumed closed upper end of the channel. The ex- 
planation for the discrepancy is indicated by the water-height re- 
cordings at positions 6 and 7. Both of these should be at exhaust 
water height most of the distance from blade space 7 to 11. The 
very low exhaust pressure recorded in this region causes a very 
weak shock to propagate back into the channel, explaining the 
large discrepancy between predicted and measured values. Be- 
cause the shocks are much weaker than predicted, they travel with 
a much lower shock velocity. 

The low pressures in the exhaust region behind the shock going 
up the blade channel are actually not surprising, because the 
fluid entering the blade channel from the exhaust side is moving 
at a rather high velocity; relative Froude numbers of 0.6 to 0.7 
were discerned. Since the fluid is sucked in from the exhaust 
region which may be assumed to have a constant water head of 
h,, the water height (A) at a given point should change according 
to the formula 


h, 


h= 


where F is the Froude number at the point. 

A rough calculation based on continuity, small changes in 
water height, and absolute velocities normal to the blade cart in- 
dicated that the absolute Froude numbers of the fluid entering the 
blades would be between 0.3 and 0.4. This would give water 
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Fig. 15 Water height profiles in the blade channel, Series D 
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heights down to 0.35 inch compared to measured ones of 0.30 inch 
and below. A small part of this discrepancy is due to friction. 

However, the active fluid from the nozzle are through the blad- 
ing will affect the pressure in this part of the exhaust plane by in- 
duction as with a jet pump. Comparing the measured water 
heights in Series A, B, and E, Figs. 12, 13, and 16, Series B with 
the strongest jet has the lowest values of water height behind the 
reflected shock, ©, whereas Series E with the weakest jet has the 
highest water heights, ©. Other variables such as cart speed 
and strength of rarefaction waves after nozzle cutoff may in- 
fluence the local water height; since these were not kept constant 
in Series A, B, and E, the recordings provide only a qualitative 
indication of the influence of the jet in creating a strong suction 
which reduces the local water height. 

The motion of the high-velocity fluid in this region of the ex- 
haust plane will be opposed to the motion of the turbine blades; 
therefore considerable work will have to be expended on the 
fluid which flows from the exhaust plane into the blade channels. 
In addition, the angle of incidence of the entering fluid will be so 
great that, even in nonsteady flow, separation around the blade 
channels may be expected, causing an additional decrease of 
pressure in the blade channel. 

Geometrical reconstruction of the incident shock wave and its 
reflection at the closed end of the channel indicated that the 
shock was not strongly reflected until it had traveled to the very 
end of the physical boundary of the curved, oblique-ended chan- 
nel. Thus the effective channel length is about 10 per cent longer 
than the initially assumed length to the intersection of the channel 
center line and entrance plane. Waves arriving at the open end 
appeared to be reflected about as assumed, at the intersection of 
the channel center line and exit plane. 

The effect of a large clearance between nozzle and blade rows 
was investigated to some extent. A flattening and widening 
of the initial pressure rise at the blade entrance was noticeable in 
experiments run with a spacing of 1.5 inches. The local pressures 
did, however, ultimately rise to the same values as in the case with 
very little clearance. Large clearance also served to diminish 
considerably the strong pressure fluctuations due to the nonuni- 
form flow in the nozzle exit. 


Series E, a nozzle are of only one blade spacing, indicates 
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Fig. 16 Water height profiles in the blade channel, Series E 
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Fig. 18 Photographs of flow in blade channels, Series D, Run 154 


basically the same flow phenomena as with a nozzle arc five blade 
spacings wide. Since in this case the same nozzle will supply 
both the blade channel entering the nozzle arc as well as the 
channel leaving it, the pressure fluctuations in the nozzle exit 
will be very large and the channel local pressures will, on the 
average, never reach the pressures in the middle of the wide 
nozzle are of series A. This series, therefore, accentuates the 
effects of the interaction between the entrance and cutoff region 
and has been included in the tests to show how the flow will be- 
have with a very small arc of admission. 

Fig. 17 shows four pictures taken approximately '/, blade spac- 
ing apart in time. The compression waves spreading into the 
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blade channel just entering the nozzle flow are clearly visible. 
In Fig. 17(a) the pressure waves are just reaching the opposite 
side of the channel. Figs. 17(b and c) show the waves propagating 
down the channel. Fig. 17(c) also shows a new set of compression 
waves forming in the next blade channel and Fig. 17(d) indicates 
how the waves have spread. 

The fluctuating shocks and rarefaction waves originating at 
the edges of the nozzle blades in the middle of the nozzle arc 
demonstrate that the flow entering the blade channels is both 
nonuniform and nonsteady. 

Figs. 18(a and 6) again show very clearly a shock traveling 
down the blade channel. Fig. 18(b) also indicates that the flow is 
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not influenced by the 0.027-inch diameter water-height measure- 
ment probe. 


Conclusions 
About the flow in a partial-admission turbine: 


(1) A one-dimensional analysis predicts with good accuracy 
the nonsteady flow in the blade channels when these channels are 
opposite the nozzle arc. 

(2) As a blade channel enters the nozzle arc, pressure waves 
form which gradually steepen into a shock wave as they travel 
down the channel and the shock is reflected as a fan of rarefaction 
waves. 

(3) Oblique shocks and expansion waves develop in the nozzle 
exits as a result of the high-pressure region behind the shock in the 
blade channels. These oblique shocks result in nonuniform 
properties in the fluid downstream of the nozzles. The nonuni- 
formity tends to cancel out on the average and may to a great 
extent be neglected if over-all performance is of interest. 

(4) The flow in a supersonic constant-area blade channel is 
choked at the exhaust end after the initial shock wave has been 
reflected. 

(5) Since the blade channels enter the nozzle are gradually, the 
pressure in the channels will also build up gradually. This in- 
crease starts about '/, blade spacing before the inception of the 
shock predicted from the one-dimensional analysis. This dis- 
crepancy between the theoretical and experimental location of 
the shock wave diminishes as the shock travels down the channel. 

(6) Cutoff upon leaving the nozzle arc will also be gradual and 
will start slightly earlier than predicted by the one-dimensional 
analysis. The major part of the rarefaction waves due to cutoff 
are delayed about '/; blade spacing from the position predicted 
by the one-dimensional analysis. 

(7) Increased clearance between blade and nozzle rows will 
widen the active fluid jet relative to the nozzle arc and will 
smoothen the theoretically predicted abrupt changes of pressure. 

(8) Flow development in the blade channels upon leaving the 
nozzle arc shows qualitative agreement between theoretical and 
experimental pressure profiles, but the theory predicts much 
larger pressures than have been measured. This discrepancy is 
caused by a low-pressure field at the exhaust side of the blade row, 
caused by suction of the high-velocity jet in the exhaust chamber 
opposite the nozzle arc. Since the fluid in this low-pressure region 
will have a large velocity component opposed to the motion of the 
turbine blades, the entrance of this fluid into the blade channels 
results in additional negative work on the turbine. 


About partial-admission turbine geometry: 


(1) The high-pressure drops across the turbine blade row sug- 
gest reaction blading rather than pure impulse blading which 
generally has been the case to date. 

(2) Small clearance between the nozzle and blade rows which 
results in the higher and more rapid pressure build-up in the 
blading is preferable to greater clearances which increase leakage 
and, by widening the jet, postpone complete pressure recovery. 

(3) Guide vanes should be used to direct the flow in a de- 
sirable direction wherever fluid is sucked into the blade channels, 
diminishing the negative work done on the turbine. 


About the use of the hydraulic analogy: 


(1) Compared with a similar interferometric test rig, the water 
table proves inexpensive and convenient both to build and to 
operate. 

(2) The geometry can be changed easily, enhancing a sys- 
tematic study of the influence of design variables on performance. 

(3) The test results are easy to evaluate. 
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(4) In addition to its experimental value, the educational value 
of a water table must be stressed. It provides a direct visual 
observation of the flow, giving an especially clear description of 
supersonic and nonsteady flow phenomena. 
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R. A. A. Bryant’ 


The authors are to be complimented on their novel application 
of the hydraulic analogy. Although the method has been used 
before, notably by European turbine manufacturers, for studying 
compressible flow in turbomachinery, the present work is more 
comprehensive than any already known to the writer. 

There are several matters concerning the analogy which should 


be mentioned in relation to the present study. The major 
problem in most hydraulic analogy work is to demonstrate just 
how closely the water flow does represent some corresponding 
prototype gas flow. The authors have been right in not worrying 
very much about this: It is discouraging if one does, for a study 
of the basic differential equations*® shows that the analogy breaks 
down whenever strong shocks are involved. However, it is 
generally considered that the method will be qualitatively valid 
when shocks occur. 

Thus the authors were wise to compare their experimental 
results with corresponding theoretical predictions for the water 
flow, rather than try to make direct comparisons with the proto- 
type gas flow. There is no doubt that the conclusions made 
about the flow in a partial-admission turbine are qualitatively 
true although there will be some subtle differences in the real 
turbine. For example, boundary layers and secondary vorticity 
might produce some marked variations in the flow phenomena. 

The authors’ statements on water depth are due to the work, 
reported in references [13-16], at M.I1.T. However, it should 
be realized the statements apply only to analogy studies where 
the water is flowing. A water depth of 0.9 inch then seems to be 
a good compromise, enabling depths to be measured with reasona- 
ble accuracy and helping overcome the influence of nonuni- 
formity in the vertical velocity profile due to boundary-layer 
growth along the bottom surface. But when models are towed in 
still water it is more feasible to use the optimum depth, of ap- 
proximately '/, inch, which is necessary to get direct correspond- 
ence between water wave celerity and the velocity of sound in 
gas. Only in such shallow water are waves propagated with zero 
dispersion.’ 

It would appear, from the 0.38-inch water depth used in the 
experiments, that the authors should have attempted to take the 
bottom boundary layer into account. This has already been done 
by Itaya and Tomita,’ although the problem is very complicated. 

Another matter on which the authors may care to comment 
concerns distortion. In determining the cross section of the 
buckets no consideration was given to the boundary layers along 
the sides. It was assumed that the water flow would represent an 
inviscid flow with the same boundary conditions. While the 
writer believes it is necessary to preserve the same geometry if 
shock systems are to be studied, it must be admitted that the 
boundary layers, which will be appreciable over a model of 10- 
inch chord length, will have a definite “displacement thickness 
effect” on the through flow. The writer has already proposed 
rough methods of including boundary-layer displacement into 
the analogy,*” and would be interested to learn if the authors 
had considered making some compromise to allow for this type 
of distortion, or, in fact, whether they did not think it worth while. 


Senior Lecturer in Mechanical Engineering, The University of 
New South Wales, Sydney, Australia. 

*R. A. A. Bryant, “The One-Dimensional and Two-Dimensional 
Gasdynamics Analogies,” Australian Journal of Applied Science, vol. 
7, 1956, pp. 296-313. 

7E. V. Laitone, “A Study of Transonic Gas Dynamics by the Hy- 
draulic Analogy,” Journal of the Aeronautical Sciences, vol. 19, 1952, 
pp. 265-272. 

* 8. Itaya and Y. Tomita, ‘A Study of High Speed Gas Flow by Hy- 
draulic Analogy, First Report,” Trans. Japan Society of Mechanical 
Engineers, vol. 21, 1955, pp. 18-21. 
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H. Kraft?! 


This paper is of considerable interest, especially since good in- 
formation on turbines running under supersonic conditions is 
rather rare. 

The following remarks try to show up a difficulty which is 
likely to arise in this particular kind of test. The entrance of the 
rotating profile, the bucket, into the nozzle stream is a nonsteady 
phenomenon. The fluid is deflected by the bucket and the latter 
is building up its load, establishing its “circulation.” This can- 
not be done without the shedding of vorticity into the free stream, 
the “starting vortex.’ Such a vortex is shown Fig. 19. 


Fig. 19 


It shows at the bottom the stationary nozzles of a radial air 
turbine, which performs with partial admission. The row of 
buckets is covered by the gray band above the nozzles. One 
bucket passage is cut open and permits observation of the flow by 
means of interferometry. The turbine is running at its optimum 
speed. The flow is subsonic, well in the “incompressible range.” 
The observation opening has just entered the first nozzle stream. 
The starting vortex (arrow) is clearly visible. It nearly fills the 
whole passage. The following frames of the film show its decay 
as it passes through the passage. This process is a part of the 
loss which is incurred by partial admission design. 

Theoretically, the hydraulic analogy should show the same 
phenomenon. Unfortunately, the analogy calls for a very shallow 
water depth. This means that a large part of the starting vortex 
is under the influence of the shear of the boundary layer at the 
bottom of the tank. It can be expected that this mutual inter- 
ference will spoil the two-dimensional picture. The vorticity is 
present but not in the form in which it appears in the turbine 
proper. 

It should be possible to find some literature on vortexes (tor- 
nadoes) moving at deflected paths over ground. Thus, a correla- 
tion between water table phenomenon and vortex strength can 
perhaps be obtained. 

Unfortunately, the vortex strength and the partial admission 
loss are of the same order of magnitude. 

It is hoped that these remarks will help to arrive at a rational 
explanation of this loss. 


*R. A. A. Bryant, “The Size of Aerofoil Models for Quantitative 
Hydraulic Analogy Research,” Journal of The Royal Aeronautical 
Society, vol. 60, 1956, pp. 208-209. 

wR. A. A. Bryant, “The Hydraulic Analogy as a Distorted Dis- 
similar Model,” Journal of the Aeronautical Sciences, vol. 23, 1956, pp. 
282-283. 

11 Aerodynamics Engineer, Large Steam Turbine-Generator De- 
partment, General Electric Company, Schenectady, N. Y. Mem. 
ASME. 
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¥ 


D. F. White? 


The writer wishes to congratulate the authors for their excellent 
approach to a very difficult problem. Having read the doctoral 
thesis (authors’ reference [1]) from which the paper was taken, 
and having had personal experience with the computation 
methods employed, the writer can appreciate the immense 
amount of work that was involved. 

It would appear that a one-dimensional analysis predicts the 
actual flow quite well, with the exception of the flow development 
in the blade channels after leaving the nozzle arc. With regard 
to the latter discrepancy, it would seem reasonable to expect 
much better agreement between one-dimensional analysis and 
experimental observations if in the analysis the boundary condi- 
tion on the exhaust side of the blade row were adjusted to account 
for the low-pressure field observed to exist there. It is suggested 
that such a refinement might be accomplished in a manner similar 
to that used by Burri'* where leakage effects in the clearance 
spaces of a Comprex were included in the wave diagram analysis 
of the flows in that machine. In this connection, it is interesting 
to note that the flows in the Comprex and in the partial admission 
turbine are qualitatively similar, and are amenable to the same 
type of analysis. 

It is stated in the paper that nonsteady, two-dimensional flows 
cannot be handled analytically. Although it is true that com- 
paratively little work has been done in that area, the writer 
would point out that, in 1958, Butler’ succeeded in pushing 
through a numerical solution of a problem described by equations 
analogous to those describing two-dimensional, nonsteady, plane 
flow. The results compared very favorably with experiment. 
Furthermore, the method appears generally applicable to the 
numerical solution of hyperbolic equations in three independent 
variables. 

There is little doubt that with sufficient time and effort a 
two-dimensional analysis of the flows in the partial admission 
turbine could be accomplished. However, it appears certain that 
numerical methods would have to be used, and also that the 
extent of the computation would be several orders of magnitude 
greater than that necessary for a one-dimensional analysis. It 
would therefore seem to the writer mandatory to investigate 
more fully the implications of the present one-dimensional 
analysis, or refinements thereof, with the purpose of determining, 
in so far as possible, the effects of nonsteady flows on the per- 
formance of the partial admission turbine. After all, if the 
several other losses to which the turbine is subject are more im- 
portant than the nonsteady losses, then there would not appear to 
be much justification for more sophisticated analyses of the in- 
ternal flows. The writer would ask the authors if they have any 
information concerning the magnitude of such losses as may 
oceur due to the nonsteady flows. 


Authors’ Closure 


We appreciate the constructive comments and pertinent ref- 
erences of Profs. R. A. A. Bryant and D. F. White, and Mr. Hans 
Kraft. 

In reply to the specific comments it will be useful to relate the 
water table effort to our over-all program. Our interest in partial 


12 Penn. State University, University Park, Pa. 

8H. V. Burri, ‘“‘Nonsteady Aerodynamics of the Comprex Super- 
charger,” ASME Paper No. 58—-GTP-15, March, 1958. 

4D. 8. Butler, “The Numerical Solution of Hyperbolic Systems of 
Partial Differential Equations in Three Independent Variables,” 
ARDE Report (B) 35/58, December, 1958. 
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admission turbomachinery stems from our research in, and design 
and development of, solid-propellant turbo-machinery powered 
internal power supplies for guided missiles. The electrical power 
units (EPU) for the Sparrow I, Sparrow III, and Hawk missiles 
were designed in our laboratory at M.LT. 

For these applications, the high energy-content and low mass- 
flow of the solid-propellant combustion products directed us into 
partial-admission turbine design which in turn has motivated a 
research program on the influences of partial admission, aspect- 
ratio, solidity, very low velocity-ratios, supersonic fluid velocities, 
pumping losses, ete. The results of this work, the experimental 
parts of which were conducted by parametric studies of complete 
turbines, are described in references [2, 3, 4, and 5] of the paper. 
The particular influence of partial admission, the query of Profes- 
sor White, is shown in Fig. 20 which compares the efficiency of a 
partial-admission turbine relative to a full-admission turbine of 
the same geometry and operating point, as a function of partial 
admission, here defined as the number of turbine blade channels 
covered by the exit-plane flow of the nozzle. As the nozzle- 
Jength-to-blade-spacing ratio decreases below 2.5, a frequent 
consequence of low output power and high working-fluid energy, 
the partial-admission effects are seen to be quite significant. 
These losses peculiar to partial-admission operation result both 
from the essentially unsteady flow in and near the active nozzle 
flow, and pumping losses in the idle blades. 

Wennerstrom™ has studied the relationship between the 
geometric arc of admission of the nozzle and the arc of disturbed 
fluid flow which defines the boundary between “‘idle’’ and ‘‘work- 
ing’ blades thus permitting an evaluation of the per cent of 
periphery in which pumping will occur. Mann and Marston" 
have evaluated the pumping losses. 

The relative contributions of the unsteady and pumping flows 
to partial admission losses depend of course on the particular 
design and operating point, but generally the unsteady flow 
losses are most significant. Furthermore, they cannot be avoided 
as can be the pumping losses by, for example, multiple pressure 
staging a single turbine wheel by means of re-entry. 

The water table technique was and continues to be explored as 
a means by which the actual unsteady flow, or more precisely a 
satisfactory analog to it, can be easily and quickly observed in 
order that design decisions on nozzle and blading geometries for 
different design and operating conditions can be determined. We 
have no illusions as to the essentially approximate character of 
this use of the water table. Certainly performance influences sug- 
gested on the water table must be confirmed by complete turbo- 
machinery tests using the compressible medium. 

Thus in evaluating the analytical approaches of Professor White 
or the experimental adjustments of Professor Bryant we must 
balance the relative difficulty of an approach against the incre- 
mental benefit likely to be derived, especially for those cases 
where we would like to evaluate a wide range of geometries and /or 
operating points in order to arrive at an optimal design. 

Regarding the suggestions of Professor Bryant, the unsteady 
character of the flow and the presence of shocks introduce con- 
siderable uncertainty as to the nature of the profile corrections 
necessary to compensate for boundary layer build-up as well as 
to the form of compensation for the bottom boundary layer. 

Professor White’s reference to Burri’s incorporation of leakage 
effects in the Comprex may well help to explain the divergence 
between theory and experiment at the end of the nozzle arc. 


1 A. J. Wennerstrom, “An Experimental Study of Windage Losses 
in a Partial Admission Gas Turbine,"”” SM thesis, Department of 
Aeronautical Engineering, M.1.T., Cambridge, Mass., 1958. 

1% R. W. Mann and C. H. Marston, “Friction Drag on Bladed 
Disks in Housings,"” ASME Paper No. 61—Hyd-5, EIC-ASME 
Hydraulics Conference, May 8-11, 1961. 
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Fig. 21 Operation conditons: Fy = 2.26; U/vy = 0.20; hy = 0.38 in.; 


While the one-dimensional analysis of the paper correlated well 
with the essentially one-dimensional experimental results, for re- 
search understanding, and as a design tool, the two-dimensional 
character of the flow must be studied. In this connection Pro- 
fessor White’s reference to Butler’s numerical solution to two- 
dimensional, unsteady, plane flow, and the announcement at the 
session of Prof. H. H. Korst of the University of Illinois of a 
digital computer program for three-dimensional method-of-char- 
acteristics solutions” points the way to more precise analytical 
predictions of the real flow. 

As for two-dimensional data from the water table, we have de- 
vised techniques for strobe-illuminated, photostereogrammetric 

"Cheng Chih Tsung, “Study of Three-Dimensional Supersonic 


Flow Problems by a Numerical Method Based on the Method of 
Characteristics,” PhD thesis, University of Illinois 1961. 
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Cc 


nozzle angle = 20deg; blade angle = 30 deg; contour interval 0.02 in. 


recording which provide two-dimensional water-height contour 
maps of the water surface as a function of time, thus providing 
the hydraulic analogy equivalent of Mr. Kraft’s interferometric 
photo of his gas-flow partial admission turbine. Fig. 21 is such 
a typical map. It shows the nozzle exit, turbine blade channel 
entrance region of a partial admission turbine. The turbine 
blade channel bounded by blades B and C has partially traversed 
the first nozzle bounded by surfaces 1 and 2. A vortex-like pres- 
sure distribution not unlike that in Mr. Kraft’s illustration is 
shown to have developed in the channel. It would be interesting 
to compare Mr. Kraft’s interferometric gas data with our photo- 
stereo water data for adequately similar cases, to try to directly 
establish the validity of the unsteady flow water-table and to 
detect the presence of the starting vortex and the influence of 
bottom boundary-layer shear on its strength. 
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Transport Processes Involving a Moving 


L. $00 

Professor of Mechanical Engineering, 
University of Iilinois, Urbana, lll. 

Mem. ASME 


1 Introduction 


HE FLUID mechanics of a spinning body moving at 
a high speed in a low-density medium has considerable practical 
interest. A simplified situation of such a spinning body is a ro- 
tating disk with forced axial flow of a gaseous medium. 

At very low pressures, the relations of momentum and energy 
transfer of free-molecule flow toward a rotating disk can be 
calculated easily as shown in Section 5 of this paper. 

At higher intermediate pressures in the microns of mercury 
range where slip motion occurs, however, the calculation requires 
a solution to the problem of compressible boundary-layer motion 
in a rotationally symmetric system. 

The problem of steady, incompressible, laminar motion of a 
rotating disk in a semi-infinite fluid medium has been studied 
thoroughly. Solutions available include: The case of induced 
motion by rotation alone was solved by von Karman [1]! and 
Cochran [2]; the case of forced axial motion alone was solved by 
Homann [3]; the general case of forced axial motion with rota- 


' Numbers in brackets designate References at end of paper. 

Contributed by the Fluid Mechanics Subcommittee of the Hy- 
draulic Division and presented at the Winter Annual Meeting, 
New York, N. Y., November 27-December 2, 1960, of Tae Ameni- 
can Society oF MecHanicat Encineers. Manuscript received at 
ASME Headquarters, August 1, 1960. Paper No. 60—-WA-154. 


———Nomenclature 


Rotating Disk in a Low-Density Gas 


An analytical method is presented for studying the compressible boundary-layer motion 
over a rotating disk including axial forced flow. Some existing incompressible flow data 
can be utilized. The range considered includes free-molecule flow, slip flow, and high- 
density gas flow. A new correlation for treating disk-friction data is suggested. Gen- 
eral aspects of friction and heat transfer are discussed. Results suggest the rotating disk 
as a suitable tool for experimental study of mechanics of a rarefied gas. 


tion was solved rigorously by Hannah [4] and an approximate 
solution was furnished by Schlichting and Truckenbrodt [5]; 
the solution of heat transfer in the rotation-induced incompressi- 
ble motion was obtained by Millsaps and Pohlhausen [6]. 

Through a transformation procedure, the foregoing incom- 
pressible solutions can be applied to the case of compressible 
laminar boundary-layer motion, and their numerical methods 
can be extended to slip motion in a rarefied gas. 


2 Equations of Compressible Laminar Boundary-Layer 
Motion 


In the cylindrical polar co-ordinates r, ¥, z, the disk is located 
at the plane z = 0, and is rotating at constant angular velocity w 
about the axis r = 0; u, v, w, are the velocity components in the 
directions r, ¢, z; p, p, T are the pressure, the density, and the 
temperature; py, A, c,, Y are the viscosity, the thermal conduc- 
tivity, and the specific heat at constant volume, and the ratio of 
specific heats of the gas; L is its mean free path and R is the gas 
constant per unit mass. Due to axial symmetry, all quantities are 
independent of ¢. 

The state of the gas far away from the disk is represented by py, 
ps, T1, ps, Ar, Ly, and a characteristic w;. c, and are taken as 
constants. Following Hannah, neglecting compressibility at dis- 
tances far away from the disk, 


a = outer radius of disk 
A = constant defined in Fig. 3 
B = reduced forced-flow contribution defined by 
equation (23) 
constant 
specific heat at constant volume 
local friction coefficients in tangential and 
radial directions 
friction-moment coefficient 
function defined by equation (84) in free- 
molecule flow 
reduced tangential velocity function defined 
by equation (23) 
heat-transfer coefficient 
rate of change of velocity per unit distance 
dimensionless viscosity or thermal conduc- 
tivity, or 
(Nx)y (Nx)e = Knudsen numbers defined by L,/r, L,/a 
L = mean free path 
& = dimensionless mean free path, L/I; 
M = total friction moment 
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Meo, Mow, 
M.,, M, 


Mach numbers defined by rw/(yRT)'/* 
reduced axial-velocity function 


(Nwu)s, (Nwu)e 


P(n) 


Np, 
q 

Q 
Qi(n) 


7(0) 
R,Z 
R 

(Nre), (Nre)z, 
(Nre)rw, (Nre)aw 


Nusselt numbers defined by 

static pressure 

a function of pressure 

reduced pressure function defined by equa- 
tion (23) 

Prandtl number 

heat transferred per unit area per unit time 

total heat transfer 

reduced heat-transfer function defined by 
equation (35) 

cylindrical polar co-ordinates in radial, 
azimuthal, and axial directions 

recovery factor at wall 

dimensionless co-ordinates, r/L;, 

gas constant per unit mass 

Reynolds numbers defined by: Liwip:/p, 
Ly*wpi/ pr, TWepr/p, 

pr 

(Continued on next page) 
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where k, ¢ are constants, with the modification. 


where p* is a function to be determined. 
The following dimensionless quantities are introduced 


R=r/L, Z=s/L,, T = p/p; 


w 


pul, 
——, Np, = —; 

My 
and following Chapman and Rubesin [7]: 


(Nre) = 


disk surface, 


W 6 
U 


e|s 


center is neglected and will be discussed later. 
The continuity equation takes the form: 


0 


The momentum equations are: 


Nomenclature 


Ue we —2kz—c, as (1) 


p p 


U = u/m, V=v/m, W=w/m; w = + k)'/*/4, 


Q = = 
Q + kay” K (3) 


KT =a, (4) 


where ¢ is a constant (o for air varies from 1.2 at —388 F to 0.5 
at 188 F of free stream). It is further assumed that, at near the 


+-<il, (5) 
r 


where 6 is the boundary-layer thickness; condition at the very 


ROR + ~ (6) 


au 
1 
(Nan az az’ 
oV UV oV 1 ra) 
r (v — + — + W— ) = — K—, 
oR R + oZ ) (Nre) 0Z oZ (8) 


ow ow 1 ap* 1 2, 
r(u at” pw? * (Nm 
(9) 
The energy equation is 
26 26 ra) 06 


«| (33) + (19) 


The boundary conditions at z—> © were stated earlier. There 


are the following possible boundary conditions at the disk (Z = 0): 


1 When no slip occurs 


U=W =0, 
(11) 


(a) For a disk with prescribed temperature T,, 


T 
2 
(12) 
(b) For an insulated disk 
0 (13) 
oZ 


2 When slip (Rayleigh, Schaaf [8]) occurs (£ = L/L), with 


subscript s denoting slip at the disk surface, 


oZ wi oZ (14) 


=«(22), (18) 


equation (35) 
S. = reduced axial velocity w, /(2RT)'/* 
= static temperature 
u, v, w = radial, tangential, and axial velocities 
dimensionless velocities, u/w;, v/w:, 
respectively 
uw; = characteristic velocity defined by 
Ly(w? + k2)'/*/4 
= free-stream velocity to a finite disk 
= accommodation coefficient at surface of disk 
= ratio of specific heats 
dimensionless density, p/p; 
= boundary-layer thickness 
= reduced axial co-ordinate in reference [4] 
= transformed dimensionless axial co-ordinate 
defined by equation (24) 
6 = dimensionless temperature, 7/7; 
759/128 


= 


3+ “I R 
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S(n) = reduced dissipation function defined by 


thermal conductivity 
viscosity 
= reduced stream function 
= density 
= factor of proportionality in relation u/p: = 
o(T/T)) 
o, = oat wall 
Te, T, = local shear stress in tangential and radial 
directions 
@ = function defined by equation (72) in free- 
molecule flow 
= stream function 
w = angular velocity of rotation 
Q = dimensionless angular velocity 


Subscripts 

0 = at origin or stagnation condition 

1 = free-stream or characteristic quantities 
w = condition at surface of disk 
P = notations in reference |6] 

r = radius r or reflected molecule 
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W =0, 
and 
é (x = 75m/128) 
with possible cases as given in (1). 


3 Transformation and Solution of Equations 


Introducing stream function y such that 


oy 1 oRy 
TU = aR (16) 


the continuity equation is satisfied. Extending the Howarth 


transformation to the present system of co-ordinates [7, 9], 
the transformation consists of 


(sz), (34), 


Further, we introduce co-ordinate £, such that 


t= (18) 


17) 


The momentum and energy equations take the form 


op* 

oR R d& dt dé 


= w,?, 


where 


The solution for the first three equations is sought in the form 
(corresponding to Hannah’s method): 


U =4R V = 


W = -—4| — N(n) 
| (23)? 


P(n) = p*, Ba 

where 7 is defined by 

N(n) = (24) 
Equations (19) to (20) are reduced to 

— — = B? + (25) 
2GN’ — = G’, (26) 
4NN’ + 2N” = P’, (27) 


which are exactly the same forms obtained by Hannah, except 
that all the functions N, G, and P are now functions of 7. There- 
fore, for cases where there is no slip, her solutions apply entirely 
when { (= (p{w? + k*]'/*/y)'/*z) is replaced by 7. 


2 An approximation discussed in Section 6. 
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In the case when slip occurs, the boundary conditions are 


N"(0) = —2 [=] 


V/s 
1 — G0) = 2 [ 


(28) 


and 
N(O) = 0 


The method of numerical solution developed by Hannah applies 
here equally well. The value of (Ne); is usually a small number 
at moderate density of a gas. 
wilip, + k*)'/%p, 

Mh My 


= 16 R ‘ 
E (2) Jat Fa » (29) 


where L,/r is the Knudsen number at radius r and M,, is the 
Mach number rw/(yRT;)'/*; note that 
Lw 


(Nre) = 


The last equality in equation (29) permits correlation of con- 


tinuum to free-molecule flow. In terms of macroscopic properties 
(10) 


16 Mi 
L, = — 
pi(2eRT)'* 
and 
16\2 py (w? + 128 
128 pw ke 


The order of magnitude of (Na.); can be seen from the relation 
that, at room temperature (neglecting k) 


Nre) 
(Rad 10-“p)—, (32) 


for p in micron mercury and w in rad/sec. Significant slip effect 
would be observable at 104 rpm and P = 1 micron Hg, giving 
(Nre) ~ 0.1 and 

N'(0) ~ 0.2N"(0) (33) 


The pressure distribution in the gas is given by 
r 
(Po — p) = 2k*p, Tr dr + + k*)'*P(m), (34) 


where py is the stagnation pressure atr = 0. The compressibility 
effect can be seen from the terms involving T and a. 

The determination of the physical co-ordinate and the heat- 
transfer relation calls for solution of the energy equation. The 
solution postulated is 


= 32(y — + (6, — + 1 (35) 


Equation (22) becomes separable, giving 


Q,” + 2NQ,’ = 0, (36) 
4. Pr 
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Pe a 
(22) 


+ 2NS’ — 2N’S = + 
‘VPr 


(37) 


These equations are identical to the forms arrived at by Millsaps 
and Pohlhausen with the following corresponding notations (sub- 
script P means notations in reference [5]), keeping in mind the 
fact that now S, Q,, and the velocity functions are functions of 7: 


(Pohlhausen’s notation o for modified 
Prandtl number) 


—2N’ = Hp’ = —2Fp, 
= Gp’ 
When there is no slip at the wall, the boundary conditions are: 
1 Fora constant wall temperature, 


= Op, 


(38) 


Q(0) = 1, SO) =0, = So) =0 (39) 
2 For an insulated wall, 
= =0 (40) 


When slip motion occurs, in the case of a constant wall tem- 


perature 
(Nre): 
6, 0, = [ ] on (41) 
giving 
(Nre) 6, -1 
the latter being the accommodation coefficient; and 
80) = | (43) 


Again the incompressible solution is applicable. The solution by 
Millsaps and Pohlhausen includes the case of no-slip rotation- 


induced motion only. However, the method outlined is applicable 
to forced motion and slip motion. 
Knowing 
T 1 
the physical co-ordinate z and Z can be calculated: 
2 |" dn 
d{—}) =dZ = —-! ; 45 
(z) Ex T 
at a given R, 
/s fe 
2 w? R 
The local rates of shear at the wall can be calculated: 
ou w [ (Nee) 
—§ — | — TN’ 
/s 
= + (2) (47) 
T. 
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Ou WM (N Re)1 


= + (2) 
Ki 


rG’(0), 


(48) 


giving greater boundary-layer thickness and smaller rate of shear 
when the wall temperature is higher than the gas temperature 
than when 7; = T,; the latter condition is identical to the in- 
compressible case for ¢ = 1. 

The local rate of heat transfer at the wall is given by 


L, ] on (49) 


4 Friction and Heat-Transter Characteristics 


Expressing in terms of dimensionless coefficients, the local tan- 
gential shear-stress coefficient at radius r is given [7] by 


(Nx), |'* o [ 
where the Reynolds numbers are 
(NRe) tw (52) 
Mi 
and the Kuudsen number for the radius r is 
L 
(Nx), = (53) 


(Nx)- < 1 for the boundary-layer approximation to be valid. 
r = 0 is therefore excluded, but for the usual density of the gas, 
the radius excluded from this consideration is very small. Simi- 


larly 

1/spyw.* 


where 
= 
Mh 
The local Nusselt number at the disk is 
N rh \'/ 
= —[(NRe)rw) */s (: + ~) 
+O") |, (65) 
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J 
or T, 20 
wdz wl, 
\ 


where h is the heat-transfer coefficient. When the disk surface is 
insulated, 00/n = 0, and the wall temperature is given by 


4 + [ ] 1 
—Q'(0) ry 


giving a parabolic temperature profile. {Note that Q,’(0) < 0.] 
The friction moment exerted on a finite disk of radius a, neg- 
lecting the exit condition, can be calculated from: 


dz 


6, = 1 (56) 


(57) 


dependence on heat-transfer conditions is accounted for by o and 
The over-all heat-transfer rate is given by 


L 0 on 0 

(59) 


When dealing with a disk of finite radius a, the ratio k/w is 
related to the free-stream velocity of forced flow [5] according to 


2 we 


a 
Q -f 2nrdrq = 
0 


(60) 


(61) 


Hence we have the friction moment coefficient (Cy = 
/p,a%w?) : 


2M / 


4 \'* 
(1 +4 2 
N Re)awl /s 
and the over-all Nusselt number is 


1 


4 


+ | (63) 


The average temperature of an insulated disk is 


a 
6. -f dr/(a?/2) 
0 


[ Mantra —1) + »| Ee 
(64) 


where Maw is the tip Mach number [aw/(yR7;)'/*) of the disk 
and M,, is the free-stream Mach number. The recovery factor 
— (7) at the wall based on forced-flow Mach number is given by 


5 Free-Molecule Flow Over a Rotating Disk 


When dealing with free-molecule flow over a rotating disk, the 
incident molecules may be assumed to follow Maxwellian distribu- 
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tion and they are reflected diffusely from the surface. The 
method as outlined by Patterson [10] gives, in a straightforward 
manner: 


1 
To = + Vr S.(1 + erf (66) 


where S, = w,/(2RT)'/*? = 
efficient at radius r is then 


M. (7/2) and the friction co- 


Ty 


fe~ 4 + erf /Mren 
(67) 


where M,, = rw/(yRT')'/*, the Mach number at radius r due to 
rotation. When there is no force flow (S, = 0), 


Cy = 


(3ym)'/* 


(68) 


for y = 1.4. 
The friction-moment coefficient of a disk of radius a in free- 
molecule flow is: 


= — Sw? 
Cu = + Var Soll + ert (69) 


When compared to continuum motion, the relation 


= (Nre) ew 5/16) 5/is (NRe)aw(N 
y/ a 


(70) 
gives the effect of Knudsen number in the free-molecule flow 
range. 

The energy exchange in the free-molecule flow range again can 
be easily calculated, giving, for constant wall temperature T',, 


hr 2 “a (NRe) rw 
= N a = 2 
(Nwu) / ( ) (y¥ 1) M... 


+ 
(T; T.) 


— Sw? 


1 


+ 


(71) 
(1 + 9) (: 
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where a is the accommodation coefficient, and 


The over-all Nusselt number based on radius a of the disk is 


= > = (y 


4 + erf S,)] 


(72) 
erf S,) 


) 
a*w*/2 + we" 


at(y — 1)c,(7; — T,) 


(73) 
The average wall temperature (for an insulated disk) is given by 
— 
+ a} 


(74) 
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. 
o w’ Mow 
or 
2w 
k= — = 
a 
2 (62) 
4 w.? 
aw 
J 
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where 7’, is the temperature of reflected molecules. For rotation 
alone, when compared to continuum flow: 


6-1 S'(0) 
——-——- —] (75 
(7: ) | 


1 
For foreed flow alone, 


T, Y 
—_ = - 6 
1 4 (76) 


The recovery factor at the disk based on forced-flow Mach num- 
ber is therefore 


6 Discussion 

The solution presented in the foregoing deals with a disk with 
an insulated surface or constant-temperature surface. With more 
terms in the series representation equation (35), the case with 
variable disk-surface temperature can be computed as analogous 
to Chapman and Rubesin’s modification of Crocco’s solution of 
the problem of flat plate parallel to the gas stream [7]. 

For the consideration of transition from free-molecule flow to 
continuous flow, it is most convenient to express the momentum 
and heat-transfer relations in terms of 


and (Nwu)-(N x), versus 1/(N 1/M;) co-ordinates. 


Thus for free-molecule flow: 


(Sym) 
2 
32 
(Nwu)e(N x), (Y 1)F\(S,); (79) 


254 


and for continuum flow 


Vo 


(80) 


\* 
(N Nu)r(N 5 (>) 
k2 


a 
Vo w 

where G’(0) and Q,’(0) are functions of (Nx),M,., equation (29), 
and Np,/y. The foregoing (Nyu), are for the case of highly 
cooled surface such that (7; — 7',) is very large and only Q,’ 
gives the significant contribution to heat transfer. 

Fig. 1 shows the momentum-transfer relations and Fig. 2 shows 
the heat-transfer relations over the complete laminar range of no- 
slip through slip and molecular flow. Both include rotation and 
forced flow with y = 1.4, 0 = o, = 1, P = 0.70 for the sake of 
simplicity. In these figures, only in the case of rotation-induced 
motion, the transition from no-slip to slip and then to free- 
molecule flow is continuous (from the curves of w/k = © to S, = 
0). Piecing up of other curves of S,, and w/k depends on the value 
of w.,/aw and the temperature of the gas. The abscissa is directly 
related to the pressure, from equation (31) 


_8/2- _ hho 
(wy)'/* Mro(N x), 


Pr (82) 


and ™~ 15 xX 10-8 


Mro(N 


microns of mercury for air at room temperature with w in radians 
per sec. Slip effect is not significant at M,. ~ 0.01 giving p, ~ 
0.15 mm Hg for w at 10,000 rpm 

Slip flow in the cave of rotation-induced motion occurs over the 
range 1 < [(Nx),M,.]~!'< 100. This range is comparable to the 
case of a flat plate parallel to the stream: 0.2 < [(Nx),M,]“'< 
20; z is measured from the leading edge. Similar conditions of 
slip in both cases are obtained at a pressure of 15-micron mercury 


o 


4 FREE MOLECULE 
FLOW 
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Local tangential friction coefficient (¢ = o. = 1)(y = 1.40) 
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for a rotating disk at 1000 rad per sec [(NV.x),Myw] ~! = 10, anda 
flat plate with free-stream Mach number equal to 1 and over a 
length within 1 cm from the leading edge, [(N«),M..]~™' = 2. 
Without sufficient experimental work it cannot be said which one 
is a better way to study slip flow; however, the foregoing sug- 
gests a new possibility. Further, the range of slip flow increases 
in the case of a rotating disk as the foreed-flow Mach number in- 
creases. 

To account for the case of forced flow toward the disk alone, the 
interested relations for a highly cooled disk are: 

In the free molecule flow range 


a 4 
r 


32 
— DFAS,) 


= = 


In the continuum flow range 


can. (2) (22) 
r Vo 


(1 ) (85) 


-2 
= — — 
V/5 (=) Vo 


w? 
(1 + (36) 


These relations are given in Figs. 3 and 4. From the relation 
given by equation (61) the radial friction coefficient for the rota- 
tion-induced motion is given by 


Vo 


which, when plotted in the co-ordinate system of Fig. 6, is para- 
metric with 


(Nx), 
The asymptotic values for large (M..(Nx),)~' are shown Fig. 3. 
To see the direct effect of the size of the disk, the friction- 
moment coefficient and the over-all Nusselt number are presented 


in terms of CyMaw and (Nwu)aMew/(N Re) ow Versus (N Re) 
as shown in Figs. 5 and 6. In the free-molecule flow range 


: 
(Nwu)eMew 


(Ne) ow 


2 
= /,— (y — 1)F\(S,) (89) 
ry 


In the continuum range 


Mi. 
-@’@ 
(NRe)aw vo ( 


( 
(NRe) aw (Nre)aw Vo ) 


The Nusselt numbers here are for the case of highly cooled disks. 
In Figs. 5 and 6, again o, = ¢ = 1, y = 1.4, Npr = 0.7. Availa- 
ble experimental data in the lower range of (Nre)aw/Maw’, at this 
time consists of that given by Theodorsen and Regier [11] for 
air as reproduced in Fig. 7. Since the Mach numbers were given 
only as from 0.24 to 0.62, only three points as denoted can be re- 
plotted in Fig. 6. Points 2 and 3 represent 'cwest experimental 
data of (Nre)aw/Maew? so far available. The agreement is con- 
sidered good since the experiments are understood to have been 
carried out at room temperatures, giving o,,/+/¢ less than 1 for 
the case of large Mach numbers (0.62). 

It is known that the drag coefficient of a rotating body de- 
creases with increased spin speed. However, this is contributed in 
the afterbody and cannot be seen in the case of a rotating disk 
alone [12]. 

Due to the assumption of a highly cooled surface, the foregoing 
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Fig.2 Local Nusselt number (o = oy. = 1, y = 1.40, Np, = 0.70) 
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Fig. 5 Friction-moment coefficient (¢ = cy = 1, y = 1.40) 
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Fig. 6 Over-all Nusselt number (c = oc. = 1, 7 = 1.40, Np, = 0.70) 


~KARMANS LAMINAR 
FLOW FORMULA 


Fig. 7 Experimental data of friction-moment coefficient at substantial 
Mach numbers (0.24 to 0.62). Theodorsen and Regier [11]. 


heat-transfer data do not include the dissipation. Dissipation 
raises the heat-removal requirement to higher than that given 
by the Nusselt numbers in the foregoing. Its calculation calls for 
information concerning S’(0)/{—Q’(0)] or the recovery factors 
7(0) given by equations (65) and (77). The average recovery 
factor for various cases is shown in Fig. 8 for y = 1.40, Np = 
0.70. Fig. 9 shows the average wall temperature for forced flow 
only (y = 1.4, Np, = 0.7). The spread between the average 
wall temperatures for free-molecule flow and continuum motion is 
wider than the case of a flat plate. The stagnation temperature 
is still intermediate between these two conditions, as it should be. 

Although the basic properties chosen are those of air, the fore- 
going method is applicable to the case of an ionized gas, for in- 
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Fig.8 Average recovery factor and —S'(0)/Q; (0) for rotation-induced 
motion 


stance, which is an item of current interest. Modification of the 
Prandtl number will then be necessary. This transformation pro- 
cedure is applicable when additional potential field has to be con- 
sidered. 

It should be pointed out that W = —4[o/(Nne):]'*N(m) 
in equation (23) is an approximation. The continuity condition, 
equation (6), gives, for 1/T ~ @, 
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Fig. 9 Disk temperature due to forced flow alone 
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For @ as given by equation (35), 


which is readily integrated, giving, with W(0) = 0: 


(Nre |“ 
W = + 128(y7 — 1)M\2R2N’ Sdn, 
0 


(94) 


or 


W = -4[ 555 | 32(¥ 1)M,*R°S + (6, 1)Q:] 
(N Re)i 


+ 128(7 — 1) Fan Sdn, (95) 
(N Re)i 0 


and W in the foregoing solution is the first term of the series ex- 

~pansion in R. It might seem that this approximation is rather 
drastic. However, N and N’ are determined from equations (25) 
and (26) independent of the value of W near the disk, while at 
infinity, the compressibility effect is not felt anyway. Hence the 
friction coefficients are, in general, not affected by this approxima- 
tion to a significant degree other than in estimating the coefficients 
o and o,, for the case of an insulated disk, which are averaged 
values. Further, for small Prandtl numbers below 0.7, the con- 
tribution of Q; and S on W is small. 

In reality, at high axial speeds such that free-stream Mach num- 
ber is greater than 1, the condition corresponding to z + © is 
the condition after the shock and therefore the contribution of the 
variation of W in the boundary layer is small. However, the in- 


432 / 1961 


teraction of rotation on the shock structure is worth investigating. 

In the heat-transfer calculation, the contribution of higher order 
termsin equation (95) depends on the speeds and the Prandtl num- 
ber. Since it contributes only to convection in the axial direc- 
tion and it is small in most physical situations, the error due to 
such an approximation cannot be significant. On the other hand, 
for small Prandtl numbers, equation (95), together with equation 
(22) offers a convenient iterative scheme for numerical caleula- 
tions. However, unless one is interested in the actual axial 
velocity and pressure distribution, such a tedious procedure has 
no great significance. 


Conclusions 


This study shows that the compressibility effect is significant 
for gas flow over a rotating disk. Incompressible flow approxi- 
mation in this case introduces at least a similar extent of in- 
accuracy as in the case of a flat plate parallel to a gas stream. 

The flow parameter concerning flow over a rotating disk 
[(NRe)aw/Maw?] or [(Nx),Mrw]~! are functions of pressure, gas 
property, and angular velocity only. This permits experimenting 
with relatively large specimens in slip flow and free-molecule flow. 
Comparison with previous experimental result indicates that for 
sufficiently high tip Mach number of disk the foregoing gives a 
better method of correlating data. 


Although the spin of a body may reduce the drag coefficient of 
a blunt-nosed body, the recovery factor is increased by spin, thus 
giving a higher adiabatic wall temperature or greater cooling re- 
quirement. 
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Analog Computer Solution of a Complex 
Transient-Hydraulic Problem in the 
Power Industry 


The Scattergood Steam Power Plant of the City of Los Angeles uses Pacific Ocean 


water as a heat sink. During the design of the circulating water system which conveys 
the ocean cooling water to the condensers, it was necessary to predict the hydraulic 
behavior under certain unsteady conditions in order to establish design criteria. This 
article describes the circulating water system, the problems to be solved, the methods of 
mathematical analysis, and the analog computer solution of the resulting set of 28 simul- 


Description of the Circulating Water System 


A. ISOMETRIC DRAWING Of the circulating water 
system is shown in Fig. 1. Certain modifications were made after 
completion of this analysis such that the system as now built is 
slightly different. Referring to Fig. 1, water is drawn from the 
ocean into the screen and pump chamber, part 43, through 
tunnel, part 2, by the eight circulating water pumps. The two 
pumps for each of the 156 megawatt, Units 1 and 2, are rated at 
40,000 gpm and 25-ft head. The two pumps for each of the pro- 
posed Units 3 and 4 were assumed rated at 50,000 gpm and 25-ft 
head. Water is delivered through the respective condensers, re- 
turns to the discharge chamber, part 44, and out tunnel, part 1. 
Stop log chambers, parts 46 and 47, are to isolate for repair the 
return line of a unit that is out of service. Surge chambers, part 
45, are to relieve any dangerous surges that might result from 
faulty operation of an inlet valve. 

One problem common to ocean cooling water systems is marine 
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taneous nonlinear differential equations. 


growth fouling of the piping and condensers. It has been found 
that, if the water temperature can be raised to about 106 deg F for 
50 minutes, it will cause 100 per cent mortality among marine 
life common to Southern California waters. The Scattergood 
Steam Plant circulating water system was, therefore, designed so 
that the water temperature can be raised by recirculating back 
into the screen and pump (intake) chamber, the warmed water 
discharging from the condensers. The screen and pump chamber 
with four 11-ft butterfly valves designed to accomplish this heat- 
treatment is shown in Fig. 2. The schematic diagrams of the 
screen and pump chamber, Fig. 3, gives the valve positions for the 
various steps that must be taken in heat-treating the sysvem. 
These steps are shown as follows: 


1 Normal Flow. Under normal conditions, ocean water enters 
the screen and pump chamber through No. 2 tunnel, picks up heat 
in the condensers, and leaves through No. 1 tunnel at a tempera- 
ture greater than the inlet ocean temperature of No. 2 tunnel, but 
below the temperature needed to kill marine growth. 

2 Heat-Treatment of No. 1 Tunnel. By opening valve 4, a 
part of the heated water goes out No. 1 tunnel, and the rest is 
recirculated into the screen and pump chamber. When the 
screen and pump chamber temperature reaches 106 deg F, valve 4 
is adjusted to maintain this temperature fairly constant for the re- 
quired 50 minutes. The temperature in No. 1 tunnel will then 
be higher than the 106 deg F in the screen and pump chamber by 
the amount of heat picked up in the condensers. The No. | tun- 
nel is in this manner heat-treated along with the rest of the 
circulating water system except the No. 2 tunnel where the tem- 
perature is that of the ocean. After heat-treating the No. 1 
tunnel, the system is returned to normal flow. 


Nomenclature 


A, = floor area of chamber 1, ft? terms of head loss), ft Ji; = function generator 
D,; = diameter of tunnel 7, ft P, = difference in head across pump j, ft h, = friction head per 1000 ft of tunnel, 
H, = water surface elevationinchamber Q,; = flow rate between points (nodes) 7 ft 
i, ft and j, ft*/sec t = general subscript 
K = Hazen-Williams head loss co- T, = difference in head across tunnel i, j = general subscript 
efficient ft k = general constant 
K’ = Hazen-Williams head loss coeffi- V, = difference in head across valve i, i = time, sec 
ft v = average velocity, ft/sec 
cient divided by ( +) Z; = difference in head across condenser z = general variable 
L, = equivalent length of tunnel i (in i, ft y = general variable 
terms of straight pipe), ft a = tunnel cross-sectional area, ft* a@ = valve opening angle, radians 
L,’ = equivalent length of tunnel i (in c, = empirical flow coefficient of valve T = valve operation time, sec 
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Fig. 1 Isometric drawing, circulating water system, Scattergood Steam Plant 


Parts list for Fig. 1 
Actual Equiv. 
Pt length, length, Volume 
no Description feet feet cu ft 
144" Concrete Pipe 
2 144” Concrete Pipe 
3 108” Concrete Pipe 
4 108” Concrete Pipe 
5 96" Concrete Pipe 
6 96” Concrete Pipe 
7 54” Concrete Pipe 
8 54” Concrete Pipe 
9 54” Concrete Pipe 
10 54” Concrete Pipe 
11 54” Concrete Pipe 
12 54* Concrete Pipe 
13 54” Concrete Pipe 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 


8 


5.5’ 

108” 45° Ell 2 Mitre 
96" 45° Ell 2 Mitre 
54” 90° Ell 4 Mitre 
54” 90° Ell 4 Mitre 
54” 90° Ell 3 Mitre 
48” 90° Ell 4 Mitre 
48” 90° Ell 4 Mitre 
48" 90° Ell 3 Mitre 
54” Branch of Tee 

48” Branch of Tee 

54” Butterfly Valve 

48” Butterfly Valve 

11 ft Intake Valve 

11 ft Discharge Valves 
— and Pump Cham- 


Discharge Chamber 
Intake Surge Chamber 
as Stop Log Cham- 


5.5’ Sto; Cham- 
hy p Log 


54” Concrete Pipe 
48” Concrete Pipe 
48” Concrete Pipe 
48” Concrete Pipe 
48” Concrete Pipe 
48” Concrete Pipe 
48” Concrete Pipe 
48” Concrete Pipe 
48” Concrete Pipe 
6.0’ Sq Tunnel 


30.2 
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Fig. 2 Screen and pump chamber, Scattergood Steam Plant 


NO. 2 INTAKE 
NORMAL FLOW & 


S&P CHAMBER H, 


NO. | INTAKE 
REVERSED FLOW 


S&P CHAMBER H, 
DISCHARGE 

CHAMBER Hp 


| 
Qgo! HEAT TREATMENT |Qoc 
OJ OF NO. | TUNNEL 


S&P CHAMBER Hy 


© 


DISCHARGE 


HEAT TREATMENT 
OF NO 2 TUNNEL 


NO. 2 TUNNEL 


Fig.3 Schematic diagrams, screen and pump chamber, valve positions 
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3 Reversed Flow. Before the No. 2 tunnel can be heat- 
treated it must first become the discharge tunnel. This is done 
by moving all 4 valves simultaneously to change from normal 
flow to reversed flow. 

4 Heat-Treatment of No. 2 Tunnel. By opening valve 2, a 
part of the heated water goes out No. 2 tunnel, and the rest is 
recirculated into the screen and pump chamber, heat-treating the 
No. 2 tunnel and the system in similar manner to that already 
described for the other tunnel. 


The Problems to Be Solved 


Problem 1—Surges and Optimum Valve Speed in Flow Reversal 

In order that there should be no detrimental effect when the 
valves move to reverse flow in the tunnels, it was necessary to de- 
termine the optimum speed of movement for the 4 valves. Ex- 
cessive valve speed in reversing flow would cause excessive surges 
or draw down in various parts of the system. Slow speed would 
allow excessive temporary recirculation, elevating water tem- 
perature unnecessarily. To determine the best valve speed, it 
was necessary to predict for the 4 chambers the variation of 
water level with time during flow reversal at various valve speeds. 
Requirements were as follows: 


(a) Sereen and Pump Chamber. Draw down was not to reduce 
the cover on the pump suction bell to less than 6 feet, nor was 
surge to be high enough to spill over the walls or flood the lowest 
operating deck. 

(b) Discharge Chamber. Surge was not to be high enough to 
cause excessive spillage over the discharge chamber overflow 
weir, shown in Fig. 2, Section A-A. 

(c) Surge Chamber. Surge was not to be high enough to cause 
excessive spillage over the surge chamber overflow weir, shown 
in Fig. 2, Section A-A. 

(d) Stop Log Chambers. Water level was not to drop below 
elevation 0.0 ft to avoid affecting the syphon, and surge was not 


to rise above elevation +16 ft to avoid backflow into a connecting 
storm drain. 


Problem 2—Temperature Rise From Reversing Tunnel Flow 

When the flow in the tunnel is reversed, a tunnel full of warmed 
discharge water is drawn back into the system. It was necessary 
to establish the temperature rise in the screen and pump chamber 


resulting from flow reversal with all four units operating at full 
load. 


Problem 3—Valve Setting for Heat-Treatment 


The approximate valve throttling angle for maintaining 106 
deg F in the screen and pump chamber during heat-treatment 
with only unit 1 on the line and operating at full design load of 156 
megawatts was to be determined. Under these conditions, it 
was necessary to know when heat-treating No. 2 tunnel, for 
example, whether there would be sufficient recirculation to main- 
tain 106 deg F by partially opening valve 2, or whether it would 


be necessary to open it fully and also throttle down on valve 4. 
See Fig. 3. 


Summary of Results 


Problem 1—Surges and Optimum Valve Speed in Flow Reversal 

Sample computer solutions which show water level variations 
at several different valve speeds, namely, 2 minutes through 6 
minutes, are given in Fig. 4 for the screen and pump chamber and 
for the discharge chamber only. Based upon these and similar 
computer solutions for the other chambers (not shown in this ar- 
ticle), a 4 minute valve operation speed was decided upon as the 
fastest allowable commensurate with conservative design. In 
analyzing the data, allowance was made for the possibility that 
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surges could occur at highest tide 4.5 ft above mean sea level, and 
that draw down could occur at lowest tide 5 ft below mean sea 
level. 


Problem 2—Temperature Rise From Reversing Tunnel Flow 


Temperature rise in the screen pump chamber resulting from 
reversing flow in the tunnels is plotted in Fig. 5. 


Problem 3—Valve Setting for Heat-Treatment 


When heat-treating No. 2 tunnel with only Unit 1 on the line 
operating at full load of 156 megawatts, it was calculated that to 
maintain 106 deg F in the screen and pump chamber, valve 2 
should be 80 deg open, and that it is unnecessary to throttle 
back on valve 4 which would, therefore, be fully open. As shown 
in Fig. 3 for heat-treating No. 2 tunnel, valve 1 would be fully 
closed and valve 3 fully open. Actual field operation since Unit 


1 has been on the line has confirmed this computation quite 
well, 


Discussion of Problem 1—Surges and 
Optimum Valve Speed in Flow Reversal 
Mathematical Analysis 


The basic equations of transierit behavior of water flowing in a 
pipeline are well established. In the case under consideration the 
time factor involved is quite large as compared with the time of 
travel of a pressure surge, or water-hammer wave; therefore the 
compressibility of the water need not be taken into account. In- 
stead, the so-called “rigid water-column analysis’”’ may be em- 
ployed. To illustrate what is meant by this, consider the flow of 
water in a pipeline which connects two reservoirs as indicated in 
Fig. 6. The dynamic equation for the pipe is: 

H, — — = 
g dl 


in which the K is an over-all loss factor for the pipe. The equa- 
tion states quite simply that the drive head, H, — Hz, less the 
friction head Kv" is equal to the inertia term. The velocity does 
not appear as a function of position but only of time, hence the 
term rigid water-column. The continuity condition at 1 is: 


dH 
and at 2: 
dH 
av= Ay 


The three equations contain the three time dependent variables, 
Hi, H:, and v, and hence may be solved. The solution is awkward, 
however, due to the nonlinear character of the dynamic equation. 
Much of the literature on hydraulic transients has been concerned 
with numerical or graphical methods of solution. The problem 
at hand consists essentially of a number of dynamic and con- 
tinuity equations, with some additional complications due to 
the presence of valves, pumps, and condensers, the characteristics 
of which must also be included in mathematical statements. The 
number of variables present in this problem renders impractical 
an attempt at numerical or graphical procedures for any usable 
range of parameter variation. 

Analysis of Simplified System. In order to establish the basic 
physical relationships clearly, the circulating water system was 
first simplified to the extent that all parallel conduits, all con- 
densers, and all pumps were lumped together into single units. 
The flow diagram representing the simplified system is shown in 
Fig.7. This circuit was analyzed: in a manner somewhat similar 
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Fig.5 Temperature rise, screen and pump chamber, in flow reversal 


to that employed in electrical practice by establishing continuity 
conditions at the several junction points, and writing dynamic 
equations across each of the branches. 

The dynamic equations representing flow in the several pipes 
may be conveniently adapted for analog computer solution 
through the use of the Hazen-Williams formula for the friction 
head. It is: 


pi 


h, = K 


Replacing v by its equivalent in terms of the flow rate and area: 
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TIME IN MINUTES 
Fig. 4 Sample computer solutions 


Consider, for example, flow between nodes E and D. 


plete 


6 7 8 9 


A, 


Ay 


Fig. 6 


dynamic equation becomes: 


L's 
1000 


T, = Hz Hp = 
3 


The com- 


ln 
q 1; dt 


The head losses across the valves were approximated with the 
aid of characteristic curves supplied by the manufacturer. The 
pertinent relationship was stated to be: 


Rearranging: 


Q = ke VV, 
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Now the coefficient C, is a function of the valve opening posi- 
tion angle @ which in turn is a function of time. Data furnished 
by the manufacturer made it possible to develop the approximate 


relationship: 
Cc, = 0.474a? 


with @ in radians. 


Since the rate of valve operation is constant and the duration 
of the operation from 0 to 90 deg is designated as 7, a may be ex- 


pressed: 


for valve opening, and 


for opening and closing, respectively. 

These relationships are employed as follows: Suppose the 
operation is such that valves 1 and 2 are closing coincidentally 
with the opening of valves 3 and 4, then: 


V; = H, — H, = 7.7 X 10 


‘ 
= Hy — Hy = 1.25 X 


in which all of the constants applicable to the valves have been 
consolidated into a single numerical coefficient. Similar rela- 
tionships would apply to flow through the branches which include 
a pump and a condenser bank in series, with some interconnecting 
pipes. Between any two nodes the driving head plus the head 
imparted by the pump is equal to the summation of the friction 
head losses in all of the interconnecting pipes, losses in the con- 
denser, and the inertia terms. As an example, let us now con- 
sider the dynamic equation between nodes A and E 


T= H,-He+Pi= 1000 
where the term P, represents the head imparted by the pump 
and Z, represents the head loss in the condenser. Both of these 
terms are functions of flow through the corresponding device. 
Each was introduced into the computer directly from manu- 
facturer’s characteristic curves without being first reduced to 
algebraic equations. 

Using the methods described, the following set of simultaneous 
equations was established for the simplified system: 


Flow Continuity Equations 


— Qea = Ag at Node G (1) 
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dH 
— Qra = Ar at Node F (3) 
Qos — Qasr — Qs0 = 0 at Node B (4) 
dH 
Qra + Qea — Qaz = a at Node A (5) 
dH 
— = Ag at Node E (6) 
dH 
Qev — Qos — Voce = at Node D 67) 


Dynamic Equations 


= = L's K’ | 
L', K’ | In | dQzo 
T, = Hy Ho = E | + [=] (9) 
K' | In | 
T, = Hy Hp = | + [=] «~ 
K’ 
H,-Het+ P= Qas'™ + 
Ty | 
an 
1 
V, = He — = 7.7 X 10 (12) 
2 2r 
1 


= Hp 


Qos" 
2 +) 
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Fig. 8 Flow diagram of actual system 


‘ 
Vs = Hy — Hy = 1.25 Qra? (14) 
T 4 
Hp Hg = 1.25 x 10-* (15) 
Summary of Variables 
Hy, Hp, Hy, He, Hr, Ho 6 
Pi, Zi 2 
2 
Total 20 
However, Ho will be considered constant -1 
7 will be held as a parameter —1 
t will be the independent variable -1 
Total number of unknowns 17 
Number of equations 15 
Pump and condenser characteristic curves 
(i.e., graphical relationship) +2 
Total number of relations 17 


Once this basic method was worked out, it was next necessary 
to revise the simplified flow diagram to represent the system more 
faithfully. The flow diagram of the actual system is shown in 
Fig. 8. It was analyzed in a manner similar to that employed 
on the simplified flow diagram with the result that a set of 28 
equations were obtained. These were programmed for analog 
computer solution. For the sake of brevity, the 28 equations are 
not included in this text. 


Journal of Basic Engineering 


Discussion of Problem 2—Temperature Rise From 
Reversing Tunnel Flow 


The temperature rise in the screen and pump chamber, plotted 
in Fig. 5, is for a 4-minute valve speed simultaneously reversing 
the flow in the tunnels with all units at full load. This tempera- 
ture-time relationship was obtained by heat balance calculation 
using the tunnel flow data shown in Fig. 4 as given by the compu- 
ters, and using the condenser heat rejection based upon full de- 
sign load of 156 megawatts for Units 1 and 2, and an assumed 
full load of 200 megawatts for future Units 3 and 4. The heat 
balance calculation is not included in this report. 

Point A in Fig. 5 is where flow in the tunnels passes through 
zero. Point B is where valve operation is complete and recircula- 
tion ceases. Point C is where the heated water that had been 
flowing in the tunnel is completely drawn back, with the result 
that cold water begins to enter the Screen and Pump Chamber 
causing the temperature to drop. 


Discussion of Problem 3—Valve Setting for 
Heat- Treatment 


The 28 nonlinear differential equations of Problem 1 were used 
in this computation to find the valve setting that would maintain 
106 deg F in the screen and the pump chamber under the particu- 
lar conditions that No. 2 tunnel is being heat-treated, and Unit 1 
only is on the line operating at 156 megawatts. Since flow during 
heat-treatment is not transient, these equations were reduced to 
steady state, and adjusted to accord with the fact there is flow 
only for Unit 1. Thus the original 28 equations were reduced to 
three. As a check, these three equations were also derived inde- 
pendently of the 28 original equations by taking force balances 
for steady state around loops joining nodes D, B, F, A, I, E, and 
D; and also D, B, 0, C, and D. See Fig. 8. By trial and error 
these equations were solved for K:Qp,, the head loss across the 
throttled valve 2 and for Q,,, the flow entering the screen and 
pump chamber. This flow was 204 cfs. 

Knowing the quantity entering the screen and pump chamber, 
a heat balance, and a flow balance were set up for the system. 
These were solved, assuming an ocean temperature of 60 F, and 
it was found that the quantity of water Qzo flowing in through 
tunnel 1 was 51 cfs. See Fig. 3. The quantity of water Qoc 
flowing out No. 2 tunnel is of course the same, and was computed 
from the heat balance to be 120 F. The difference between the 
quantity entering the screen and pump chamber, and the quan- 
tity coming in through the tunnel equals the quantity Qpg being 
recirculated through valve 2, namely, 153 cfs. 

Knowing the flow through valve 2, and the head loss across it, 
the throttling angle was found from the valve manufacturer's 
curves, 


Concluding Remark 


With the advent of electronic computing machinery, it has be- 
come possible to predict with speed and economy the performance 
of complex systems involving unsteady flow of viscous fluids. It 
is no longer necessary to rely upon engineering intuition or rule- 
of-thumb methods in such design. 
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APPENDIX 


The Analog Computer 


The principal uses for the analog computer stem from the fact 
that, as its name implies, it is used to construct models which are 
mathematically analogous to the physical system under study. 
Analysis (i.e., measurement) of the computer system then yields 
solutions of the fundamental system. Ordinarily it is used in the 
analysis of large, expensive, or otherwise unavailable systems for 
the purpose of determining the range of parameters desirable or 
allowable in the ultimate design. 

At first one may consider the computer to be a collection of 
‘‘black boxes’’ which perform mathematical operations; addition, 
integration, and multiplication. 

The symbol for an adder will be: 


and for an integrator 


or 


where —k is a multiplicative ‘‘gain’’ associated with the operation 
and can be used for the introduction of constant coefficients. 


The symbol 


represents a multiplier; while the symbol 


represents an arbitrary function generator, i.e., a device which 
generates a function of the independent variable z. This device 


was used to introduce the pump and the condenser characteristic 
curves. Also 


ty 


will represent a constant multiplier. 

With such components connected sequentially, a current will 
flow, and a system such as the present problem may be simulated. 
In addition, an output device is required and a means of control 
for the timing of the valving cycle. The output is most useful in 
the form of a graph—for example, of flow rate versus time. Any 
point of the system may be chosen for output. The control de- 
vice, for our purposes, is a set of relays which interrupt the current 
flow. 

Examples of the application of these principles to obtain the 


computer simulation of the 15 equations relating to the simplified 
system shown in Fig. 7 are as follows: 


1 Equation (2) 
— + = 9 
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2 Equation (1) 


and thus we compute the quantity of water Qcg and the head of 
water Hg. The integrator here represents a capacity, the capacity 
(in terms of the head) of the surge chamber Hg. The adder repre- 
sents the mass balance at a node. 


3 Equation (8) 


L 
Ho — Hg = | + Fa 


is a little more difficult, since we need a function generator for 
Q'-*. This equation will give the head loss in tunnel 7’; as a func- 


tion of Qgo, the quantity of water flowing. The equation re- 
arranged is: 


gAz dt 


and this can be represented as an integrator: 


dt 


16s 


The inputs Hp and — Hg come from subsystems such as 2 above; 


the input CQoc'-® must come from a function generator and a 
constant multiplier: 


1.65 
© 


This generator raises Q to the 1.85 power; the output is used as 
an input for the integrator, so we have: 


which is a closed loop, a subloop in the ultimate system. Such 
closed loops allow for stable steady states as required by this 
problem. Thus if we fix Hp and Hg then in general the input to 
the integrator is not zero. The integrator will then integrate its 
input giving an output Qoc, which in turn is an input to f. If 
the output of f is of the proper sign, the integrator output will 
change until —CQo,-'-* exactly balances Hp — Hg. At this point 
the input to f is zero and further integation does not change Qoc. 

Obviously, a change in Ho, coming from the rest of the system, 
will change Qoc accordingly. In this way stable states are es- 
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Fig. 9 Computer wiring diagram of simplified system 


tablished which exactly duplicate the physical steady state. Per- 
turbations may then be introduced at any point in the system 
and the pertinent response quantities may be plotted versus time. 

In a similar way to 3 above, we introduce the valve char- 
acteristics, according to equations (12) to(15). The pump charac- 
teristics are a function of the difference in head Hy — Hy, the 
pipe loss, and the resistance to flow in the steam condensers. 
For this illustration the rise in head due to the pump is simply 
+ P,, equation (11). 

The computer wiring diagram shown in Fig. 9 has been ar- 
ranged so that the main flow lines correspond as nearly as possible 
to the flow lines of the simplified physical system shown in Fig. 7. 
Not all of the loops are shown connected, for example, Qgp and 
Qaz- Double circles containing ¢ represent a function of time, the 
independent variable, as shown in equations (12) to (15). 

Now, the time functions represent the valving conditions as 
derived in the text. If, for the moment, we hold the valves con- 
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stant and connect the subloops shown, currents will flow and the 
capacitors (integrators) will acquire a charge proportional to the 
storage levels. A steady state will be attained with currents 
measured in terms of voltage levels, and proportional to water 
flow rates in the actual system. By sequencing the time func- 
tions at rates proportional to valve movement we may plot the 
system response simply by attaching recorders at appropriate 
points. 

The system described is a simplified version without regard for 
equation coefficients or proper signs. Actually, the computer 
programmer must incorporate all of these details plus the com- 
plicating details of the pump and condenser characteristics, and 
the fact that eight pumps and condensers work in parallel but not 
simultaneously. The computer wiring diagrams shown in Fig. 10 
includes these complicating details. It shows a computer circuit 
which is mathematically identical to the actual circulating water 
system shown in Figs. 8 and 1. 
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Kenneth Davis® 


My comments are devoted entirely to the hydraulic, mathe- 
matical, and computer aspects of the Scattergood paper, since I 
pretend to no knowledge of biothermal relations. 

The method of analysis even to many of the notational details 
is excellent, which is to say that it is substantially the same as 
mine. I would have liked to see some of the results of the com- 
puter runs and to compare them with test data on the installed 
system; perhaps the authors can supplement the excellent job 
they have done so far with a second paper showing the agreement 
between theory and reality. 

Several points in the paper warrant particular mention. It ap- 
pears that only those points in the Scattergood system at which 
free surfaces occurred were considered of sufficient interest to re- 
quire definition as nodes at which an explicit H; should be calcu- 
lated. If the integrity of the syphon (that is, the prevention of 
vapor formation on the water side of the condensers) had been in 
question, a node in the system on the downstream (low pressure) 
side of the condensers could have been included in the analysis. 
This would have added to the number of equations to be solved, 
and may have been ruled out by limitations imposed by the com- 
puter hardware. 

Note that such a location lends itself to an interesting mathe- 
matical model which is easily representable on the analog. As 
long as the pressure (H;,) at i remains above the saturation pres- 
sure corresponding to the temperature at that point, continuity 
gives 


Qin = Qoat (16) 


However, when the pressure falls to the vapor pressure, it can fall 
no further, but the water level at i can vary so that continuity 
gives 


Qin + ASf* dH; = Qout (17) 


where A is the appropriate area of the water surface in the vapor 
space. Such a discontinuous function can be programmed for 
analog by allowing a relay to be operated by the quantity 
(Ai vapor pres — H,;) and using this relay to switch the quantity 
AJ‘ dH, in or out of the input to the summer whose output is 
Qoat- 

While it is understandable that a study made for a power sta- 
tion would not consider that power failure needed to be given 
consideration, it would have been interesting to examine the 
effect on the system of a failure of one or more pumping units. 
If H; at the top of the syphon were found to approach the vapor 
pressure during the valve transient, the effect of power failure to 
the pumps serving that condenser (at or near the time the lowest 
pressure occurred) would be a matter for concern. 

The effect of pump failures on the system may be represented 
in the mathematical model if the complete pump characteristics 
are known. Consider the hydraulic-mechanical system shown in 
Fig. 11. 

The following equations deecribe this system: 


Hs, Hy, =P, = [fi(Q/N)]N?* (18) 

M, = (19) 
Mi e~™) 


where M, is the torque that pump 7 applies to its shaft, N is the 
rotational speed of the pump, J is the moment of inertia of the 
rotating system, and the term (1 — e~™) takes account of the 
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ilmi 


Journal of Basic Engineering 


decay time of the magnetic field in the motors. For motors less 
than 1000 hp or motors whose synchronous speed exceeds 900 
rpm, this correction is negligible. In any case, the effect of this 
term is quite small on the value of the minimum head during the 
transient. 

In equation (18), the quantity f,(Q/N) (read function f of Q 
over N) is the familiar head-capacity curve, and fx(Q/N) is es- 
sentially the horsepower-capacity curve of the pump with two 
important additions. 

First, the homologous pump laws are assumed to apply exactly 
for all speeds so that as N varies: 


P. 
ae = constant for any condition for which Q/N = const. (21) 


and 


M. 
Wi 7 constant for any condition for which Q/N = const. (22) 


Second, the performance curve must be known for all possible 
combinations of positive and negative head and flow. Inaccuracy 
in the region from zero flow, positive rotation to free turbining 
is not important, but the value of Q/N which gives M/N* = 0 
and the value of H/N? at that Q/N should be known quite ac- 
curately, since this is the final steady-state condition following 
power failure. 

Pump performance representation on this basis is explained 
and used by Kittredge [1], Swanson [2], and others, and will not 
be further discussed here. These functions can be presented to 
the computer either as arbitrary curves via a function generator, 
or as quadratic or higher order equations using multipliers and 
summers to form and add the terms. The analog circuit to per- 
form the desired representation is shown in Fig. 12. Note that 
Q/N goes to infinity at N = 0, but equations (3) and (4) can be 
transformed to the form: 


P, = [ff N/Q))Q* (23) 


and 
M; = ([f(N/Q)|Q (24) 


by multiplying both axes by (Q/N)? so that all possible values of 
Q/N can be handled without exceeding the voltage range of the 
analog or encountering indeterminate values. 

Note, also, that the analog notation used in Fig. 12 conforms 
to the recommendations of the AIEE and to standard modern in- 
dustrial practice. I prefer this analog notation to that actually 
used by the authors of the Scattergood paper. 

The writer has used “rigid column” analysis for calculation of 
transient conditions in several fairly complex systems and, in 
one case, was able to instrument and test the installed system. 


a 


Fig. 11 
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Fig. 14 
Security considerations prevent publication of actual size and 
quantity figures. However, the accuracy and consistency of the 


calculations can be seen from Figs. 13 and 14, which show 
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the schematic arrangement and the calculated (solid line) and 
measured (dotted line) values of head and speed versus time. 
The appropriate equations follow. Measurements were made 
with an oscillograph recorder, a low inertia dP cell, and a rigidly 
coupled rpm device which were all able to respond to. full scale 
changes in time of the order of 0.1 second so that the measured 
values are probably valid. 


H; = H, = H, = atmospheric pressure 


L 
H; = Hs Sa ~ + 
L 
Hy = Hz — Su — QuiKQh a + Ag 
Ag dt 
tyr L 
H, = H, + H, — Sx — Qui KQ"» + 


Qe = Qu + Qu 
Qu = AQ,, + 

H, = N*fi(Q.,/N) or*H, = 
= fi-“(A,) 

= NYXQup/N) OF Muy = 
= I(dN,,/dt) 
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Authors’ Closure 


We appreciate Mr. Davis’ discussion. We hope, in time, that 
we will be able to show agreement between our theory and reality 
by comparing some of the results of the computer runs with test 
data on the installed system. We hope also that the agreement 
will be as close as Mr. Davis showed in Fig. 13 for the problem 
he discussed. Our Problem 1—Surges and Optimum Valve 
Speed in Flow Reversal, and also our Problem 2—Temperature 
Rise From Reversing Tunnel Flow, were based on four-unit oper- 
ation. At present, only two units have been built, so that test 
data must await construction of Units 3 and 4. Since the opera- 
tion of just one unit was the basis for Problem 3—Valve Setting 
for Heat-Treatment, we were able to check those results, As was 
stated under Summary of Results, ‘‘actual field operation since 
Unit 1 has been on the line has confirmed this computation quite 
well.” 

Two of the authors of this paper, working on a different proj- 
ect, found excellent agreement between test data and the com- 
puter solution of the differential equations of flow involving com- 
mon fluid resistance formulas. Their work is described in the 
Proceedings of the ASCE Journal of the Hydraulics Division, 
Paper No. 1933, ‘‘Unsteady Flow in Conduits and Simple Surge 
Tanks,’’ by E. H. Taylor, A. Reisman, and J. W. Ward. 

Mr. Davis’ work in developing mathematical and analog mod- 
els for the case when the total pressure of a liquid falls below its 
vapor pressure is most commendable. In the case of Scattergood 
Steam Plant, this was not a problem. The pressures at all 
points of the circulating water system are always above the vapor 
pressure of water at the condenser temperature regardless of the 
operation being performed. 

Pump failure was discussed by Mr. Davis. There are two 
circulating water pumps per unit at Scattergood Steam Plant, 
each pumping through one side of a two-part, divided condenser. 
Should one pump fail, one side of the condenser will not function, 
but the unit can continue to operate on the other side at less than 
full load. Should all pumps fail, there would be an immediate 
plant shutdown. Consequently, neither condition was consid- 
ered in our analysis. 


Transactions of the ASME 


Fit 
RIR 
= 
+ 
wa 

Fig. 13 
3 
\, 
| 
2 T 1 
x 
A 7, 
RUNNING ie} 12 
PUMPS B TRIPPED PUMPS 
1 


IGNACY SWIECICKI 

Hydraulic Development Engineer, 
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Regulation of a Hydraulic Turbine 
Calculated by Step-By-Step Method 


Equations are developed to calculate speed and pressure transients of a hydraulic tur- 
bine during a load change. Water hammer, governor time, dashpot time, temporary 
speed droop, and promptness of governor response are taken into account. An example 
illustrates the application of equations to a step-by-step calculation. 


Introduction 


ANY approximate formulas for determination of 
maximum speed and pressure changes are in existence. They are 
based on the assumption of a constant gate servomotor speed. 
For full load or any large instantaneous load change the major 
part of gate servomotor stroke takes place at predetermined maxi- 
mum rate of travel and, therefore, the assumption of constant 
servomotor speed leads to reasonably good answers. When 
greater inertia of the water in the pipeline is involved, for more 
reliable results a step-by-step calculation is indicated. Strowger 
and Kerr [1]! developed such a calculation and they demonstrated 
that if a typical gate-motion curve is substituted for uniform 
gate motion the calculated speed rise for full-load rejection re- 
mains almost the same. However, the penstock pressure changes 
more significantly. 

For studying transients during smaller load variation the as- 
sumption of a constant servomotor speed or of any arbitrary gate- 
time relationship fails to produce reasonable results, as was the 
case with the digital-computer study of Oahe turbines [2]. To 
insure stability the hydraulic-turbine governor must have com- 
pensation which alters the rate of gate motion. Daniel Gaden [3] 
and others [4] considered all governor adjustments and have de- 
veloped differential equations for governor stability. They are 


1 Numbers in brackets designate References at end of paper. 

Contributed by the Water Hammer Subcommittee of the Hydraulic 
Division and presented at the Winter Annual Meeting, New York, 
N. Y., November 27—December 2, 1960, of Tae American Socrety 
or MecHANIcaL ENnGINgeERS. Manuscript received at ASME Head- 
quarters, July 28, 1960. Paper No. 60—WA-128. 
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complicated and cannot be used directly for calculation of speed 
and pressure changes during load variation. Henry M. Paynter 
(5), using an analog computer, charted the influences of different 
governor settings, and found the optima for primary compensation 
(temporary speed droop) and for secondary compensation (dash- 
pot time). 

In a recent paper L. M. Hovey [6] using some simplifications, 
solves the differential equations and calculates speed transients. 
Both Paynter and Hovey neglect the promptness of governor re- 
sponse: This is the displacement of the relay valve stem, Fig. 1, 
necessary to actuate the gate servomotor. In the governors 
popular in America, this displacement has a measurable value and 
to the author’s knowledge it has not yet been demonstrated that 
this value can be neglected safely. Koenig and Schultz [7] have 
introduced relay valve-stem displacement in their calculations 
of governor parameters by analog computer. 

The afore-mentioned calculations which consider governor ad- 
justments are not adapted also to take into account the varying 
turbine efficiency and discharge characteristics during regulation. 
This paper attempts to present calculations for load changes 
using data directly from the turbine characteristic curves and in- 
troducing parameters, 7’,, 7',, 6, and 8 (see Nomenclature) which 
include the influence of relay valve-stem position. 


Turbine Performance Curves 


The performance of a given size of water turbine depends on 
three independent variables, which might be servomotor stroke s, 
turbine speed n, and head A; all other variables such as power,. 
discharge, and so on, being determined by the choice of s,n, and h 


A = pipeline cross-sectional area, ft? 
a = pressure wave velocity, (ft) 


32.2 = acceleration due to P/P» 
gravity, (ft)(sec*) p/hVh 

turbine head at any time, ft 

turbine head during sustained 
operation, ft 


H/H, R/Po 


turbine power (generated) at L 


any time, hp = gH, 
(sec) turbine rated power, hp 


power output (delivered, in- 
stantaneous demand), hp 


= water starting 
time, sec 

servomotor speed ds/d7’ when 
\ds/dT| < 1/T,, otherwise W 
is an independent variable 
while |ds/dT| = 1/T, re- 
mains constant, sec~! 

polar moment of inertia of rotat- 


pipeline length, ft 

turbine speed at any time, rpm 

normal turbine speed, rpm 

N/No 

n/Vh 

turbine discharge at any time, 
(ft*)(see—*) 

turbine discharge at rated 
power, (ft*)(sec~') 

Q/Q 

g/Vh 
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fraction of governor stroke 

time elapsed, sec 

governor time, reciprocal of 
maximum governor rate |ds/ 
dT|, a constant, sec 

WR?N,? 

162 10P 10P, = mechanical 
starting time, sec 

dashpot time, reciprocal of re- 
storing rate of dashpot spring 
deflection, sec 


ing weights, (Ib )(ft?) 

temporary speed droop, for 
sustained speed d(1 — n)/ds 
when dashpot bypass is 
closed 

departure from normal speed 
(1 — n) for which gate 
servomotor reaches its maxi- 
mum speed W = 1/7',, when 
dashpot restoring springs re- 
main in their neutral positions 
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= 
P = 
W = 
H, = 
WR = 
No T, 
n= 
n = 
Q = T, = =} 
Q = 
T, = 
q = 


The dimensional analysis permits reducing the number of in- 
dependent variables to two in an equation having dimensionless 
ratios s,m, 9:, and p,. This allows the use of turbine-performance 
curves independent of head. Usually, with only moderate change 
of speed, the influence of nm, on g, and on p,; can be ignored and two 
curves q, = f(s) and p,; = f(s) for m = 1 are sufficient for solving 
the problems connected with regulation. However, for full-load 
rejection or for other cases involving substantial speed and head 
changes, a series of curves for different n; may be required to ob- 
tain accurate results. 

The following equations will be developed in a way permitting 
us to utilize the turbine-performance information supplied in the 
form of the previously described curves. 


Turbine Head 


Head calculation may be based on either elastic or rigid water- 
coiumn theory. The first is more accurate but requires step-by- 
step calculations for time intervals equal to one or, say, one half 
pipeline period of 2L/a sec. If these periods are too small and 
the number of steps in the calculation is excessive the rigid water- 
column theory can be adopted permitting increased time inter- 
vals as desired. 

The head and discharge increments can be expressed as follows: 


dH = Hoh 


dQ = Qudq = VR) = Qlad Vk + 
Qo_ 
= 2 (qidh + 2hdq: ) 
Therefore 


qidh + 2hdq, 
The elastic water-column theory gives 
dH a 


dQ gA 


Substituting this in equation (1) and solving for Ah, after having 
introduced small variations A in place of the differentials d 


2gHoA 
h 
aQs Vh +H 


(2) 


In calculating head change Ah by equation (2) for a finite 
change in discharge Ag:, the best value to use for g: and for h would 
be some mean value during the time interval. For simplicity, 
h can be taken at the beginning of the time interval and q; at 
the end of it. Then the only error in the calculated Ah arises 
from the substitution of h + '/:Ah for ~/h + Ah which easily 
can be checked by the graphical method. 

The initial head ish = 1. This fact simplifies the calculation 
within the first pipe time interval during the direct water-hammer 
blow because the equation (2) becomes 


a= ~ 


where q; is the unit discharge at the end of the considered time 
interval. 

When the elastic theory is used, going from one pipe time in- 
terval to the next, the reflected pressure waves should be taken 
into account. If the subscript «) denotes the values at the end 
of the preceeding pipe time interval and () at the end of the 
considered, then the total water-hammer blow during the con- 
sidered pipe time interval is Ah) + Aha). In calculating it by 
equation (2) to the decrease in unit discharge Agi.) during the 
considered pipe time interval the value (¢1(1) + 91(2)) Aha) should 
be added. Again, this can be checked most easily by the graphi- 
cal method. Solving the adjusted in this manner equation (2) 
for Ahi) + Aha gives 


—2Agqiis) + + Aha) 


+ Aha) = 


(2a) 


The errors resulting from the substitution of h + '/:Ah for 
Vh + Ah do not accumulate but are compensated by similar 
errors in the reflected waves as the step by step calculation 


progresses. 
The rigid water column theory gives 


A aT 


or using reduced values 


aT 
knowing that 
aT aT aT 
we obtain 


It can be assumed that dq,/d7 remains constant during a short 
time interval. 
Introducing a symbol 


the above equation becomes after rearranging 
avVvh 


integrating it from q, and h to q: + Ag: and h + Ah existing at the 
end of the time interval and solving for Ah we obtain 


Ah = 


ivPFi 
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(3) 
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| 
— 
+ 
dn 
2 aT 


Turbine Speed 
The rate of change of turbine speed is given by the flywheel 
equation 
aN 1.62 xX 10P—R No P—R 
dT WR? N TJs N 


Introducing n, p, r instead of N, P, and R we have 


An Tn AT (4) 


where p and r should be taken as the mean values during time 
interval A7’. 


Servomotor Piston Speed 


Fig. 1 represents the governing system. The position of point A 
controls, through the relay valve plunger, the speed of gate 
servomotor piston ds/dT. It is assumed that this speed changes 
linearly with displacement of the plunger from its neutral position 
until the ports of the valve open fully. After this, the turbine 
gates move with the maximum available speed at the rate of full 
stroke s = 1 in 7’, seconds, and further displacement W of the 
point A has no influence on ds/dT’. 


o—_ DASHPOT SPRINGS 


Schematic 
and secondary compensations 


governor with primary 


The displacement of point B is proportional to the departure of 
speed n from its normal value, or to (1 — n). 

If the dashpot bypass is closed, point C travels with the speed 
ds/dT. If itis opened, the dashpot slips under the force of springs 
attempting to restore point C to its neutral position, the rate of 
slip being equal to displacement of point C divided by the dash- 
pot time T’,. 

Considering the kinematics of the system, we will convert dis- 
placements of points B and A to such dimensions that these dis- 
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placements can be directly added or subtracted from displace- 
ment of point C. 


The definition of temporary speed droop gives the relation 


ds =d 


This is valid when point A is fixed and the dashpot bypass closed. 
Therefore the displacement of point B will be measured in terms 
of (1 — n)/6. 

When point C does not move from its neutral position any 


movement of points B and A must be proportional to each other. 
Then 


d — = (const x W) 


From the definition of 8 we have 
(l1—n)=8 or (1—n)/6 = 8/6 


when W = 1/7,. This permits finding the constant and we can 
write 
6 


Accordingly, the displacement of point A will be measured in 
terms of 87 ,W 

Having the foregoing expressions we can consider the case 
when all points A, B, and C are free to move. The displacement 
of point C from its neutral position will be (downward displace- 
ment regarded as positive) 


i-s 


and ite speed 


z(- -+ (or, aT +=) 


On the other hand, the speed of point C is the speed of the 
servomotor piston less the dashpot slip, or 


dT 6 
+ (8T,W +n —1) 
Equating two preceding expressions for speed of point C we have 
ds 


1 dn 


dn/dT is given by equation (4). ds/dT = W when —1/T, < 
ds/dT < +1/T,. For this condition we have 


In an ideal governor 8 may be very small. Assuming 8 = 0 


n-1 1 
(6) 


Ordinarily 8 ~ 0 and equation (5) transform into 
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| 
oO 


T 
W + 
+ BT, 


During governor movement the values p and n change rela- 
tively slowly in comparison with changes in W. Therefore, for 
moderately small time intervals, it is permissible to consider p and 
n as constant values during a short time interval dT. Integration 
of the left side of equation (7) gives 


r P 


éT, + BT, 


6 1 


If, at the beginning of time interval AT we have W and at the end 
of it (W + AW), then equation (8) gives 


1 


3 
T, 
Ww 
6T, + BT, 
+n-1 
1 
AW = 47 _ 1) w+ 
6T, + BT, 


(9) 


In equation (9), W is the value corresponding to the beginning of 
the time interval. Values p and n, treated as constants, really 
change slightly. The best values to use for p and n are some 
values between the limits of the pertinent time interval. When 
AW for a time interval is calculated, p and n at the end of this in- 
terval are not yet known. End values of p and n can be first 
guessed and, after completion of the calculation for the interval, 
can be verified. To avoid this inconvenience we shall use the 
values of p and n at the beginning of the interval, committing 
only a small error if AT is small. When servomotor speed 
reaches its extreme rate of travel ds/dT = +1/T, and remains 


448 / sepTeEmBER 1961 


Fig. 2 Turbine performance curves—relative unit discharge q; and relative unit power p, versus gate servomotor 
stroke s for constant relative unit speed n, = 1 and m = 1.17 


0.6 0.8 10 


constant, W is no longer related to ds/dT. Equation (5) is then 


1 dW 
+ — TW -1)=-— T.— 
T, * op, 87 —1) (ar, + 
(5a) 
which can be transformed into 
dw dT 


Integration of the left side of equation (7a) gives 


1 6T, T, p-?r ) 
din [w+ (+ +n 1 ] 


1 
= (8a) 
and for time interval AT we have 
AT 

AW 1 [ w + ar, (= 
T 

+— i) (9a) 


where W is the value corresponding to the beginning of the time 
interval. +7’, should be taken for opening and —T, for closing 
of the gates. 


Example of Step-by-Step Calculation 


Turbine: 
No = 200 rpm 
Discharge at rated power...... Qo = 3930 cfs 
P, = 108000 hp 


WR? = 35.5 X 10 (lb)(ft*) 
Fig. 2 (use curves for m = 1) 
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Performance curves.......... 


12 

} 

o 

| 

a 

n,= 1.00 
O 04 
din 


0.750 0.180 +0.250 9.000 

4,253 
+.253 
$0254 -,047 
+.251 -.060 
+.243 -.072 
*.227 -.062 
+. 210 -,090 
+. 185 -.097 
+.146 -. 
+.10§ 
- 
-. O68 
~.062 - 
-.10@ 
~,(42 
-, 
161 -. 
-, 206 -. 
225 -. 
.228 
~.229 
-,227 
+.223 
-.215 


640.%s2 
6609813 
680.978 
7-0 0.9748 


Pipeline: 
Cross-sectional area 
Wave velocity. 
Length. 


Governor: 
Governor time. sec 
8 


Dashpot time. 
dl 
05 


Assume that turbine operates at 75 per cent of rated capacity 
and that 25 per cent of rated capacity is suddenly rejected: 
35.5 X 10° 200? 


= 0.75 — 0.25 = 0.500; T, = — at 
1.62 X 10° X 108000 


8.1 sec 


3930 411 
— = ().733 sec; 


T, == 


2L 2X 4iil 
- = 0.20 sec; use 
a 4100 


elastic water column theory. 
AT = 0.2 sec 
As = WAT = 0.2W when 


0.2 
— — < As < +—, for W use W mean 
6.5 6.5 


Equation (2) 


0.273 Vh +n 


2X 32.2 X 269 254 
4100 3930S 


Equation (4) 
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0 2 4 6 8 10 12 
Fig. 3 Results of example calculati relative turbine speed n and 
relative unit power p, versus time T after load rejection 


5 05 
0.2 = 0.0247 — 
n n 


where p is the mean value. 


Equation (9) 


AW = (, 


3.7 
8.1 


0.18 X 3.7 + 0.05 x 6.5 


= —0.153 + 0.456 
n 


r 
+n-1) 


The results of the calculation are presented in Table 1 and 
Fig. 3. It was carried out as follows: 

At the time 7 = 0 governor does not move, W = 0, turbine 
speed and head are normal, n = 1,4 = 1, turbine power is 75 per 
cent of rated power, p = 0.75, and p, = 0.75. From curves (nm, = 
1), Fig. 2, for p, = 0.75 we have s = 0.591 and g, = 0.769: 


p —r = 0.750 — 0.500 = 0.250 


during the first time interval from T = 0 to T = 0.2 sec 
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\ 
Table 1 Example of calculation 1.06 
T n an & Q | 
1.0000 0.59! 0.169 
0.2 1.0062) 589 ped -167 
04 1.0126 762 1.04-— + - 
as 06 1.0165 152 
: 1.0 n 
1.4 1.0612 -078 
 @60 
22 1.0568 439 S66 1.00 
24 1.0588 
2.6 1.0600. «397. $08 
2.8 1.06002 6377 
9007 219 
3.0 1.0595 358 (45S - 
90.4 7 T T 
3.2 40581 340 1430 0.98 
3610581... £381 
4.2 0006 281 
4.6 1.0306 . 345 
$.2 1008 353 06 — Pr 4 4 
$4 1.0003 361 | 
5.6 0.9989, «306 384, 0.955 .295 -.205 2.052 
6.0 0.9940 398. 0,951 .308 -.192 +059 
+340 0.941 059 163 +068. 
368 468. 0.933 C6) «370 -, 130 4.016 
383 .488 0.930 434 -. 04 - 4 
ak A = 254 ft? 03 i T SEC 
L = 4i1 ft 
a= 
An = — 
8.1 
0.18 1 
p — 05 
( 
n 


0. 
AW = —0.153 (0.90 xX 0 + 0.456 1) = —0.017 


At T = 0.2 sec W = 0 — 0.017 = —0.017 
During the first time interval mean W = 1/2(0 — 0.017) = 
— 0.0085 


As = —0.0085 X 0.2 = —0.002 
At T = 0.2 sec 
s = 0.591 — 0.002 = 0.589 
From Fig. 2 for s = 0.589 we have p,; = 0.748; gq, = 0.767 
Aq = 0.767 — 0.769 = —0.002, 


2X 1 X (—0.002) 


ah Vi +0767 


0.004 


At T = 0.2 sec 

h = 1 + 0.004 = 1.004 

p = 0.748 X 1.004 X 91.004 = 0.753 
mean p = 1/2 (0.750 + 0.753) = 0.7515 


0.7515 — 0. 


At T = 0.2 sec 
n = 1 + 0.0062 = 1.0062 
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DISCUSSION 
C. L. Avery” 


The author is to be commended for an extensive mathematical 
analysis of the subject of his paper. As such the paper is of in- 
terest. 

For design purposes, the procedures which he discusses have 
been supplanted by the techniques for designing servomechanisms 
and regulating systems, which have been developed over the last 
twenty years, in conjunction with the use of digital and analog 
computers. These methods permit the rapid determination of a 
complete spectrum of the operation of a given control scheme and 
thereby a determination of the effects of various factors by ad- 
justment of significant computer constants. Within the bounda- 


aa Woodward Governor Company, Rockford, Ill. Mem. 
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ries of discontinuities inherent in the design of the control system, 
linearity can be assumed and consequent simplified methods of 
calculation which have been well established in the literature and 
practice of the industry are valid. 

There are two significant characteristics of speed control for 
small step-load changes which are of importance: 


1 The characteristic of the time history of the speed transient. 
This is determined by the physical characteristics of the installa- 
tion 7,, and 7’, and the governor adjustments 6 and T,. The 
interrelation of these parameters has been discussed in numerous 
papers. As a matter of fact, the author has presumably used 
Paynter’s optimum values of 6 and 7’,, although on this basis his 
values are somewhat low. Paynter’s optimum values are based 
on relative output rather than relative gate, and the full length of 
water passages from head water to tail race should be used in de- 
termining 7',. The author’s Fig. 3 corresponds qualitatively to 
Paynter’s optimum transient. 

2 The maximum relative deviation in speed. 
trol, this is the magnitude of the first peak (max). 

The dominant governor characteristic which determines this 
is the temporary droop. In the author’s example, the temporary 
droop is assumed to be 0.18, considering the temporary droop 
only; for 17 per cent change in servomotor stroke, the maximum 
speed deviation would be 3.0 per cent. If a more realistic value of 
temporary droop of about 0.40 were used, its effect would be rela- 
tively greater. 

We believe the author overemphasizes the importance of “the 
influence of relay valve stem position’’ on speed regulation, pro- 
vided the system does comply with the standards of good design 
which any reputable manufacturer of governing equipment must 
observe. His argument would be stronger if he had demonstrated 
the relative importance of this factor and established limits for 
satisfactory speed control. Modern governors are provided with 
adjustment of this characteristic. It has been our experience 
that doubling the gain over the normal adjustment does not affect 
the speed control appreciably. 

As a matter of interest we have recalculated the speed rise for 
the author’s example, using a simplified speed rise formula for 
part gate step load change (load-off): 

(10) 


T\-2 P: 
1 
Tmt 1( P, 


Here P; and P, are the initial and final power levels and 7’; 
corresponds to the initial power level (75 per cent) or 10.8 
seconds. 

The factor which relates to the governor is the time for the 
gates to travel from initial to final power level (7-2). For this 
we assume an empirical value of one second dead time plus !/,7, 
(for 25 per cent load change) or 2.62 seconds. 

For the change in head during the transient we use the rigid 
water column theory, which is valid for the closure time con- 
templated here. The head rise for full gate closure is determined 
from the equation: 


For stable con- 


2=1+4 


Nmax 


r (using the nomenclature of the paper) 


whence hasx — 1 = 0.12; for '/, load rejection, (Ags. — 1) is 
assumed to be '/, of this or h,,,. = 1.03 approximately. The 
author shows hy. = 1.035. 


Substituting in equation (10): 


0.50 (1.08) (2 0.50\ | 


= 1.098 
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V 
— 1 
2.6 
Nmax” = 
10. 
— 


Nnax = 1.048 


This compares to the author’s value of 1.0495. 
For ordinary overspeed calculations, equation (10) appears to 
be quite adequate within the degree of accuracy usually required. 


L. M. Hovey® 


Mr. Swiecicki is to be congratulated on the preparation of this 
paper which takes into account the gate closing time factor and 
the beta characteristics of the hydraulic prime mover. This he 
does by plotting the speed transient curve for a given step load 
change using a step-by-step method. It is felt by the writer that 
where extreme accuracy is required this method will serve a useful 
purpose. However, as far as utility operation is concerned, the 
writer feels that, on an isolated system with zero net damping, 
the approximate figure of peak speed regulation following a load 
change is satisfactory enough. 

If we use Dr. Paynter’s formula An/N ~ 2.5 T,,/T,,-Ap/p 
and substitute the author’s parameters of 7',, and 7’,, for a load 
change of 0.25 per unit, the calculated speed rise is 0.056 per 
unit which compares quite favorably with the 0.05 per unit speed 
rise as shown in Fig. 3 of the paper. Although Dr. Paynter’s 
formula is based on relatively small load changes, it would seem 
to tie in very closely to the peak speed as calculated by the author. 

On page 448 of the paper, the author calculates a 7, of 0.733 
second using a flow which corresponds to rated power of 108,000 
hp at rated head. Would it not have been more precise to cal- 
culate 7',, based on the actual flow as based on the initial turbine 
loading which is assumed to be operating at 75 per cent of rated 
capacity just prior to the 25 per cent reduction in load? This 
would have given a water starting time approximately 25 per cent 
less which would have modified the calculations quite materially. 

The organization with which the writer is associated just re- 
cently completed a hydro generating station of 150,000 hp in 
Northern Manitoba which supplies about 100 Mw to a mining 
company. This station is not tied in with the major transmission 
network and is thus an isolated plant supplying a load which 
consists of a composite of motors, electrolytic load, and a large 
proportion of load consisting of resistance type electric furnaces. 
It is the intention of our organization to perform tests in the near 
future on the system where blocks of electric furnace load will be 
applied and rejected during which speed transients will be meas- 
ured to determine how the system behaves in relation to the cal- 
culated responses, and it is intended that this will form a basis of 
a paper to be presented at one of the Engineering Societies on 
this Continent in the next year or so. 


George R. Rich‘ 


The author has prepared an excellent and ingenious analysis of 
turbine speed regulation including the effect of all governor adjust- 
ments. Since the paper will probably be widely used for future 
reference, the discusser would like to submit a qualification of the 
statement that ‘‘the differential equations for governing stability 
given in reference [4] are complicated and cannot be used directly 
for calculation of speed changes.”’ 

The pertinent equations are given on page 74 (3-31) and (3-32). 
By substituting the appropriate physical constants, it will be 
demonstrated that they yield with comparative ease results prac- 
tically identical with those obtained by the author. 


?P. Engineer, The Manitoba Hydro-Electric Board, Winnipeg, 
Manitoba, Canada. 

4 Director, Chas. ‘T. Main, Inc., Partner Uhl, Hall & Rich, Boston, 
Mass. Mem. ASME. 
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At = 0.2 sec 


P, (108,000 x 0.50) 


(108,000 0.75) — (108,000 x 0.50) 


= 0.500 


i=i10p= — = 
J 


4100 X 11.6 
64.4 K 269 
From Davis’ ‘‘Handbook of Hydraulics,’’ second edition, page 746, 


table 5. 


For p = 2.75 r = 0.159 


LV, 411 x 116 


~ 32.2 x 269 


s = 0.849 


= 0.55 


No(WR*) 200% 35.5 10°) 


= 17.5 106 
81,000 
17.5 xX 10° 


= ——— = 10.8 sec 
1.62 x 10° 


1.00 X 10.8 
= = 006 vec 
1—3 x 0.159 


.7 sec t, = 6.5 


T,=3 
T, = kBt, = 1.50 X 0.05 x 6.5 = 0.487 
T’, = T, + (k,8’)T, = 0.487 + 0.18 X 3.7 = 1.153 


Substituting the foregoing physical constants in Equations (3-31) 
and (3-32) we obtain: 


3 0.849 0.55 Apo | 


2 1.00 108 02 atten 


(3-32) 


1 Aw 
= ——— (0.00 + 3.70 
1.153 ( ) 


—0.0196 


po = 0.480 
To obtain the power at the end of the first interval, see page 55: 
435.5 X 10°) X 200 x 1.22 


32.2 3600 
P, = 54,000 =P = 80,800 hp 
N = 1.0061(200) = 201.22 rpm 


2nd Interval. Ai = 0.2 sec. Same physical constants still ac- 
curate enough for second interval. These constants will be 
changed as necessary for later intervals. 


po = 0.500 — 0.0196 = 0.480 


0.480, 3 0.849 0.55 App (3-31 
a 3-31) 


206 2 1.00 108 02 


Aw 
0.0061 + 3.7 
( az) 


—0.0211 Po 


1 
Solving Aw = 0.0062 Apo = 

N — 200 
w = 0.0061 + 0.0062 = 0.0123 - = 0.0123 


4935.5 & 10°) 201.22 


P — P,)550(0.2) = 600 
( )550(0.2) 32.2 x 3600 
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“rts 
or Ist Interval. 
gH, 
C= 
Hp 
7 
16.2 105 
02 26 
Apo 
Solving 
Aw = 0.0061 Ap = 
02 
, | (3-32) 
= 0.459 
N = 202.46 
200 


Py = 54,000 P = 81,400 hp 


As is well known, the character of the receiving load has an 
appreciable effect on governing stability. This factor may be 
readily incorporated in the discusser’s Equation (3-31) giving 
for the second interval (w = 0 in the first interval) with a = 2.00: 


Aw _ 0480 3 0.849 0.55 Ap _ 2.00 x 0.0061, 
0.2 20.6 2 1.00 10.8 0.2 10.8 
As before 
Apo = —0.0011 — 3.21Aw (3-32) 
Solving 


Aw = 0.0057 


This effect becomes much more important for the later intervals 
when w has become relatively large. 

It is also well known that the amortisseur winding of the gen- 
erator rotor acts like the squirrel cage rotor of an induction motor 
during load changes and this tends to improve governing stability. 
Appropriate calculations to include this factor may be made by 
including as physical constants the subtransient reactances of 
the generator. 

The discusser has not given the numerical values of the head 
changes in the foregoing illustrative computations; but they may 
of course be readily shown using Equation (3-21) page 65 or the 
vectorial components given on page 67. 


C. G. Smallridge’ 


The author has presented an interesting analysis of the problem 
of speed regulation of a hydraulic turbine taking into considera- 
tion the effects of water hammer, mechanical inertia, and governor 
adjustments in such a way that a detailed step-by-step analysis 
can be made for any transient load change. The paper is very 
timely and is a valuable complement to the literature already 
existing on this subject. 

The first comprehensive treatment of this subject was given 
in the classic Strowger-Kerr paper of 1926 (see author’s bibliogra- 
phy) and it was there that the arithmetic integration method was 
first enumerated for speed regulation studies. This work, how- 
ever, did not take into account the effect of initial nonlinear gate 
movement in the period before the governor relay valve ports are 
completely uncovered and the servomotors move at full speed. 
This effect is negligible when the load changes are large but can 
be of considerable significance for small load changes, particularly 
in cases where the water inertia is high and the governor time 
relatively long. 

The writer was concerned recently with the study of the speed 
regulating capabilities of an isolated plant with a relatively long 
penstock which was the only source of power for a mining load 
including electric drag lines, locomotives, and large synchronous 
motors with ‘‘across the line’ starting. The regulation require- 
ments set out by the customer were unusually stringent, and it 
was necessary to evaluate the effect of additional WR? and varying 
governor adjustments on speed transients following specified 
step load changes. Using the equations developed by the author 
as a basis, the method was extended and programmed for a digital 
computer so that a number of different cases could be studied 
rapidly and the speed regulating capabilities determined. The 
problem was programmed for a ‘“‘Stantec-Zebra’’ computer using 
simple coded instructions and it was found that a complete set of 


5 Reference [4], pp. 76-78. 

’ Reference [4], Equation (3-36), p. 78. 

? Hydraulic Engineer, The Shawinigan Engineering Company 
Limited, Montreal, Canada. Assoc. Mem. ASME. 
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Fig. 4 Transient load acceptance, 3500 kw 


transients for speed, head, flow, and power could be obtained in a 
matter of minutes. By this means, it was possible to assure the 
customer of reasonable regulation from the power plant and to 
give information to the designers of the electrical mining equip- 
ment comprising the load. 

The installation studied consists of two 60,000 hp units operat- 
ing under a net head of 290 feet at a speed of 225 rpm. The units 
are fed from individual penstocks 1600 feet long and 13 feet 6 
inches in diameter with governor times of 14 seconds opening and 
9 seconds closing. The elastic water-hammer theory [Equation 
(2) of the author’s paper] was used in the computer program 
since the rigid column approximation is not warranted and, in 
fact, may be quite inaccurate for certain high head layouts. In 
the installation under study, a wave velocity of 3200 feet per 
second was used. 

Other approximations suggested by the author for the values of 
h in Equation (2) and p and n in Equation (9) give accurate 
values for the speed change, but may introduce an apparent 
oscillation in the governor action. The approximations are not 
necessary in the computer solution and mean values for each in- 
terval can be obtained by introducing an additional iteration 
loop in the program. 

Figs. 4 and 5 show the speed, power, and head variations follow- 
ing a transient load increase of 3500 kw for a duration of three 
seconds and a sustained load rejection of 6000 kw. These curves 
were plotted directly from the tabulated computer results and 
illustrate the ease with which complete transients can be obtained 
for any imposed conditions. 

The influence of temporary speed droop and dashpot time 
settings on the speed of the servomotor piston is considerable for 
small load changes, and the amount of step load changes neces- 
sary to cause the governor dashpot to bypass the produce full 
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Fig. 5 Sustained load rejection, 6000 kw 


rate of movement can be a large percentage of full load. The full 
rate of servomotor movement has been superimposed on the 
curves of servomotor stroke in Figs. 4 and 5, and it can be seen 
that a much larger load change than 6000 kw would be needed to 
allow the gates to reach full speed during the transient. In this 
example, a load change of approximately 50 per cent would be 
necessary for this condition. 

The computer program derived from the author’s equations 
takes these factors into account and permits an accurate deter- 
mination of speed transients in cases where the load does not 
decrease to or start from zero. It can be readily applied to any 
layout, and it can be used to rapidly compare the regulating 
characteristics of alternative installations at an early stage in 
design. 


E. B. Strowger® 


Mr. Swiecicki has analyzed the problem of regulation of a hy- 
droelectric unit for a partial load change taking account of the 
governor compensation in altering the rate of gate travel during 
the transient. He not only has derived the differential equations 
showing the relation between increments of speed, head, flow, 
and power output, but has developed the working equations used 
in a typical example and, further, has applied arithmetic integra- 
tion to the solution. His results in the form of curves showing 
speed and power against time (Fig. 3) are useful in determining 
the inherent stability of the unit. 

He assumes that the power output P and the demand are equal 
at 7 = 0 and that instantly the demand becomes R, i.e., a load 
change of P-R with the demand remaining constant at the 


8 Niagara Mohawk Power Corporation, Buffalo, N. Y. Mem. 
ASME. 
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value R. Since he uses the value of the flywheel effect of the one 
unit it is obvious he is assuming an isolated system. 

When a unit drops a sizeable load and at the same time be- 
comes disconnected from the system, then the pilot valve moves 
over its full travel and ds/d7’ may be considered constant and the 
governor compensation has no influence on the problem. For this 
condition the author refers to methods of computation already 
described in the technical press. For such cases the writer has 
lately developed some approximate formulas that may be useful 
for computations for preliminary investigations where great 
accuracy is not required.® 

It would be interesting to extend the analysis to include the 
kinematics of a double floating lever governor. 

As pointed out by the author, in using the elastic water-column 
theory of water hammer, the value of 2Ah must be calculated, 
taking time intervals of 2L/a seconds of length and taking ac- 
count of the negative waves as well as the positive ones. 


The author wishes to thank the discussers for their comments 
which greatly enhance this paper. 

He has to apologize because, after the preprints of the paper 
had been circulated and before the paper was read, he introduced 
changes to the chapter ‘Turbine Head’’ and corrected some 
figures in Table 1. This resulted in numerical disagreement be- 
tween a few values quoted in the discussions of Mr. Avery and 
Mr. Rich and the final appearance of Table 1. 

Summarizing the discussion, the author shares the general con- 
tention that, as Mr. Hovey puts it, “as far as utility operation 
is concerned . . . . the approximate figure of peak speed regulation 
following a load change is satisfactory enough.’’ This figure can 
be obtained, for instance, utilizing Mr. Strowger’s formula.* 
However, sometimes, as in Mr. Smallridge’s problem an accurate 
analysis as presented in this paper is required. The same is true 
when studying two significant characteristics of speed control for 
the small step-load changes mentioned by Mr. Avery: the time 
history of the speed transient and the maximum relative deviation 
in speed. 

Mr. Avery apparently believes that ‘extensive mathematical 
analysis,’ for design purposes, can be supplanted by the tech- 
niques in conjunction with the use of electronic computers. He 
does not elaborate how this technique can be developed without 
mathematical analysis. On the other hand, Mr. Smallridge found 
that in programming the mathematics of this paper for a digital 
computer the transients for speed, head, flow, and power could be 
obtained in a matter of minutes. 

Discussing the role of 8, Mr. Avery refers, in broad terms, to 
experience saying ‘it has been our experience that doubling the 
gain over the normal adjustment does not affect the speed control 
appreciably."’ Unfortunately, he does not spell out what he con- 
siders to be the normal adjustment and its relation to other 
parameters because, for the set of conditions discussed as the 
example in this paper, the mathematical analysis indicates a con- 
siderable influence of 8 when other parameters remain unchanged. 

Equation (6) of this paper gives the solution for a governor 
having 8 = 0. The author has called such a governor “ideal,” 
having been inclined to believe that the smallest possible @ is the 
best. Taking 8 = 0 for the example of this paper when T = 0, 
equation (6) gives: 


(28 — 0.50 


0.18 


W=- 


1 
An absolute value of W greater than-- = 0.154 means 


“ 1 
65 

*“*American Civil Engineering Practice,’ vol. II, section 16, John 
Wiley & Sons, Inc., New York, N. Y., p. 29. 
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Table 2 Results assuming 8 = 0 
T n s h Pj w 
0.0 1.0000 0.591 0.769 1.000 0.750 -0.171 
0.2 1.0066 ‘0.560 0.731. 1.076 0.700 -0.203 
0.4 1.0134 0.529 0.690 1.121 0.649 -0.213 
0.6 1.0196 0.498 0.648 1,144 0.601 -0.191 
0.8 1.0248 0.467 0.605 1.160 0.557 -0.172 
1.0 1.0289 0.436 0.562 1.166 0.512 -0.143 
1.2 1.0317 0.407 0.522 1.161 0.470 -0.108 
1.4 1.0331 0.385 0.491 1,137 0.437 -0.070 
1.6 1.0331 0.371 0.472 1,091 0.415 -0.031 
1.8 1.0320 0.365 0.464 1.046 0.407 -0.003 
2.0 1.0302 0.364 0.463 1.014 0.406 +0.013 


2.2 1.0281 0.367 0.467 0.993 0.410 +0.022 


that, instantaneously, at the time 7 = 0 the servomotor begins to 
close at its full speed. The calculation for subsequent time in- 
tervals (results are presented in Table 2) shows that, not earlier 
than about one second after the beginning of the transient, W be- 
comes smaller than 0.154 and, therefore, the average servomotor 
speed for time intervals is less. 

Table 2 for the ideal governor shows the maximum relative 
turbine speed n = 1.0331 as contrasted with n = 1.0602 obtained 
for a governor having 8 = 0.05. The ideal governor transient 
time is considerably shorter. 

However, the ideal governor has the unpleasant feature that 
an infinite displacement of the relay valve stem from its neutral 
position results in full positive or negative speed of the servo- 
motor. The maintenance of any smaller average speed takes 
place by continuous oscillation between the two extremes. Theo- 
retically, this oscillation is of a high frequency and, as such, 
should have no ill effects upon turbine regulation. 

Theoretically again, it takes a very small value of 6 (such that 
would not affect materially the turbine regulation) to prevent this 
oscillation. To achieve the same result in practice, much greater 
values of 8 are required. The lost linkage motion and the 
governor piping oil starting time delay the response of the 
servomotor speed while, unfortunately, the relay valve stem 
overtravels its pertinent balance position. These factors lower 
the frequency of oscillation which might become resonant with the 
frequency of the turbine water passage. The above, as well 
as the problem of oil hammering, dictates the necessity of avoid- 
ing oscillations by means of utilizing sufficient 8 which become 
greater for smaller degree in excellency of governor design and for 
smaller size of oil pipes. 

Governors, popular in America, having a pilot valve, control 
valve, and compensating mechanism between point A (Fig.1) and 
the relay valve, in spite of all additional devices, produce the 
same regulating effect as the schematic arrangement represented 
in Fig. 1. For such a governor, when 8 = 0, at the beginning 
of a transient (7’ = 0) we have ds/dT = 0 and dp,/dT = 0; 
because a finite displacement of the flyball collar must occur to 
produce a finite opening of the relay valve. Consequently, some 
time elapses before we can observe any finite amount of governor 
speed (see curve p;, Fig. 3). Using approximate, fast methods 
of speed calculation this time lap sometimes is called the ‘dead 
time.’’ It is related to the magnitude of 8 and it does not exist in 
an “ideal governor’ having 8 = 0. 

It is understandable that any guess as to the magnitude of the 
dead time would not affect the final results very much when it is 
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known in advance that the dead time constitutes only a small 
fraction of the total time. But, for the solution of his equation 
(10) Mr. Avery guesses a dead time of one second which is 62 per 
cent of the given pertinent time '/, 7',. It is difficult to see how 
anyone can make such a guess without prior knowledge of the 
reasonable answer for n. Mr. Avery had this answer looking at 
Table 1. However, he was less successful with his simplified and 
empirical calculations when he arrived at the maximum pressure 
rise of approximately 3 per cent while the detailed calculation in- 
dicated 11.2 per cent instead (see Table 1). 

Mr. Rich’s equations (3-31) and (3-32) used in his discussion 
have been developed for a governor such that “the displacement 
of the flyball collar will depend upon the difference between uplift 
force of the flyball and the dashpot reaction force’’ (page 61, 
reference [4]). 

Therefore, these equations are not applicable to the governor 
considered in this paper. Equation (3-32) does not even fulfill 
the requirement dp,/dT = 0 when T = 0. The “results prac- 
tically identical with those obtained by the author’’ have been 
calculated by Mr. Rich accidentally, due to a mistake. 

His po, 98, and C should have been calculated on the basis of the 
same load, while he used Py = (108000 x 0.5)hp for calculation 
of his po and 81000 hp for calculation of C and 98. Correcting 
this, equations (3-31) and (3-32) yield relative speed rise 0.00404 
during the first time interval, a result which is incorrect not only 
for the type of governor considered in this paper but for any con- 
ceivable design. 

In the nomenclature of this paper the author attempted to 
separate constant parameters from the values changing during 
a transient. His 7’, and 7’,, are constant parameters, related to 
rated horsepower and rated discharge and, if Mr. Hovey examines 
the pertinent equations carefully, he will agree that they are con- 
structed in such a manner that 7’, based on any other flow than 
rated would produce results that were erroneous, not more pre- 
cise, as Mr. Hovey suggested. 

Mr. Avery's statement, ‘‘the full length of water passage from 
headwater to tailrace should be used in determining 7,’ needs a 
qualification. For load-on it is absolutely correct. For load-off, 
air admission, and cavitation limit the possibility of pressure drop 
below the runner to a value in many cases, small enough to justify 
the complete negligence of the draft tube water starting time. 

Mr. Smallridge presented an interesting problem. He is con- 
cerned that a small inaccuracy in equation (2), arising from the 
introduction of a small variation A, in place of the differential d 
and inaccuracy in equation (9) arising from insertion in it of con- 
stant values of p and n pertinent to the beginning of the time 
interval may result in the apparent oscillation of the governor 
action. If Mr. Smallridge felt that his time interval, of one 
second, was too big for accuracy he could have carried calcula- 
tions on the basis of one half or one quarter of a second without 
any difficulties. Instead, he used iteration loops in the computer 
to obtain mean values for one second intervals. Something must 
have gone wrong because his head changes are too low. 

Mr. Smallridge’s turbine is rated Pp = 60000 hp at Hy = 290 
ft. Therefore, the rated discharge is about Qo = 2000 cfs. The 
penstock has L = 1600 ft and cross-sectional area A = 143 ft.* 
On this basis 


1600 
92.3 x 306 143 


His curves for rejection of 6000 kw show that after 9.2 sec the 
head comes back to normal while the power comes down from 70 
per cent to 52 per cent in the same time. Assuming constant 
efficiency, the change of the relative discharge is Ag = 0.52-0.70 
= —0.18. On the above basis, for the first 9.2 seconds the 
average head rise is 
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Aq —0.18 
h-1l=-T = —2.4 = 0.047 
aT 9.2 


while Mr. Smallridge’s curve shows a maximum of only h — 1 = 
0.028. 

The author feels responsible for the difficulty which Mr. Small- 
ridge encountered because the preprint of the paper did not con- 
tain equation (2a) which facilitates the calculation of head at the 
end of the second and the following time intervals. The direct 
application of equation (2) to any other than the first interval 
was too difficult. After the wave reflection, the selection of mean 
q: and h values, properly satisfying the equation and yielding the 
correct answer for h, is quite complicated. 

The influence of the primary and the reflected waves is shown 
in Fig. 6 representing graphical solution of the water hammer 
problem. It helps to check the correctness of equations (2) and 
(2a). 

To present the simplest calculation a step load change for an 
isolated unit (R = constant) was selected as an example. But 
all equations have been so constructed that they do not impose 
any more restrictions on the changes of R than on P. Therefore, 
they are readily applicable to the variable receiving load and, 
through the variation of R, they leave the door open for adapta- 
tion to studies of the interconnected systems mentioned by Mr. 
Fig. 6 Graphical solution of water hammer Strowger. 
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Introduction 


N DESIGNING cooling-water supply systems for in- 
dustrial plants, engineers must know whether water-column 
separation will occur following power failure at the pumps and, 
if so, what surge pressures will be attendant upon rejoinder of the 
separated water column. This problem becomes most acute when 
the water source is a natural stream subject to wide variation in 
surface elevation and the plant is located some distance from the 
pumping station on high ground. 

This paper presents a method of making relatively rapid 
estimates of surge pressures which would result without protec- 
tive devices. This method yields information valuable in 
answering the questions which arise during preliminary design 
stages of a project, such as: 


1 Will a more sophisticated analysis of the problem be re- 
quired for final design purposes? 

2 Should provision be made in an original installation for later 
addition of protective devices when contemplated increases in 
pumping capacity are made? 

3 Are rejoinder surge pressures of a magnitude which can be 
tolerated? 

Contributed by the Water Hammer Subcommittee of the Hy- 
draulic Division and presented at the Winter Annual Meeting, 
New York, N. Y., November 27—December 2, 1960, of Toe Ameni- 
Soctety or MECHANICAL ENGINEERS. Manuscript received at 
ASME Headquarters, July 28, 1960. Paper No. 60—WA-120. 


Nomenclature 


Pressure Surges Following 
Water-Column Separation 


Equations have been derived using rigid-water-column theory which permit rapid 
assessment of pressure surge magnitude owing to rejoinder of water columns in pump- 
discharge lines subsequent to a water-column separation induced by failure of power to 
the pump drivers. The method is valid only for systems which are equipped with check 
valves at the pumps. 


4 What will happen if no protective devices are installed? 
(A question sometimes asked by management.) 


In the typical industrial plant, cooling water is furnished to 
many users at scattered locations and at various elevations. 
Pump-discharge mains are connected directly into a distribution 
system with no intermediate storage and repumping. The 
classical problem of frictionless discharge into a constant-level 
reservoir is nonexistent, and in the usual case friction loss between 
the pump and the point of discharge is a large fraction of the total 
pumping head. 

The method proposed in this paper permits quick checking of 
a system over a wide range of possible operating conditions. 
Friction losses lumped at the discharge end of the pipeline and 
those distributed throughout its length may both be accounted 
for. Solutions may be obtained for: 


1 Various initial velocities. 
2 Various static-head conditions. 
3 Various friction-loss conditions. 


Method of Calculation 


In discussion of a previous paper,’ one of the authors pre- 
sented a method of estimating the pressure surge due to re- 
joinder of separated water columns in a pumping system equipped 
with check valves at the pumps. The equation thus presented 


2See Reference [1]. 


= velocity of pressure wave, ft/sec distance 


factor by which pipeline water 


traveled by water 
column downstream of sepa- 


tween surface of water source 
and 33 ft below high point to 


velocity squared is multiplied 
to obtain friction loss in feet 
for distributed pipeline fric- 
tion, sec?/ft 


factor by which pipeline water 
velocity squared is multiplied 
to obtain friction loss in feet 
for lumped friction at dis- 
charge end of pipeline, sec?/ft 


constant of integration 


distance traversed by a water 
column, ft 


distance traveled by water 
column upstream of separa- 
tion in coming to rest, ft 
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ration in coming to rest, ft 


= defined as Dp — Dy 
= base of natural logarithms 


friction head, ft 


= acceleration due to gravity, 


ft/sec? 


= total head, ft 


total surge pressure, ft 


= surge pressure generated by re- 


joining water columns, ft 

total surge pressure, dimension- 
less 

ratio of distance along pipeline 
between pumps and high 
point to length of pipeline, di- 
mensionless 

ratio of elevation difference be- 


system static head, dimen- 
sionless 


= length of pipeline, ft 
= symbol for logarithm to base e 
= elevation of check valves above 


surface of water source (nega- 
tive if check valves are be- 
low surface), ft 


= system static head, ft 


time, sec 
water velocity, fps 
initial water velocity, fps 


= velocity of rejoinder, fps 
= pipeline constant, dimension- 


less! 


1See Reference [1]. 


Transactions of the ASME 


| 
; 
: 
e L 
In 
M 
i= 
C, = hoax = = 
Vo = 
p 
ky = 


was derived using rigid-water-column theory and assumed that 
friction in the system could be neglected: 
— ke) 

1( 2p 


= 2 2 1 - — 


The use of equation (1), for systems in which friction losses repre- 
sent a large portion of total pumping head, yields results which are 
overconservative by indicating separations which may not, in 
fact, occur and surge pressures which are excessive. 

Equations (2a), (2b), and (2c) may be used to evaluate H max for 
such a system in which friction is considered: 


Hens AS — M) + —! (2a) 
9 


where the velocity of rejoinder is 


and the total interface separation is 


Lil — k) [(1 — + 
D, = oe 


The assumptions made and the derivation of equations (2a), (2b), 
and (2c) are included in the Appendix. 


Illustrative Problem 


A solution is shown for the pipeline described in Fig. 1. In this 
system, several pumps at a pumping station supply cooling water 


Ve 11.8" POINT OF FREE DISCHARGE 
k, b, Ve"#2.95 TO ATMOSPHERE 


HEAT EXCHANGERS 


L=3940' 
Fig. 1 Pipeline profile 


to a set of heat exchangers in an industrial plant. Basic data for 
this system are as follows: 


VY, = 5.81 ft/sec 
Ss = 


Evaluation of Dg, from equation (2c), yields 
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Dg = 399 \n 1.401 — 175 In 1.024 
= 13.5 — 4.15 = 9.35 ft 


Note that, if D, is negative, no separation of the water column is 
indicated. If the value of Dy is near zero, behavior of the up- 
stream column should be checked by other methods which take 
into account the effect of pump-driver inertia. 

Subsequent evaluation of V, from equation (2b) yields 


Ve = [369(1 — e-*-%%))'/* = 4/19.2 = 4.38 ft/sec 
and from (2a) 
Hoax = 226 + 384 = 610 ft (264 psig) 


If friction had been neglected in this example, surge pressure in 
the order of 680 ft would result from calculation. Resistance of 
equipment at the discharge end (represented by bz) having a value 
twice that selected for the illustrative example would yield a 
surge pressure of 580 ft. 


Conclusions 


Use of this method of calculating surge pressure yields results 
of sufficient accuracy for estimating and preliminary design pur- 
poses. In some cases further calculation may not be required. 
Lines having multiple high points may be handled by application 
of the principles stated in this paper. 


APPENDIX 


Assumptions 


1 Water columns are assumed to act as rigid bodies until the 
instant of rejoinder. 

2 Effect of pumps on deceleration of the water column up- 
stream of the separation is neglected. 

3 Air that enters the discharge end of the system after flow re- 
versal passes through the equipment which is represented by 
lumped friction (b:) with negligible pressure loss. Entry of air 
into the system causes no change of static elevation at the dis- 
charge end. 

4 It is assumed that air returns to solution and vapor con- 
denses completely to liquid upon or prior to the instant of re- 
joinder of water columns. 


Derivation of Equations of Motion 


For any column of water flowing in the original direction in a 


pipeline following power failure and being decelerated by static 
and friction heads: 


L dV 


H=F+S8 = — 
g dt 


where F = bV*. Therefore 


Integrating, 
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Vs 
L Vo? 
—In{ 1+ —— 2c 
2gb, ( kyS ) (2e) 
: = - 
| 
— 
’ 
| 
fe | 
C1) 4 cesce — 
@@ 
g S+bV? 
L — 
ky 0.56 
a M = 10ft When ¢ = 0, V = V, and the constant of integration, 
L = 3940 ft . 
b, = 0.350 
tan 1 b S 
b, = 0.888 1 9 VbS 0 / 
and 


9 VbS 


The distance D traversed by the water column is 


D= = Vi- = Vt 


L b b 
-1V, \ Va) — V 


Integrating, 
L bv? 
D = — In{ 1+ — C. 
Dob a( + 3 ) + C; 
When D = 0, V = Vo, and the constant of integration 


L bV,? 
= 2gb In (: ) 


The distance D to come to rest (V = 0) is given by 


L 
D = — 4 
oy 3 ) (4) 
When flow reverses, friction opposes the static head and 
and 
L VS+VVb ) 
t= in{( +0 5 


Setting V = Oat¢ = 0 (¢ now being measured from the moment 
of column reversal), the constant of integration is C; = 0. Then 


yi 
b 


and the distance the column moves is 


L 


(from equation 5) (6) 


gt VbS 
= = Cc 
D= fVdt In cosh Lt 


Since D = 0 when { = 0, the constant of integration is C, = 0. 
Therefore the time after flow reversal to reach any point D is 
— De 
t= ——cosh-te (7) 
For a pipeline in which separation occurs, there are two water 
columns. Since there are check valves at the upstream end, 
the column upstream of the separation will not reverse direction 
of flow after coming to rest. The velocity of rejoinder, therefore, 
will be the velocity of the downstream column in the reverse 
direction after passing through a distance equal to the difference 
in the distances required to bring each of the water columns to 
rest. 
Let us define 


Dy = Dp Dy 


where from (4) 


and 
— ky) [(1 — + be] 
Po 2g[bi(1 — ki) + be!) (1 — k)S ] 
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yielding 
L kib Vo? 
tn (1 + (2c) 


Also, the velocity of rejoinder, Vg, is by combining (6) and (7) 


, _ Sl — Dats 
Vz = (+ tanh cosh~! e 


which can be reduced to 


—2ghDe 
_| SQ — &) 
“ )| 


The surge pressure* generated at the point of rejoinder is 


(2b) 


Hs 


At the check valves, the surge pressure is doubled (due to re- 
flection at dead-ended pipe) and is additive to the surge pressure 
at this point existent prior to rejoinder (assuming the latter surge 
pressure has not dissipated). The surge pressure at the check 
valves, then, is 


Huss M) + (2a) 
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DISCUSSION 
C. C. Crawford‘ 


Water-column separation is indicated. Management asks, 

“What will happen if no protective devices are installed?’’ It 
has been this writer’s experience that this is usually a knotty 
question to answer. Much more information is required about 
the phenomena accompanying water-column separation. The 
unpredictable nature of this phenomenon may be illustrated by 
the following experience: 
Engineers from the writer’s organization have just recently per- 
formed tests on water-column separation in pump discharge lines. 
One of the series of tests was performed on a line 3500 feet long 
having a total pumping head of 220 feet. There is a well-defined 
“‘knee’’ in the profile. There are no check valves and water can 
flow back through the pumps after power interruption. A de- 
tailed analysis, including the effects of rotational inertia of the 
units, pump characteristics, and using elastic water-column 
theory, indicated that the pressure at the ‘‘knee’’ would drop to 
the vapor pressure of water but that the water column would not 
actually separate. Measurements made near the knee with 
sensitive, high-speed equipment recorded peak pressures of 250 
psi. There was an audible thump and a sensible shaking of the 
ground. This pressure peak was not transmitted to the pumping 
plant. The pressure peak was duplicated in later tests. This 
happened in a line where it was considered that definitive water- 
column separation would not occur. 


3 See Reference [2]. 
‘Head, Applied Mathematics and Mechanics Section, Division of 
Design, U.S. Bureau of Reclamation, Denver, Colo. 
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The authors are to be commended for presenting their solu- 
tions for estimating pressures following water-column separation. 
These expressions should be useful for the stated purpose of 
. . making relatively rapid estimates of surge pressures . . . 
during preliminary design stages of a project.’’ Because of the 
unpredictable nature of the phenomenon, however, the findings 
from this type of analysis should be used with caution. An ex- 
pression developed by this writer for a system wherein b, = 0 (no 
heat exchangers) is basically identical to the authors’ equation 
(2b). 

The writer considers that the expression for the accelerating 
head should contain a third term, velocity head. 


V2 
H=S-—-—F — 
29 
Without this term, the computed velocity of a water column may 
be greater than the spouting velocity. 

Repeating, the authors are to be commended. The results they 
present should be useful to designers. However, if the authors 
accomplish no more than to open a discussion of this important 
phenomenon, their efforts will have been well worth while. 


R. T. Richards® 


Messrs. Kephart and Davis have made a valuable contribution 
to the analysis of a serious problem. Water-column separation 
is largely neglected in the handbook and textbook references to 
which so many engineers turn for help. The writer has observed 
that water-column separation and attendant surges are much more 
common in water supply pipelines than the literature on water 
hammer would imply. 

This phenomenon is often encountered on relatively long pipe- 
lines moving water to reservoirs (or to heat exchangers, as the 
authors note). A hilly profile accentuates the problem. The 
writer has encountered water-column separation in designing and 
testing many pipelines associated with steam power plant make- 
up water supply and condensing water systems. 

Two particular associated problems are worth noting: 


1 Surges resulting from the rejoinder of separated water 
columns have little relationship to the original operating pres- 
sure in the pipeline. One cannot safely put an arbitrary percent- 
age safety factor in the line to take care of surges resulting from 
water-column separation. 

The column rejoinder surge is a function of the velocity of the 
column at the moment of rejoining, not a function of the original 
operating pressure in the line. If the velocity was 3 feet per second 
at the instant of rejoinder, the pressure surge, exclusive of static 
pressure, may be in the region of 100 times the velocity of re- 
joinder or 300 feet. It is apparent that such a rejoinder velocity 
in a relatively high-pressure cross country pipeline, operating at 
say, 400 feet, is of minor importance. In fact, the surge with 
static head included may not reach operating pressure. But the 
same rejoinder velocity in the circulating water system of a steam 
power plant, normally designed for pressures from 20 to 50 feet, 
would create havoc! We may conclude that the danger of pipe 
damage due to water-column separation surges becomes greater 
as the design operating pressures fall. 

2 Messrs. Kephart and Davis ask a question which they wish 
to answer with water-hammer calculation: “What will happen if 
no protective devices are installed? (a question sometimes 
asked by management).’’ Management does indeed ask this 
question, since surge protection equipment is often costly and also 
adds to maintenance problems on the pipeline. It is the re- 
sponsibility of the designer to prove the possibility of serious 
damage. He does this by calculation, often followed by field 


* Supervising Civil Engineer, Burns & Roe, Inc., New York, N. Y. 
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testing for important installations. Such field tests under care- 
fully controlled conditions should give a clear indication of the 
possibilities of surges in the pipeline. However, the most care- 
fully conducted field tests may be frustrating in their perversity! 


For example, in 1958 the writer ran a series of field tests on a 
major water supply pipeline in Texas. One of the purposes of the 
tests was to make final checks on the functioning of surge protec- 
tion equipment following simultaneous tripout of three 2000-hp 
pumps. No test in a two-day series developed the expected water- 
column separation or put the surge devices to work. This could 
have been embarrassing, considering the fact that over $30,000 was 
invested in designer-specified surge relief valves! However, the 
problem was more frustrating than embarrassing because in 
earlier 1953 tests of the same plant* with only one available pump, 
water-column separation was recorded in several places through- 
out the line, as calculated, and surge relief devices were very 
active. There was every indication that uncontrolled surges 
might have reached the highest values calculated. What went 
wrong in 1958? In this latter test series and several other field 
tests with which the writer has been associated, the surge per- 
formance of a pipeline, especially where water-column separation 
has been anticipated, has been erratic. Evidence points to surge 
reducing air pockets trapped in the pipe in spite of precautions to 
eliminate them. If only these pockets could be depended upon 
when needed, surge control would be a simple matter! 

To summarize then, field tests may not indicate the possible 
surge problem involved. We must depend upon careful analysis 
of water-hammer possibilities prior to construction of the pipeline 
aud be in a position to recommend and defend the use of surge 
protection devices where a need appears. 


Authors’ Closure 


The authors thank Mr. Crawford and Mr. Richards for their 
encouraging discussion. Both raise the question of reconciling 
field tests with calculations. Mr. Richards also mentioned an 
example of disagreement between field tests of the same system, 
a phenomenon to which he referred in another earlier paper.” 
The authors would be mis-stating the facts were they not to 
agree that such difficulty can exist. 

When test does not confirm calculation, one must carefully 
examine his assumptions. More than likely the fault is an 
invalid ‘‘ground rule’ rather than a computational error. In 
the case of Mr. Crawford’s rejoinder surge in a system in which 
separation was calculated to be but incipient, the basic assump- 
tion most suspect is that of assuming the pipeline to be full of 
water initially. 

In a pipeline, particularly at a well-defined knee or high point 
in the profile, a pocket of air may exist. The air may not have 
been fully released during initial filling, or it may have been 
entrained in the water due to less than desirable suction condi- 
tions at the pumps. Such an air pocket in a pipeline under 
pressure represents a point of energy storage. 

Upon failure of energy input to the pumps, the stored energy 
in an air pocket will act to increase deceleration of the water 
upstream in the direction of the pumps and decrease deceleration 
of the water downstream in the direction of the point of discharge. 
A water column separation that otherwise might not occur results 
even though the vapor pressure is not reached. 

The difficulty in predicting the history of a transient under 
such circumstances is obvious. First, one must assume not only 
the existence but also the amount of air constituting the stored 
energy in the pipeline, because transient behavior of the system 


* Richards, Keck, Junget, “‘Hydraulic Design of the Sandow Pump- 
ing Plant,’"’ ASCE Power Division Proceedings, Paper No. 948, April, 
1956. 

7 See Reference] [2]. 
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is a function of the amount of energy storage. Second, the 
gross behavior of an air pocket during a transient most likely 
follows some polytropic process for which a value of n must be 
assumed. Third, direct application of either rigid or elastic 
water column analysis may not be valid. The authors suspect 
that an approach using conversion of kinetic energy to strain 
energy in the pipe wall and work of compression for both water 
and air may yield results with the Jeast computational effort. 

Mr. Richard's point that “danger of pipe damage due to water- 
column separation surges becomes greater as the design pressures 
fall’ becomes even more important if one considers the possi- 
bility of water column separation induced by air entrapment. 
Air release devices depend on line pressure as the driving force 
to expel air. 

The authors hesitate to theorize on Mr. Richard’s Texas pipe- 
line experience without further knowledge of that system or the 
test procedures. The authors can report that test results on a 
small system in which air was aspirated into the pipeline to 
provide surge protection showed a decreasing surge pressure and 
an increasing time between recorded pressure peaks on a series 
of tests in which initial conditions, other than assurance that 
all air had been bled from the system, were essentially identical. 

Mr. Crawford has suggested the inclusion of a velocity head 
term. The authors agree that this should be done on low-fric- 
tion head systems. 

To summarize, air entrapped in the pipeline prior to pump trip- 
out may invalidate analysis. Such air entrapment may force a 
water column separation in a system in which it would otherwise 
not occur, thereby subjecting the pipeline to the generally large 
surge pressures associated with rejoinder of separated water 
columns. On the other hand, in a system in which a separation 
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would oceur regardless of air entrapment, the presence of an air 
pocket probably serves to reduce surge pressure. 

In the preceding paragraphs, the authors have explored one 
factor aside from basic hydraulic considerations which influences 
transient behavior in a pipeline. The authors betieve other 
physical and thermodynamic occurrences may also have notable 
effect. For example, the authors suspect that steam formed 
during a water column separation does not condense at constant 
pressure as has been customarily assumed heretofore in ealeu- 
lations of this type. The manner in which dissolved gases 
leave and re-enter solution may be of significanee. The forma- 
tion of a single discreet vapor-air bubble with a true interfacial 
separation seems highly improbable; it appears more likely that 
an air-vapor-liquid mixture of relatively long length is formed. 
Generation of surge pressure upon collapse of a foamy mix- 
ture may bear little relationship to surge pressure generated 
by collapse of a discreet air-vapor space. 

In conclusion, the authors are hopeful that others will,be 
stimulated to add to the store of knowledge relating to water 
column separation and associated transient phenomena. Gen- 
erally speaking, existing methods of calculation yield results 
which are limiting values. One notable exception is the case 
of separation induced by presence of an air pocket. The authors 
suggest that further investigation of a basic nature is in order if 
the effects of all elements which influence transient behavior in 
separation problems are to be understood. In the meantime, 
the engineer should be cautious in the application of refinements 
to his calculations lest he attain a degree of false confidence not 
justified from ignoring by assumption one or more factors which 
may have more influence on results than the degree of refinement 
he introduces. 
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The Magnus Effect: A Summary of 
Investigations to Date 


The Magnus force on a rotating body traveling through a fluid is partly responsible for 


ballistic missile and rifle shell inaccuracies and dispersion and for the strange devia- 


tional behavior of such spherical missiles as golfballs and baseballs. 


A great deal of 


effort has been expended in attempts to predict the lift and drag forces as functions of the 
primary parameters, Reynolds number, ratio of peripheral to free-stream velocity, and 


geometry. 


The formulation and solution of the mathematical problem is of sufficient 


difficulty that experimental results give the only reliable information on the phenomenon. 
This paper summarizes some of the experimental results to date and the mathematical 


Introduction 


A SPINNING missile or body traveling through the air 
in such a way that the body axis of rotation is at an angle with the 
flight path will experience a Magnus force component in a direc- 
tion perpendicular to the plane in which the flight path and rota- 
tional axis lie. The magnitude of this force is a function of the 
spin rate, the flight velocity, and the shape of the missile. 

This Magnus force has been the subject of much investigation 
in order to determine its effect on the flight path of spinning shells 
and as a possible high lift device. Many ballistic missiles are given 
some spin for stabilization even though some may have fins for 
guidance in the propelled and guided stages. For such missiles 
the angle of yaw between the flight path and spin axis is usually 
small so that a small perturbation analysis is possible. For large 
yaw, or when the axis is at right angles to the flight direction, the 
flow separates (in the case of moderate or large Reynolds num- 
bers) and any method of analysis, even approximate, is virtually 
impossible at the present time. 

A review of some of the solutions is briefly presented along with 
the experimental results for the particular case of a two-dimen- 
sional (infinitely long) cylinder. The three-dimensional results 


Contributed by the Fluid Mechanics Subcommittee of the Hy- 
draulic Division and presented at the Winter Annual Meeting, 
New York, N. Y., November 27—-December 2, 1960, of Tue AMERICAN 
Society or MecHANIcAL ENGINEERS. Manuscript received at ASME 
Headquarters, August 1, 1960. Paper No. 60—WA-150. 


attacks that have been made on the problem. 


cover so many different geometr es that they are only briefly con 
s‘dered here. 


Historical Notes 


The first record of the drift deviation of a spinning body was 
described by G. T. Walker in 1671. The body was a “sliced’”’ 
tennis ball. G. Magnus [1],! in trying to account for the drift of 
spinning projectiles, performed some crude experiments with 
musket balls and with a cylinder in an air jet. He correctly 
ascribed the drift to an aerodynamic force produced by the 
interaction between the rotation and flight velocity which gave 
rise to an unsymmetrical pressure distribution produced by the 
Bernoulli effect. His projectile drift experiments were performed 
by laying musket balls with their center of mass not coincident 
with the geometric center in a musket with their center of mass 
in a known orientation. If the center of mass were to the 
right, an impulsive clockwise rotation about a vertical axis would 
be produced by the center of pressure acting through the geo- 
metric center and the inertial reaction acting through the center 
of mass. When fired, the ball should drift to the right—it did. 

Lord Rayleigh was the first to set up the ideal flow representa- 
tion. In 1877 he published a paper ‘‘On the Irregular Flight of a 
Tennis Ball’ [2] in which he presented the mathematical model 
of the flow as the classical potential flow around a cylinder with 
circulation. At the time he also stated that it was not possible 
to give a complete mathematical formulation of the actual physi- 


We: Numbers in brackets designate References at end of paper. 


— Nomenclature, 


evlinder radius for case of unbounded flow around a 
cvlinder 
radial distance to external vortex, z2 = ce*? 
drag coefficient 
static drag coefficient 
lift coefficient 
pressure coefficient = Pe 
—pl’,,? 
2? 
D = drag 
imaginary quantity V-1 
= a factor relating velocity ratio and circulation, Kg = 


1 r 


a aU, 
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lift 
= pressure 

= radius, radial co-ordinate 

Reynolds number 

= radial velocity component, u(r, @), general notation 


= radial velocity component in potential, or nearly irro- 
tational flow region 

free stream, uniform velocity of approach at r = © 

tangential velocity component, »(r, 4); general notation 

tangential velocity component, V(r, @); in potential or 
nearly irrotational flow region 

complex velocity, W = U + iV, also velocity magnitude 


(Continued on next page) 
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cal provess since no mathematical methods were available to ex- 
press the manner in which friction between the fluid and the 
rotating cylinder would produce circulation. 

The first quantitative data on record were determined by Lafay 
in Paris between 1910 and 1912 [3,4]. He also obtained negative 
lift forces at low rotational speeds. 

Many attempts have been made to use the high lift forces ob- 
tainable on a spinning cylinder in the wind, or in an air stream, 
but none has ever led to a financially successful venture. The 
most notable attempt was made by Anton Flettner in Germany 
during the period after the First World War. Flettner consulted 
with Prandtl and the Géttingen group on the idea of replacing a 
ship’s sails with rotors. In a cross wind, the Magnus effect would 
produce a thrust many times that for equivalent sail area. It 
was, of course, necessary to drive the rotors, but the power was 
only a small fraction of the power required for screw propulsion. 
Ackeret and Busemann [5, 6, 7] conducted a series of tests on 
cylinders with and without end plates which indicated that the 
method was feasible. Two Flettner Rotor ships, the Buckau and 
the Barbara [8, 9, 10, 11] were built and one sailed across the 
Atlantic. Although this method of propulsion was quite inex- 
pensive, the speed and reliability of screw propulsion was more 
than competitive. 

The Madaras Rotor Power Plant, patented in 1926, was pro- 
posed as a rather complicated method of generating power on a 
large scale using large vertical spinning rotors propelling them- 
selves around a round or oval track by means of the Magnus 
thrust. Generators attached to the wheels generated the power 
output. 

Attempts have been made to employ spinning cylinders as 
portions of high lift wings, but the difficulties of complicated 
drives and excessive weight have eliminated this application. 

The first Magnus investigation in this country was made by 
E. G. Reid in 1924, at the Langley Field NACA Laboratory [12], 
using a single cylinder projecting through both sides of the five- 
oot diameter tunnel. The most interesting of these results were 
never published. 

The most complete experimental work was done by A. Thom 
at the University of Glasgow and reported in his doctor’s dis- 
sertation and in five Reports and Memoranda of the British Air- 

craft Research Council covering a period of nine years from 1925 
to 1935 [13-18]. The effects of Reynolds number, surface con- 
dition, aspect ratio, end conditions, ete., were investigated. 
Pressure, velocity, and circulation data were also obtained. 

A comparison of the Magnus lift force coefficient as a function 
of peripheral to free-stream velocity ratio as obtained by several 
investigators under a number of conditions is shown in Fig. 1. 
One general trend indicated by these data is that due to aspect 
ratio: A finite and smaller aspect ratio produces a smaller lift 
at a given velocity ratio and also gives a peak lift which has not 
been obtained with an infinite aspect-ratio cylinder. 


Nomenclature 


2 


| 4 


Fig. 1 Summary of previous lift-coefficient C: versus velocity-ratio 


a data 
Curve investigator and Aspect Reynolds 
ref. ratio no. 
a (Ideal fluid) 
b Thom [18] 12.5 5.3 — 8.8 X 
and 26 103 
c Reid [12] 13.3 3.9 — 11.6 X 
10¢ 
d (Gottingen) [21] 4.7 5.2 K 104 
Thom [14] 8 1.6 X 104 
f Swanson o 3.5 X 104‘—3 
x 108 
g Thom [17] 5.7 3— 9X 104 
h Thom [17] 57 3-9 xX 
i (Gottengen) [37] 4.7 5.2 104 
i Schwartzenberg 4.5 5.4,18.6 10* 
k Swanson 2 5 xX 104 


Remarks 


3 X cyl-dia end 
disks 


17 X cyl-dia end 
disks 


Rough ("sanded") 
surface 


Smooth surface 


Unpublished (Case 
Inst.) 


Continuous end 
sections 


horizontal Cartesian co-ordinate 
= force component in z-direction 

y = vertical Cartesian co-ordinate 
Y = force component in y-direction 

- = complex variable, z = z + iy 

a = velocity ratio, a = »/U, 

Y = argument of location of external vortex, z = ce*’ 

= circulation 

@ = general angular co-ordinate in z = re“ measured from 


positive z axis which is parallel to the free stream flow 
direction at z = © 


k = vortex strength, circulation 
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= density 
y = stream function 
w = angular velocity 


Subscripts 


0 (zero) denotes conditions at surface of cylinder (i.e., at 


r = fo) 
© (infinity) denotes conditions far upstream 


Superscripts 


’ (prime) denotes and implies Cartesian co-ordinates, e.g., u’ is 


the velocity component in the z-direction 
~~ denotes complex conjugate 
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One of the first attempts at obtaining an analytical representa- 
tion was made by W. G. Bickley [19] in 1928. This is probably 
one of the most useful analyses with respect to providing an ex- 
planation for some of the observed flow phenomena. Bickley 
considered the potential flow resulting from a vortex in the neigh- 
borhood of a cylinder with circulation in a free stream. 

The most complicated mathematical model was formulated 
and worked out by Torsten Gustafson [20] and published in 1933. 
In a certain sense it may be considered as an extension of Bick- 
ley’s method. Instead of a single vortex used to represent the 
vorticity shed in the wake, “. . . a flow where vortices of constant 
intensity are distributed on the logarithmically deflected stream- 
lines in the wake’’ is considered. This method is based on 
Oseen’s methods of approximate analyses of viscous flows as ex- 
tended by Zeilon. Gustafson’s method is quite tedious and re- 
quires numerical solution as well as determination of several 
parameters from experimental data. 

A recent work by E. Krahn [21] considers the very low 
Reynolds number region in which no wake is formed. A laminar 
boundary-layer analysis produces the circulation as a function of 
rotational speed. The method is carried through only for the 
case where the two stagnation points coincide at the bottom of 
the cylinder. 

The foregoing investigations have been carried out primarily on 
the case of a cylinder normal to the flow direction. The Magnus 
force and tumbling moment produced on spinning projectiles 
and missiles at small yaw angles are also of interest and have been 
the subject of much investigation [22, 23, 24, 25, 26, 27, 28, 29]. 
The Magnus effect is one of the primary factors contributing to 
the drift and dispersion of spinning missiles. 

More recently Glauert [30, 31, 32] and Moore [33] have made 
some analyses for the small perturbation case of low peripheral to 
free-stream velocity ratio. 


Experimental Measurements of the Two-Dimensional 
Magnus Forces 


As previously mentioned, Lafay was the first to make quantita- 
tive measurements of Magnus forces. He also made measure- 
ments of the pressure distribution around the rotating cylinder. 
The extensive data gathered by Thom for several end conditions 
including various end shapes and combinations of end disks give 
a variety of data for many basic shapes for the case of 90-deg 
yaw. 
primary interest in indicating the effect of finite aspect ratio. 
The smaller the aspect ratio, the smaller the maximum lift ob- 
tained and the smaller is the velocity ratio at which this maximum 
is reached. 


These results along with those of other investigators are of 


Leakage flow and consequent pressure equalization 
around the ends of the cylinder is responsible for this aspect-ratio 
effect. 
independent of end effects) is obtained by extending the cylinder 
through the tunnel walls with a very small clearance. The only 
investigation using such an apparatus seems to have been made by 

teid [12] in 1924. 
two-dimensional or infinite cylinder end conditions by adding end 
disks. End disks, however, give entirely different flow conditions 
from those of an infinite aspect-ratio cylinder so that the flow 
pattern will be one due to a finite cylinder plus that due to the end 
disks resulting in secondary axial flows and end flows around 
the disks. Under such circumstances, no combination of disks 
on a finite cylinder would be expected to produce conditions 
similar to those for an infinite cylinder. 

The closest approach to infinite cylinder conditions is believed 
to have been obtained with a three-section apparatus used by the 
author [34]. A “‘live’’ cylinder section mounted on a long shaft 
supported by cantilever strain-gage beams was flanked by dummy 


The best approximation to two-dimensional flow (i.e., 


Many attempts have been made to approach 
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cylinders running on shafts concentric with the main shaft. All 
three sections were spun simultaneously using couplings that 
transmitted torque, but negligible transverse thrust. A very 
close clearance (0.010 to 0.015 in.) was maintained between the 
6-in. diameter cylinder sections. The dummy cylinders were also 
extended through the wind-tunnel walls with a close clearance to 
obtain minimum end effects. Data were obtained for as broad a 
range of Reynolds numbers (based on free-stream velocity and 
cylinder diameter) and velocity ratios as was possible with the 
apparatus. The force coefficient data are presented in Figs. 2, 3, 4, 
and 5. 

One of the primary objectives of this investigation was to de- 
termine whether or not a maximum (peak) lift coefficient indi- 
cated by Prandtl [35] would be obtained for an infinite aspect- 
ratio cylinder. None was obtained and it can be seen that the 
Magnus lift was still increasing uniformly at a velocity ratio of 17. 
Contrary to this behavior, Prandtl had predicted that a maximum 
in lift coefficient would exist at a velocity ratio of about 4. His 
prediction was based on the belief that the stagnation points 
would coincide at the bottom of the cylinder at this velocity 
ratio, beyond which no more vorticity could be shed; the lift 
would then remain constant at a value near that corresponding 
to an ideal velocity ratio of 2, i.e., Cymax = 44. His prediction 
was based on his well-known observation and photographs [36, 
37] of flow patterns which indicated that the real fluid flow pat- 
tern for a velocity ratio of 4 corresponded to the ideal fluid flow 
at 2. The apparatus with which these observations were made 
had two restrictions which have subsequently proved them to 
produce incorrect deductions regarding the actual flow patterns: 
First, the patterns are of the flow on a free surface which is at a 
uniform pressure and, second, the Reynolds number (free-stream 
velocity, cylinder diameter) was in the neighborhood of 4000. 
A comparison of Prandtl’s flow patterns with those obtained by 
Prof. F. N. M. Brown [33] at Notre Dame University shows a 
striking difference. In the actual flow with a wake behind the 
cylinder, the flow patterns will be much different from those 
obtained by Prandtl on which he made his hypothesis. One in- 
teresting fact shown by the smoke tunnel patterns obtained by 
Brown is the lack of rotation of the forward stagnation point pre- 
dicted by the ideal flow representation of the flow by a doublet 
and single lifting vortex in a free stream. This phenomenon will 
be discussed further. 

The variation of the lift and drag at low Reynolds numbers and 
velocity ratios is also interesting. The variation in behavior with 
Reynolds number is attributed to the nonsymmetric boundary- 
layer separation from the top and bottom surfaces of the cylinder 
as explained by Krahn [21] and Swanson [34]. As one example, 
consider curve g of Fig. 3 for which the Reynolds number is sub- 
critical (with respect to laminar-turbulent boundary-layer transi- 
tion) at 1.52 K 105. At low cylinder to free-stream velocity 
ratios, a, between 0 and 0.1, both the upper and lower boundary 
layers remain fully laminar up to their separation points. The 
upper separation point moves rearward (in the direction of the free 
stream) and the lower separation point moves forward. The addi- 
tional length of boundary attachment on the top surface gives a 
greater region of negative pressure coefficient here than over the 
bottom where the length of attached boundary layer has de- 
creased. As a consequence of the pressure distribution, a positive 
lift is produced. 

The boundary layer on the stationary cylinder at this Reynolds 
number is already slightly transitional as is indicated on Fig. 6.? 
As a is considered to further increase beyond 0.1, the relative 


? This Cp versus R plot for the static cylinder is of interest in that 
it indicated the degree of turbulence in the tunnel. Also, the transi- 
tion region of what is usually referred to as that where the drag co- 
efficient suddenly decreases actually covers about three quarters of 
the Reynolds number range up to the point of minimum Cp. 
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Fig. 2 Lift coefficient C, versus velocity ratio a 
Curve designation Reynolds no. 
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Fig. 3 Drag coefficient Cp versus velocity ratio a. Letter curve designations imply same 
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Fig. 5 Drag coefficient Cp versus velocity ratio a. 


Journal of Basic Engineering september 1961 / 465 


ITT 
| 
| | 
Reynolds numbers as Fig. 2. 
Fic. 4 Lift coefficient Cr versus velocity ratio a. 


3 
Rx 107 


Fig. 6 Drag coefficient Cp versus Reynolds number R plotted on a linearscale. The letters 


velocity over the top of the cylinder is decreased, but it is in- 
creased over the lower half. It is useful to introduce here the con- 
cept of a “relative Reynolds number.’’ Where the surface is 
traveling with the free-stream velocity, the transition can be ex- 
pected to be delayed, and conversely. The relative velocity Rrei 
= R.(1 + a) (+ sign Tor béttom and — sign for top). The 
boundary-layer behavior can then be correlated with the relative 
Reynolds number and a qualitative estimation of the relative por- 
tions of laminar and turbulent boundary layer and total length 
of boundary layer can be obtained. Referring back to curve g 
of Fig. 3, for @ increasing from 0.1, the upper relative Reynolds 
number decreases so that conditions in the upper boundary layer 
can be considered to be similar to those for Reynolds numbers 
less than 1.5 X 108 on Fig. 6. The lower boundary-layer condi- 
tions correspond to Reynolds numbers greater than 1.5 X 105. 
For example, for a = 0.2, the upper relative Reynolds number 
would be 1.5 & 108 (0.8) = 1.2 K 105 and the lower would be 1.8 X 
106. Fig. 6 then indicates a longer attached boundary layer on the 
bottom than on the top. This effect counteracts that previously 
mentioned and the lift begins to decrease. At higher rotational 
speeds, a greater portion of the lower boundary layer becomes 
turbulent and therefore more reattached. The greater reattach- 
ment on the lower surface produces the negative lift effect shown 
and also results in a lower drag as shown in Fig. 3. The lower 
boundary layer will finally reach a fully developed turbulent state 
near the point of maximum negative C,. 

At this point it is helpful to introduce the concept of a “bound- 
ary-layer origin.’’ The positions of the boundary-layer instability 
and separation points are a function of a boundary-layer length 
Reynolds number. For a stationary surface such as a flat plate, 
airfoil, or nonrotating cylinder, the boundary-layer length is 
measured from the front stagnation point. The shear (or rota- 
tion) in the boundary layer has opposite direction (or is of oppo- 
site sign) on opposite sides of the body from this point (Fig. 7). 
It seems logical to define the beginning of the boundary laver, or 
a boundary-layer origin, with respect to such a condition if we 
accept the definition and idea of a boundary layer as a shear layer. 
For a stationary surface, this boundary-layer origin is coincident 
with the stagnation point; however, for a moving surface this 
boundary-layer origin will, in general, not coincide with the stag- 
nation point. On the rotating cylinder, the forward stagnation 
point is translated in a direction opposite to the direction of rota- 
tion. (In addition, it is interesting to note that the stagnation 
point as a point of zero velocity can no longer lie on the surface 
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a, ¢, @, ete., correspond to the free-stream Reynolds numbers for the curves shown in Fig. 2. 
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Fig. 7 Representation of boundary layers around rotating cylinder for 


a =0.2andR ~ 4X 10° 
of the body.) If the boundary or shear layers are now investi- 
gated, we find that the upper and lower layers conforming to the 
required conditions for a boundary layer begin at a point where 
the cylinder surface velocity is equal to the fluid velocity (i.e., 
where the relative velocity is zero). The boundary layers are 
then as shown in Fig. 7. It is seen that the boundary-layer 
origin is translated in the same direction as the direction of mo- 
tion of the surface (direction of rotation) but opposite to that of 
the stagnation point. Boundary-layer profiles obtained for the 
cylinder rotating at two different velocity ratios are presented in 
Figs. 8 and 9. The outlines of the boundary layers are shown. 
It is interesting to note that, for a = 1, both boundary layers are 
about the same length. In order to calculate characteristics of the 
boundary layer, it is necessary to have a set of initial conditions. 
The previously described boundary-layer origin is the most logical 
position at which to attempt to start a boundary-layer solution 
for a geometry where the wall is in a nonuniform motion with 
respect to the external flow. 

As the rotational speed is further increased (beyond a value 
corresponding to a =~ 0.5) the boundary-layer origin moves 
further back on the upper surface with a consequent increased 
length of flow attachment producing more Magnus lift. It is 
believed that both boundary layers are in the fully developed 
turbulent state at a velocity ratio of 1.0. An idea of the flow 
pattern may be obtained by referring to Fig. 8. Although the 
relative velocity between the surface and free stream is much 
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Fig.8 Boundary-layer profiles obtained at positi every 30 deg around 
the cylinder for a = 1. The dotted line represents the approximate limit 
for the three boundary layers. The vertical scale on the profiles is ten 
times that forthe cylinder. Scales are v/wr) versus y/ro. 


Fig.9 Same as Fig. 8; a = 2 


smaller in the upper boundary layer than in the lower boundary 
layer, the velocity gradients appear to be about the same at equal 
distances from the boundary-layer origin. The main indication 
that both the layers are fully developed turbulent at and beyond 
this point lies in the fact that the drag in this region of @ is a 
minimum corresponding to the fully developed turbulent bound- 
ary layer over the nonrotating cylinder at R ~ 3.5 X 105; in 
addition, no further dependence of either C, or Cp on R is indi- 
cated beyond a = 1. The foregoing is only a very qualitative 
description of the assumed flow behavior in the light of the ex- 
perimental results available. Since no hot-wire data have been 
taken within the boundary layer, the foregoing assumptions have 
not been verified. 
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For velocity ratios greater than one, the force behavior is indi- 
cated to be essentially independent of Reynolds number for 2 X 
10'<R <5 X 10%. In this region, both boundary layers are 
apparently fully developed. Since the surface and fluid velocities 
over the top are in the same direction producing a low relative 
velocity, it is possible that the upper boundary layer in its fully 
developed state at a > 1 is laminar. However, boundary-layer 
instability and transition, and the transition from laminar to 
turbulent flow, in general, are functions of Reynolds number based 
on absolute velocity (considering the Reynolds number and its 
consequences to be representative of the ratio of inertial to viscous 
forces). Over the upper surface the absolute velocity is quite 
high so that, for free-stream Reynolds numbers corresponding to 
laminar separation for the static cylinder, it is possible that the 
upper boundary layer is turbulent for the case of the rotating 
cylinder. One of Brown’s photographs for 1 < a@ < 2 (Fig. 14, 
ref. [36]) favors the second argument: The smoke filament on 
the upper surface indicates a turbulent boundary layer. Similar 
arguments can be presented for the behavior of the lower bound- 
ary layer. 

The knee of the lift curve near a = 3 is produced when the 
boundary-layer origin reaches the top of the cylinder. At any @ 
greater than this value, the cylinder is everywhere traveling at a 
velocity greater than that attainable by the external flow; conse- 
quently the boundary-layer origin as defined previously no longer 
exists. Prandtl considered that the flow pattern produced by the 
stagnation point coincidence at the bottom of the cylinder would 
produce a flow pattern and force system that would not change 
by any further increase in rotational speed. He reasoned that no 
further vorticity could be shed; therefore the C,, would level off 
at a value of 47. The foregoing condition where the boundary- 
layer origin reaches the top may be considered to pose a similar 
limitation, except that the C,, is seen to continuously increase, but 
at a slower rate than before. As the rotational speed is further in- 
creased beyond a value corresponding to a = 3, the vorticity shed 
in the upper boundary layer goes from positive (clockwise) to 
negative (counterclockwise) while that shed in the lower bound- 
ary layer is always negative. In a real fluid, the lift and shed 
vorticity will always have opposite signs (for the co-ordinate 
system orientation shown) and there will be a correspondence be- 
tween the magnitude of the shed vorticity and the lift. As @ 
is further increased, the vorticity shed in both boundary layers 
is negative and increases in magnitude. The field induced by this 
shed vorticity has the effect of rotating the flow pattern around 
the cylinder in a counterclockwise direction. (An approximate 
calculation of this effect will be given later.) The pressure dis- 
tribution produced by this pattern is seen to increase the lift. If 
this is the primary effect producing the lift rise beyond the knee, 
it appears as if some limit should exist as the wake formed by the 
separating boundary layers rotates around to a position near the 
front of the cylinder. No such limiting condition was reached 
within the limits of data taken. 

The drag behavior is also indicated as a consequence of the 
foregoing flow behavior. As @ increases beyond 1, the drag, sur- 
prisingly, increases to a value much greater than the drag on the 
nonrotating cylinder, even though the wake area is decreasing. 
This large drag increase with increasing a is produced by flow re- 
attachment over the rear of the cylinder accompanied by a move- 
ment of the rear stagnation point and the wake in a counterclock- 
wise direction into the region near the bottom of the cylinder. 
The drag peaks in the region where the lift knee occurs. The 
boundary-layer origin is at the top of the cylinder and the separa- 
tion points and wake are near the bottom of the cylinder. An in- 
crease of a@ as described produces a further rotation of the 
wake toward the front of the cylinder. The resultant flow pattern 
and pressure distribution produce a decrease in Cp. 
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A Proposed Ideal Flow Analysis 


The potential flow pattern of a free stream, doublet, and bound 
vortex combined to yield the flow on a cylinder with lift is quite 
familiar. This simple potential function and its solution yield a 
lift, C, = 23a (a = 1/U.,), but no drag is predicted. 

As one step beyond the simple Kutta-Joukowski theorem of 
lift, consider the force on the cylinder produced by the circulation 
from a singularity (potential vortex I) within the boundary as in 
the Kutta-Joukowski theory and an additional vortex downstream 
from the cylinder representing the shed vorticity in the wake that 
is continuously being carried downstream. This moving vortex 
sets up an induced velocity field which acts to produce a force in 
addition to that arising from the interaction of the free-stream 
velocity and the circulation within the body contour. 

In a very interesting paper, W. G. Bickley [19] has set up an 
approximate mathematical model for this problem in which the 
net. vorticity moving in the wake is considered to be concentrated 
in a single vortex of opposite direction to the lift-circulation 
around the cylinder (Fig. 10). Expressions for the transportation 
velocity components of the “shed’’ vortex are given and from 
these and the velocity potential for this flow model, the lift and 
drag are determined for an arbitrarily prescribed location of the 


shed vortex. 
a“ 


AV 


Representation for the Bickley flow around a cylinder and “shed 


Fig. 10 
vortex" 


Consider the flow around a circular cylinder of radius a with 
positive circulation and superimposed on this, a vortex of strength 
—xatz =a, = ce’, and the necessary vortexes +x at the inverse 


2 
point (image point in the circle) z = zz = e*?, and —xatz = 0 
c 


to maintain the circle z = a streamline (Fig. 10). The vortex 
at Ais a free vortex; those at z = 0 are bound, and the vortex at B 
is restricted to move such that it is always at the inverse point of 
A. With this arrangement z = a is preserved as a streamline of 
the flow as x4 moves according to the velocity induced at A by the 
rest of the field. This potential flow representation is an ap- 
proximation to the actual flow where the net vorticity continu- 
ously shed by the cylinder and washed downstream is considered 
to be instantaneously concentrated with strength —«x at A, and 
with an instantaneous velocity as determined from the rest of the 
field. The net vorticity within the cylinder contour is the “‘lift’”’ 
circulation. 
The complex potential function for the flow of Fig. 10 is 


2 
F(z) = -U, (: =) Inz — In 
z 2r z— 2g 
(1) 
a’ . 
where z, = ce’? and zz, = = e'’, The complex velocity is given 


by 
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For ideal motion of an incompressible flow the Blasius theorem 
yields the force on the cylinder boundary: 


dz 
— d 
+ ip z 


The first contour integral on the right-hand side of (3) gives the 
convective or W? contribution to the force and the second term 
gives the unsteady or time-dependent contribution. 
of integration is the cylinder surface, z = a. 

After performing the necessary calculations, the lift and drag 
coefficients can be determined as: 


(3) 


The contour 


Kk a’ Ke 
Cc — - 1 ci 
( =) (5 — a? 


The three parameters, a/c, x (or x/I'), and y cannot directly be 
prescribed. By associating the vorticity shed in the wake with 
the lift circulation, one may arbitrarily take «x = —TI. This 


assumption gives 
sin y (a y 
24 ( c ) 


The angle + is in the third quadrant so that Cp is a positive 
quantity and the second term in C, is negative. 

The most interesting characteristic of this solution is the pre- 
diction of a drag that increases with the square of the circulation. 
The lift is now seen to be parabolic with I’, instead of linear as pre- 
dicted by the Kutta-Joukowski theory. 

A polar C,, versus Cp relation is obtained by eliminating I: 


which is seen to be a family of parabolas with parameters c/a 
and y. Fig. 11 shows a plot of C, versus Cp for the experimental 
data and for this relationship with c/a = 4 and y = 210 deg. 
(These values were arbitrarily chosen to give the best fit of the 
foregoing equation with the experimental results.) Curves for two 
other sets of parameters are also shown. The lift and drag curves 
for the experimental data and for these sets of parameters in the 
foregoing expressions for C; and Cp are shown on Figs. 4 and 5. 
The circulation T (and x) is a function of a. On the Kutta- 
Joukowski case, ['/(aU.) = 29a; however, since this model 
replaces the Kutta-Joukowski, ['/(aU/) is not determined, but 
can only be said to be a function of a: I'/(aU a) is therefore 
arbitrarily taken as equal to Kg, i.e., T/(aU @) = K,a where K, 
is obviously always less than 27. This substitution gives: 
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Even considering that this model presents a good approxima- 
tion to the actual flow condition, the parameters c/a, y, and Kg 
would be expected to be functions of a; consequently, if these 
relationships could be determined, a better “fit” to the experi- 
mental results would result. Unfortunately, there is no way by 
which c/a(a), y(a), and K,(q@) can be determined. 

It is interesting to note that the field induced by the trailing 
vorticity has the effect of rotating the entire flow pattern in a 
counterclockwise direction about the center of the cylinder (in 
the same direction as the lift circulation I). The forward stag- 
nation point is then located closer to the front (@ = 0) of the cylin- 
der and the rear stagnation point is closer to the bottom (6 = —90 
deg). For example, for the values of c/a = 4, y = 224 deg, and 
Kaa = 2.89 cited in the foregoing example, the stagnation points 
for a = | are located at —9 deg and at 180 + 21 deg; fora = 2, 
at —19 deg and 180 + 50 deg. This predicted effect is in agree- 
ment with visual observations by Brown [36] and Gustafson 
[20] and measurements by Swanson [34] (Figs. 8,9). In reality, 
the rear stagnation point does not exist because of the wake region 
formed. It is of significance that for the range of Reynolds num- 
bers investigated (3 X 10‘ to 5 X 10°) the wake is always present 
at all values of a. Therefore, for a real fluid flow at high Reynolds 
numbers, the condition where the two stagnation points can 
coincide will not exist and a separated wake will always be present. 
Indeed, some smoke studies by Gustafson [20] at very large a (5 
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Fig. 11 Lift-drag polar plot with comparisons from Eq. (6) 
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to 7) indicate that the wake has moved around to a position such 
that both separation points are within the fourth quadrant. 

The mathematical model described in the foregoing is of in- 
terest primarily in that it predicts some of the observation 
flow pattern characteristics. It cannot be used for quantitative 
predictions of the force behavior since, first, it is an ideal 
(potential) flow representation of a flow that is principally deter- 
mined by viscous effects. 

The circulation around the actual rotating cylinder, which can 
be calculated and plotted from velocity field data, is a conse- 
quence of the unsymmetrical flow pattern produced by the upper 
and lower boundary layers separating at different positions. 
The circulation is then a consequence of the flow pattern as de- 
termined by the boundary-layer behavior. The circulation at the 
cylinder surface is, of course, ! = 22wro? which would yield a lift 
coefficient corresponding to that for ideal flow (e.g., C, = 2ra for 
the Kutta-Joukowski model). This value of I’ falls off through 
the viscous (boundary-layer) region to a value that decreases very 
slowly outside this region. The value of I determined experi- 
mentally at the outer edge of the boundary layer agrees closely 
with that calculated from the ideal flow model. 


The Fundamental Problem 


The most simple problem in the range of Reynolds number 
where separation exists would be that where the Reynolds num- 
ber indicates fully laminar boundary-layer flow up to the point of 
separation. Since the problem of separating flow on a stationary 
cylinder has not yet been solved without first knowing the answer 
(i.e., the actual pressure distribution), the possibility of a solution 
to this problem does not appear imminent. On the other hand, 
with the actual pressure distribution given, solution of the 
boundary-layer equations for the case of the nonrotating cylinder 
gives very good agreement with respect to velocity profile and 
separation point determination. The analogous problem for the 
rotating cylinder is currently under attack. 

Experimental observations of the actual flow patterns often 
provide valuable or interesting information with respect to 
analytical formulations. In particular, it appears misleading to 
present only the mean values of data such as force coefficient 
(C, and Cp) and pressure distribution data. Even though the 
range of Reynolds numbers discussed is much higher than that in 
which a discrete vortex street is formed, the flow pattern is far 
from steady or stationary. The random fluctuating wake pres- 
sure (and velocity) signals are propagated throughout the entire 
flow field. The varying pressure distribution in the neighborhood 
of the separation points produces relatively large variations in the 
position where separation occurs. Consequently, the net force on 
the body experiences large random fluctuations in both magnitude 
and direction. In the case of the cylinder (rotating or not) the 
vertical (lift) force was observed to vary in magnitude by an 
amount on the same order as the average value of the net force. 
The variations in drag force were not as great as the vertical force 
variations. The fundamental problem is then one of an un- 
steady flow; however, solutions neglecting the random flow varia- 

tions do give satisfactory results that agree with the physical 
average value results obtained from experiments. A solution to 
the complete problem of the flow around a bluff body still re- 
quires solution of nonlinear partial differential equations. In 
the case of large Reynolds numbers, the combined or simultaneous 
solutions to the boundary-value problem in the external flow and 
the boundary-layer flow are required. 
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DISCUSSION 
F.N. M. Brown® 


Dr. Swanson’s excellent paper has a single fault. His state- 
ment on page 469 of the preprint that ‘The circulation is then a 
consequence of the flow pattern as determined by the boundary 
layer behavior,’’ is underemphasized. This conclusion is perhaps 
the most important one in the paper because it is a bold thought. 

I will quote from the abstract of one of my own reports. (A 
Summary report on phase I, contract N-123(60530)5964 ‘‘Mag- 
nus Effect: A Visual Study of Separation Conditions in the 
Negative Lift Region’) ““The suggestion is made that the circula- 
tion is inherent in a flow pattern that is established by the dif- 
ferential separation associated with the energization of the bound- 
ary layers and cannot be the result of viscous shear transmitted 
to the body of fluid outside the boundary layer.”’ 

We were forced to this conclusion by two findings: First, the 
very existance of negative Magnus effect and second the results 
of a study of the periptery of axially situated (0 deg yaw) rotat- 
ing, tangent-ogive nosed cylinders. We found that the flow field 
did not follow the rotating surface except within the transitioning 
and within the fully developed turbulent layer. The air outside 
the boundary layer had no tendency to follow the rotating sur- 
face, indicating that no viscous shear was transmitted to this 
portion of the flow pattern. 

Dr. Swanson is to be congratulated for his independent reason- 
ing in this matter. 


* Professor of Aeronautical Engineering, Department Head, 
University of Notre Dame, Notre Dame, Ind. 


Transactions of the ASME 


4 
4 
“al 
} 
| 
4 
| 
} 


H. E. WEBER 


Manager, Research Equipment 
Development, Space Sciences Laboratory, 
Missile and Vehicle Department, 

General Electric Company, 

Valley Forge, Pa. 

Assoc. Mem. ASME 


Ejector-Nozzle Flow and 
Thrust for Choked Flow 


A theory for the prediction of flow for fully choked divergent shroud nozzles has been 


compared with experiment and correcied empirically. The prediction of thrust has been 
extended to include both the underexpanded and overexpanded flow regimes in this type 
of nozzle. Comparisons with the theory have been made and good correlation found in 


Introduction 


* PREDICTION of thrust and flow for fully expanded 
and underexpanded ejector nozzles, whether the shroud is cylin- 
drical or divergent, is handled in several ways with good results 
[1].! However, it has not been easy to calculate the thrust 
of any ejector nozzle when the secondary and primary streams 
are both choked but the nozzle is overexpanded with compression 
or shock waves between the primary nozzle and shroud exit. 

The work done in this paper is based on an extension of the 
work reported in [1]. In that reference it was assumed that an 
isentropic core remains in the secondary flow at the nozzle exit or 
upstream of the shock in the shroud for the case of overexpanded 
nozzles. The additional information required to permit calcula- 
tion of ejector-nozzle thrust throughout the overexpanded region 
of nozzle operation is some knowledge of the maximum pressure 
rise across the compression or shock waves within the shroud in 
this regime of nozzle operation. The theory to be described in 
this paper was checked with the data in [2] which contains test 
data on nine different geometrical configurations of divergent- 
shroud ejector nozzles. The agreement was generally within 1 
per cent of gross thrust. Consequently, the theory may be put in 
chart or nomograph form to permit rapid evaluation of ejector- 
nozzle thrust coefficients for any given operating conditions 
and nozzle geometry. 


1 Numbers in brackets designate References at end of paper 


Contributed by the Fluid Mechanics Subcommittee of the Hy- 
draulic Division and presented at the Winter Annual Meeting, 
New York, N. Y., November 27-December 2, 1960, of THe Amenri- 
caAN Society oF MercuHaANnicaL ENGINEERS Manuscript received 


at ASME Headquarters, August 1, 1960. Paper No. 60—WA-155. 


Nomenclature 


both overexpanded and underexpanded regimes of flow. 


Flow Through Ejector Nozzles 

A knowledge of the ejector-nozzle pumping is required to evalu- 
ate the thrust from the methods developed in this paper. Pump- 
ing predictions for cylindrical shroud nozzles having sufficient 
shroud length to mix the flow completely are given in [3]. The 
theory in that reference shows excellent agreement with data. 
The prediction of pumping for divergent-shroud ejector nozzles is 
treated in [1]. All flow data checked on divergent-shroud ejector 
nozzles do not agree with the flow theory of [1] developed for the 
configuration shown in Fig. 1. It appears that the effect of axial 
spacing between the primary-nozzle exit and minimum shroud 
diameter is not as significant as predicted by Fig. 3 of [1 }—repro- 
duced as Fig. 2 in this paper. However, data plotted in Fig. 2 
generally fall within the grid of that figure. Also, for the upper 
portion of the figure the data have the same slope as the constant 
axial-spacing lines S/D,*. 

The theory developed in this paper, although it extends 
throughout the overexpanded and underexpanded regimes of 
nozzle operation (both secondary and primary streams choked), 


Fig. 1 Divergent-shroud ejector nozzle 


total exit area of ejector noz- C,., = momentum coefficient of sec- Py 


ambient pressure 


zie ondary stream P, = nozzle-exit pressure 
A, = exit area of primary nozzle Cg,,Cy, = angularity coefficients P., = secondary static pressure at 
(convergent ) F, = actual gross nozzle thrust primary-nozzle exit 
A,, = area of isentropic primary F,, = ideal primary thrust for isen- Pe = primary total 7 su 
stream at primary-nozzle tropic flow to ambient pres- P, = secondary total pressure ' 
exit ouse S = axial distance between pri- 
ic at ares mary-nozzle exit and mini- 
A,* = sonic throat area of primary M* = nondimensional Mach num- ; 
mum shroud area 
stream ber defined as local velocity 
A,, = area of primary stream at A, divided by velocity at sonic . per ture a: 
Ta 
A, = minimum shroud area conditio wn 
: onditions T,, = secondary total absolute tem- 
A,* = sonic throat area of  sec- M,,* = M* of isentropic primary perature 
ondary stream stream at nozzle exit W = mass rate of flow 
C,,, = momentum coefficient of pri- M,.* = M* of isentropic secondary ratio of specific heat 
mp e 


mary stream 
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stream at nozzle exit 


= half angle of divergent shroud 
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i Fig. 2 Secondary-primary flow ratio from reference {1} 
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Fig. 3 Secondary-primary flow ratio of this paper j 


does not predict the break point in the thrust-coefficient curve 
which is the point at which the secondary stream unchokes or the 
primary stream separates from the shroud for zero secondary flow. 
The work on flow reported herein improves the flow theory of 
{1]. For the case of the secondary total pressure less than pri- 
mary critical pressure (primary stream choked at its physical 
throat) the flow theory is corrected empirically. For the case of 
the secondary static pressure at the primary-nozzle exit greater 
than the primary critical pressure, the theory of {1] is changed to. 
improve correlation with available data. 


Qualitative Performance of Ejector Nozzle 


Let us qualitatively trace the performance of ejector-nozzle 
operation as the primary-to-ambient-pressure ratio is increased 
from unity for a constant ratio of corrected secondary to primary 
flow. As the primary pressure is increased, maintaining a constant 
ratio of secondary to primary flow, the ratio of secondary to pri- 
mary total pressure must be decreased because of the entraining 
or pumping action of the primary stream which is increasing in 
velocity. Consequently, as the primary-to-ambient-pres- 
sure ratio increases from unity, the secondary-to-ambient-pressure 
ratio may decrease from unity depending upon the magnitude of 
the secondary-to-primary flow ratio. This regime of operation 
when both secondary and primary streams are unchoked is desig- 
nated as regime I. 

As the primary pressure is increased, the Mach number at the 
primary-nozzle throat approaches unity. At some primary-to- 
ambient-pressure ratio the primary stream chokes at its nozzle 
exit. Further increases in primary pressure increase the density 
of the primary stream. The increased density continues to in- 
crease the shear stress or entrainment effects on the secondary 
stream, permitting further decreases in the ratio of secondary-to- 
primary total pressure. Consequently, even though the primary 
Mach number at the primary-nozzle throat remains unity, in- 
creases in primary total pressure continue to permit the second- 
ary pressure to fall below ambient. In this regime of nozzle 
operation, designated as regime II, the primary stream is choked 
at its throat while the secondary stream is still unchoked through- 
out the nozzle. In regime II the primary stream reaches super- 
sonic velocities immediately downstream of the primary-nozzle 
exit. However, the primary stream soon breaks up in a series of 
compression or shock waves and becomes subsonic such that the 
ejector-nozzle flow at the exit is subsonic. 

Further increases in primary pressure above ambient will ac- 
celerate the secondary stream until somewhere in the shroud of 
the nozzle the secondary stream will reach Mach one and choke. 
When this occurs, both secondary and primary streams are 
choked. Then, to retain a constant value of the ratio of secondary- 
to-primary flow rate, the secondary total pressure must increase 
in direct proportion to the primary total pressure, or the sec- 
ondary-to-primary total-pressure ratio must remain constant. 
This regime of nozzle flow is designated as regime ITI. 

The best method of presenting graphically the pumping per- 
formance of a given ejector-nozzle geometry described in the fore- 
going is to plot secondary total-to-ambient-pressure ratio against 
primary total-to-ambient-pressure ratio for various values of 
corrected secondary-to-primary flow ratio. 


Problems of Predicting Ejector-Nozzle Flow 


The prediction of ejector-nozzle flow in regimes I and II is at- 
tempted by evaluation of the momentum equation for the control 
volume between the primary-nozzle exit and ejector-nozzle-shroud 
exit. For cylindrical shrouds [3] the one-dimensional flow pre- 
diction based on application of the continuity, momentum, and 
energy equations to such a control volume yields good pumping 
predictions. These good correlations between theory and data are 
obtained for two reasons: 
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1 The shroud walls are cylindrical and in the axial momentum 
equation the only force between the ends of the control volume is 
wall friction, a small part of the nozzle thrust. 

2 The velocity or momentum profile at the exit of the shroud 
is relatively uniform for sufficiently long shrouds. 


In the case of a divergent-shroud ejector nozzle in regimes I 
and II, the application of the axial momentum equation to a con- 
trol volume between the primary-nozzle exit and the ejector- 
shroud exit involves the evaluation of a divergent-wall-pressure 
force. In addition, in regimes I and II the minimum pressure of 
both secondary and primary streams is reached somewhere 
within the nozzle between the primary and shroud exits and is 
followed by a diffusion to the higher pressure. The flow near the 
walls against this adverse pressure gradient creates a large profile 
distortion. The momentum or velocity profile at the shroud exit 
is very nonuniform and may be stalled completely or separated 
from the nozzle walls. The difficulty of evaluating the divergent- 
shroud wall force and momentum profile at the shroud exit have 
prevented an accurate prediction of the pumping in regimes I and 
II of divergent-shroud ejector-nozzle operation. 

If the application of the continuity, momentum, and energy 
equations to a control volume between the primary nozzle and 
shroud-exit planes can be made to yield good predictions of 
nozzle pumping, then it must follow that the prediction of nozzle 
thrust in these regimes will also be accurate. This is so since the 
momentum equation is applied to obtain the thrust. Conse- 
quently, since prediction of pumping for divergent-shroud ejector 
nozzles in regimes I and IT has not yet proved satisfactory, neither 
has the calculation of thrust. 


Prediction of Flow for Fully Choked Secondary and Primary 
Flow (Regime til) 


As was stated previously, after the nozzle is fully choked, i.e., 
both secondary and primary streams are choked somewhere 
within the nozzle, the momentum, energy, and continuity equa- 
tions applied to a control volume between the primary nozzle and 
shroud exits no longer yield the pressure levels for a given second- 
ary to primary-flow ratio. In this regime the secondary flow is 
determined by choking occurring somewhere within the control 
volume. Fully choked nozzle operation has been designated as 
regime IIT. In the case of [8] the assumption was made that the 
throat of the secondary flow occurred at a relatively short dis- 
tance downstream of the plane of the primary-nozzle exit area. 
Entrainment action between the primary and secondary streams 
was then assumed negligible. Isentropic one-dimensional flow 
theory was applied to both streams using the fact that at the 
secondary throat the static pressure was the secondary critical 
pressure or 0.528 P,, for y = 1.4. In [3] the shroud has a constant 
diameter; consequently, the exact location of the secondary 
throat downstream of the primary-nozzle exit need not be known. 
However, in the case of the divergent-shroud ejector nozzle, the 
cross-sectional area of the shroud varies continuously with dis- 
tance downstream of the exit plane of the primary nozzle. In this 
case the area for secondary flow at its choked location is a function 
of the distance downstream of the primary-nozzle exit even 
though the assumption may be made that this distance is rela- 
tively short, and entrainment effects can be neglected. 

In (1) a theory was presented for the divergent-shroud nozzle 
in regime III. This nozzle is characterized by a rapidly converg- 
ing shroud just downstream of the primary-nozzle exit with the 
minimum shroud area occurring at a relatively short distance 
downstream of the primary-nozzle exit. The assumption was 
made in that reference that the secondary throat occurred at the 
minimum shroud area. A theory was presented and plotted in 
nomograph form reproduced as Fig. 2 of this study. From data 
available it was found that for a given nozzle configuration and 
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corrected secondary-to-primary-flow ratio, the predicted effect of 
area ratio and secondary-to-primary total-pressure ratio corre- 
lated well with experiment since the data points fell parallel to 
the lines of constant S/D,. However, the values of S/D, 
marked on these lines in Fig. 2 did not correspond to the S/D, of 
the actual nozzle configuration. From a more complete survey 
of the data in [2] and other unpublished data, it was deter- 
mined that a more satisfactory correlation could be obtained if 
the variable S/D, were to be replaced by @, the shroud-divergence 
half angle, for values of S/D, < 0.1. Values of S/D, > 0.1 had 
no discernible effect on pumping, perhaps because the throat of 
the secondary stream is forced to occur at the minimum shroud 
area for sufficiently large values of S/D,. 

The effect of divergence angle # and S/D, becomes negligible 
when the primary stream unchokes at its physical exit A, and 
moves downstream. Consequently, it was decided to account for 
the effect of initial secondary-stream velocity in the exit plane of 
the primary nozzle for this regime. The effective area of the 
secondary stream at this point is designated Aw. It was thought 
that A,» could more easily be estimated than the initial static-to- 
total secondary-pressure ratio in this plane. The effective initial 
secondary flow area, A,o, may not be perpendicular to the axial 
direction. It may be better estimated by evaluating the shroud 
flow area along the perpendicular distance from the surface of the 
primary nozzle at its exit to the shroud. 

It was noted in the author’s closure of [1] that the prediction of 
flow coefficient for the primary stream given in [1] checked well 
with data available. This theory, in brief, states that if the 
choked flow coefficient of a converging nozzle is known, the 
primary-stream flow coefficient may be determined on a one-di- 
mensional flow basis even when the primary stream is un- 
choked at its physical exit, A,. The primary stream unchokes 
there when the secondary static pressure at the exit plane of the 
primary nozzle becomes greater than the primary critical pressure 
or 0.528 P,, for y = 1.4. The ratio of the area of the primary 
stream A,, in this plane to the primary stream throat area A ,* 
may be determined from the primary static-to-total pressure ratio 


in the exit plane of the primary nozzle. This ratio may be written 
as 


A,,/A,* = f(P.,/P (1) 


where f is the one-dimensional isentropic area-ratio function of 
the pressure ratio. ; 


The ratio of corrected secondary to primary flow may be written 
as 


(2) 


This equation may be expanded in two different ways: First, 
writing w in the plane of the minimum shroud diameter, the as- 
sumed location of the secondary throat, we obtain 


= (Pa/P iy) (Ac/A py ty) A,./A,*] (3) 


In the second method of expanding equation (2) we may write 
w in terms of the effective areas involved in the plane of the pri- 
mary-nozzle exit. In this plane w may be written as, 


lig 
Ay) ( ‘spl | ") (4) 


From a further inspection of data available, it appeared that 
the size of the primary stream in the plane of the secondary throat 
(not necessarily the plane of the minimum shroud diameter) 
should be taken to be primarily a function of the secondary-to- 
primary total pressure ratio. The best value of this was found to 
be obtained from equations (7) and (8) of [1] at an effective 
theoretical value of S/D,* = 0.05. Thus, A,,/A,* in equation (3) 
is obtained as a function of P,,/P,,. 
The variable P,,/P,, in equations (3) and (4) was eliminated 
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graphically and the results plotted in nomograph form in Fig. 3. 
The portion of the original nomograph in [1] that has been altered 
is in the region of P,,/P,, > 0.528 for y = 1.4. 


Theory for Prediction of Ejector-Nozzle Thrust for Fully 
Choked Nozzle Operation (Regime II!) 


Fabri and Siestrunck [3] have assumed for on overexpanded 
C-D nozzle that the pressure ratio across the oblique shock is 2.5 
near the wall. This ratio has been assumed constant; the theory 
states that for an overexpanded C-D nozzle the oblique shock will 
position itself in the shroud such that the pressure ratio across the 
shock or compression waves is always 2.5. For extremely thick 
boundary layers, it has been found that the pressure rise is some- 
what less or nearer a value of 2 across the oblique shock. The 
theory in [3] for a C-D nozzle also assumes that immediately 
downstream of the shock the flow has separated from the nozzle 
walls. 

In this paper we shall make similar assumptions; i.e., 


1 For zero secondary flow (thin boundary layer) the pressure 
ratio across the oblique shock in an overexpanded ejector nozzle 
is 2.5. 

2 For finite secondary flow (greater than about 2 per cent of 
the primary flow, thick boundary layer) the pressure ratio across 
the oblique shock is 2.0. 

3 The flow separates from the nozzle walls immediately down- 
stream of the oblique shock and the downstream shock pressure 
is ambient in the overexpanded regime of nozzle operation. 


Equation (15) of [1] may be utilized to calculate the thrust of 
ejector nozzles in the underexpanded regime of nozzle operation 
and into the initial portion ct the overexpanded regime of nozzle 
operation as long as the shock wave remains attached to the 
shroud exit. As the primary-to-ambient pressure ratio is de- 
creased to a certain value, the shock wave at the shroud exit will 
begin to move upstream, maintaining a constant pressure ratio 
across the shock. The pressure upstream of the shock then, ac- 
cording to the foregoing theory and assumptions, is 


P, =(1/2.5)P,, W, =0 


(5) 


P, = (1/2)Po, W, > 0.02W, 


If the development of equations (15) in [1] is followed, it is seen 
that the same equation may be applied to the nozzle up to the 
shock wave in the shroud. However, the exit pressure P, in 
that equation (15) is replaced by the pressure P,, just upstream 
of the oblique shock in the shroud, as given by equation (5) of 
this paper. Also, the exit area of the nozzle A, is replaced by the 
local area of the shroud A,, just upstream of the oblique shock. 
In [1] an exit state nomograph, which is for one-dimensional isen- 
tropic flow of two streams in a given area, was used to evaluate 
the exit-plane pressure of a fully expanded or underexpanded 
ejector nozzle. When the shock wave is positioned somewhere 
in the shroud, the pressure just upstream of the shock is known 
from equation (5). To find the area of the shroud A, at which 
this shock is positioned on a one-dimensional flow basis, we may 
then use the same nomograph, Fig. 9 or equation (37) of [1], Fig. 4 
of this paper. In Fig. 4, then, for the overexpanded operation 
from equation (5), 

P./P = Py/P = OAPo/P W, = 9 
(6) 


P/Py = = 0.5Po/P.», W, > 0.02W, 


For a given ratio of secondary-to-primary flow and the secondary- 
to-primary total pressure ratio, we may find A,/A,* in Fig. 1 or 2. 
Equation (15) of [1] may then be used to calculate the thrust. 
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By omitting the second term in the denominator of equation (15) 
of [1], we obtain the gross ejector-thrust coefficient (ratio of gross 
axial thrust to ideal primary thrust) as 


F 


XL « 
F;, 
P,P») A,” 
Moyeia* 
(7) 
for 
Ye = = 14 


The quantity w is the corrected secondary-to-primary fiow ratio 
The Mach numbers and 
are for isentropic flow from the primary and secondary total pres- 
sures, respectively, to the exit plane pressure P, or the pressure 
P., just upstream of the oblique shock. The angularity co- 
efficients C, are for one-dimensional flow in a conical, diverging 
nozzle. Assuming that all of the secondary flow leaves the nozzle 
at the angle of the wall, we may write 


Cop = + cos (8) 
and 


Cy, = cos (9) 


The momentum coefficients C,,, and C,,, have been obtained by 
integrating the mixing region and wall boundary layers, respec- 
tively, to the pressure P, at the nozzle-exit plane or the pressure 
P,, upstream of the shock, depending upon the magnitude of the 
ambient-to-primary total-pressure ratio. Finally, the Mach num- 
ber M,.;4* is for isentropic flow from the primary total-to-am- 
bient static pressure. 

All of the quantities in equation (7) are derived in [1]. Calcu- 
lations of the thrust coefficient from equation (7) have been made 
and compared with some randomly selected nozzles [2]. The re- 
sults are shown in Figs. 5, 6, and 7. Unless the nozzles are con- 
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toured, such as a shortened-characteristics nozzle, the measured 
thrust coefficients in the fully choked regime correlate well with 
the theory presented here. With contoured nozzles the thrust 
coefficient falls more rapidly in the overexpanded regime than 
predicted by theory. This may be due to two phenomena: (a) 
There may be a greater deviation from one-dimensional flow up- 
stream of the exit for the contoured nozzle of the same area ratio 
as the conical nozzle. (b) The shock-pressure rise on the concave 
surface may be greater than the flat surface. 


Special Problem 


Nozzle-Exit State Indicated as Subsonic in Figs. 1 or 2 for Regime Ill 
Operation. Since the flow is never completely one-dimensional, 
certain cases arise in fully choked nozzle flow in which Fig. 4 in- 
dicates an exit state above the secondary sonic line. This would 
indicate that the secondary stream is subsonic at the nozzle exit. 
For nozzle operation in Regime III this cannot be true, and we 
have arbitrarily set the secondary Mach number at the nozzle 
exit equal to unity and the exit-state pressure equal to secondary 
critical pressure; or for y, = 1.4, P,/P,, is equal to 0.528 P,,/P 45. 
In this case the shock theoretically always remains at the nozzle 
exit until the secondary stream unchokes. 


1 H. E. Weber, “Ejector-Nozzle Flow and Thrust,”’ Trans. 
ASME, Series D, JourNnat or Basic ENGINEERING, vol. 82, 1960, 
pp. 120-130. 

2 C. J. Bowen and R. P. Taylor, “ Results of NACA Cold Scale 
Model Tests of the J-79 Low Base Drag Nozzle,’’ General Electric 
Company, TIS Report No. R57AGT103, February 15, 1957. 

3 J. Fabri and R. Siestrunck, “Supersonic Air Ejectors,"’ Section 
1, Advances in Applied Mechanics, vol. 5, 1958, pp. 1-34. 

4 W.H. Sterbentz, “Cylindrical Ejector Performance With Fully 
Entrained Secondary Flow,”’ General Electric Company, TIS Report 
No. R59FPD387, April, 1959. 

5 A. F. Donovan and H. R. Lawrence, “ Aerodynamic Com- 
ponents of Aircraft at High Speeds,’ High Speed Aerodynamics and 
Jet Propulsion, Princeton University Press, Princeton, N. J., vol. 7, 
1957. 
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Energy Theory of Half-Frequency Whirl 


RICHARD ELWEiL' 


Nomenclature 

C = radial clearance, in. 

D = diameter, in. 

e = eccentricity, in. 

E = energy, lb-in. 

F = force, lb. 

g = gravitational constant, 386 in/sec? 
L = length, in. 

N 


= rotational speed, rpm 


p = pressure, psi 

® = gas constant, in-lb/Ib-deg R 
T = temperature, deg R 
W = bearing load, lb 

€ = eccentricity ratio 
@ = attitude angle, deg 
Subscripts 

a = ambient 

k = kinetic 

s = strain 

w= 


half-frequency whirl inception 


Energy Theory of Half-Frequency Whirl 

THE PROBLEM of rotor-bearing instability is currently one of 
the most severe problems encountered in the increasing use of 
self-acting, gas lubricated journal bearings. The most common 
form of instability encountered is “half-frequency whirl,’’ in 
which the journal precesses within the bearing clearance at ap- 
proximately one half of the speed of rotation. Destruction of the 
bearing usually results, since its load capacity disappears under 
this condition. 

Analyses of the phenomenon have been carried out on the basis 
of the fluid film forces in the bearing, the most prominent being 
hose of Refs. [1-4].* It is felt that a simpler analysis would be 
of wide usefulness, especially in the early design stages of such 
quipment. This brief note is intended to fill this need. 

Certain characteristics of the phenomenon have been -uni- 
versally observed: 


1 The ratio of whirl frequency to rotational frequency has 
been uniformly observed between 0.4 and 0.5 (Refs. [1-6]). 

2 The inception of whirl is usually pronounced, with the 
amplitude of motion suddenly becoming very large (Refs. 
{1-3, 5] 
| 3 Attempts to “drive through’’ the instability have not suc- 
ceeded, and there is no evidence of a possible return to stability 
at higher speeds (Refs. [1]). 


1 Engineer, Mechanical Development, General Engineering Lab- 
oratory, General Electric Company, Schenectady, N. Y. Assoc. 
Mem. ASME. 

? Numbers in brackets designate References at end of paper. 

Contributed by the Lubrication Division of THe AMERICAN 
Soctety or Mecuanicat ENnGrneers. Manuscript received at 
ASME Headquarters, May 3, 1961. 
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4 Vertical rotors in plain bearings have proved particularly 
prone to whirl (Refs. [1, 2, 7]). Similarly, horizontal rotors in 
lightly loaded bearings are often unstable in this fashion (Refs. 
[2, 3, 5-7]). 

5 Either the rotor, or if it is free to do so, the bearinz, may be- 
come unstable (Refs. [3, 5]). 


6 Whirl inception speed is affected inversely by ambient pres- 
sure (Ref. [3]). 


Description of Theory 


The theory proposed here was constructed to fit the foregoing 
facts. It is simply that half-frequency whirl occurs when the 
kinetic energy of the rotating film exceeds the static “‘strain 
energy’ stored in the film. 

The strain energy is equivalent to the work done by displac- 
ing the journal in the direction of the load, against the elasticity 
of the film. It is evaluated as the area under the W — e cos @ 
curve for a particular speed and load. The examples shown in 
this note were obtained by graphical integration, but a faster 
solution may be obtained from the approximation: 


Ww 
E, = (1) 


The relations between W, e, and @ may be most easily obtained 
from the analyses of Refs. [8 or 9}. 

The kinetic energy is that of the minute mass of gas revolving 
around the journal at an assumed mean velocity '/. that of the 
journal. In addition to this linear approximation, other as- 
sumptions are: (1) the journal is concentric within the bearing, 
and (2) pressure and temperature variations in the film are small 
with respect to the ambient. Using the gas law to evaluate the 
mass, the resulting expression for the kinetic energy is: 


DLC DN \? 
E, = ( = ) (2) 
2RT 2(60) 
In air, for which R = 640, this reduces to 
E, = 4.35 x 107 2 = (3) 
The condition for stability is 

E,> E, (4) 


Evaluation of the two types of energy is usually carried out for 
the case of a rotor of fixed mass, which is accelerating to its 
operating speed. Calculations are therefore made for constant 
load and increasing speed. A typical result (Case 1 in the later 
examples) is shown in Fig. 1. 

The behavior of the two types of energy is consistent with the 
whirl behavior discussed in the foregoing —kinetic increasing with- 
out limit, while strain is practically independent of speed. The 
theory also predicts an abrupt change of state, and shows why 
recovery from whirl is impossible at higher speeds. The effect 
of bearing load may be seen in the figure. Increasing load causes 
an increase in strain energy (Eq. (1)) and moves that curve 
upward while not affecting the kinetic energy. Decreasing at- 
titude angles are also conducive to stability, a result consistent 
with other theories. 
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Comparison to Experiments 

Calculations have been carried out for a series of rotor-bearing 
configurations for which a measured whirl speed was available. 
Complete results are given in Table 1. In Cases 1-6, the bearing 


was free and became unstable. In the remaining cases, the rotor 
whirled. 


700 
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- 1 Typical whirl calculation 


Table 1 


Effect of Accuracy of Load Capacity Analysis 
(Cases 1 and 2) 


In Refs. [8 and 9], the analyses of load capacity were shown 
to consistently predict less eccentricity than measured in the work 
of Whitley and Betts [3]. The effect of this in Eq. (1) is that 
the calculated strain energy will be somewhat less than actual. 
The calculated whirl speed will therefore be conservative, as in 
Case 1, where the error is —33 per cent. Case 2 was calculated 
for the same bearing, on the basis of the measured shaft locus 
from Ref. [3], and the error is reduced to — 18 per cent. 


Effect of Bearing Size and Energy Level 
(Cases 1, 3, and 4) 

In these instances, the whirl speed is again calculated con- 
servatively, with comparable errors for the three different sizes. 
Note that the energy level increases by a factor of more than 100 
between Cases | and 4. 


Effect of Ambient Pressure (Cases 1, 5, and 6) 

In Eq. (2), lower whirl speeds with high ambient pressures are 
predicted, but as these examples show, the effect is calculated 
too severely by the analysis. The fault, unexplainable at pres- 
ent, is believed to lie in the kinetic energy evaluation, since the 
strain energy correlated very well with the five whirl conditions 
given in Ref. [3]. A further study of the velocity gradients in 
the film will be required to increase accuracy of calculation of the 
effect of ambient pressure. 


Effect of Bearing Load (Cases 7 and 7a) 

Here the whirl speed under different loads is very accurately 
predicted. For a load increase of 36 per cent, a corresponding 
whirl speed increase of 36 per cent is obtained. Energy level 
goes up to 46 per cent, however. It will be recalled that the test 
cases beginning at this point are for unstable rotors. 


Comparison of calculated and observed whirl speeds 


Cc E,x10° 
in. lb-in. * 


Calc. N 
RPM 


Obs. Ny 
RPM 


0. 000787 190 


" 
0.001611 
0. 002790 
0. 000787 


0. 001250 


0. 000500 


11 


8000 12000 


9800 12000 
7200 9000 
4120 7000 
2700 11000 
22600 13700 
4650 5350 
6300 7450 
4450 5220 
5950 6300 
0 > 12000 
0 0 


0 


*Calculated energy value at which whirl theoretically begins 


**Calculated for speed at which whirl theoretically begins 
***Developmental machine, author's company 
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= 
ao 
4d 
STRAIN 
~ ENERGY 
No. in. ence 
™ 1 2.0 | 4.0 0.09 | 55 ee -33 | 3 
| 3 4.0 | 8.0 | 63.8 " | 5100 0.16 | 52 -20 " ; 
at 4 7.0 114.0] 195.3 120770 0.23 | 64 -41 " 
3 5 2.0 | 4.0 9.1 | 42.6 70 0.18 | 84 -75 " 
6 " " " " 3.6 | 370 0.21 - +65 " 
7 2.5 | 2.5| Mm) 64.7 | 14.7] 126 0.25 | 79 -13 2 
6.4 " 227 0.26 | 76 -15 2 
8 «| |p| 4.7 " 47 0.06 | 49 -15 one 
f Ba " " " 6.4 " 92 0.07 | 40 -6 +e 
af 9 2.0] 4.0} " 0 " 0 0 90 -100 2 
10 13.0) 0 " 0 0 90 0 2 
= 2.0] 0 " 0 0 90 0 0 2 
4 


Effect of Bearing Clearance (Cases 7, 7a, 8, and 8a) 

The rotor in Cases 8 and 8a is the same as that in 7 and 7a, 
except rebuilt with greatly reduced clearance. The rather sur- 
prising result is that the whirl speeds decreased as a result of this 


practice. Accuracy of calculation is particularly good in these 
cases. 


Vertical or Unloaded Bearings (Cases 9, 10, 11) 


The case of rotors in unloaded bearings is no longer trivial, since 
the advent of earth satellites which carry equipment in the ab- 
sence of gravity. One result of this theory is the prediction that 
all rotors operating in plain bearings at zero eccentricity will be 
unstable. Case 9 is an outstanding exception for which the only 
explanation is a slight misalignment, as discussed in Ref. [10]. 
This would have the effect of ‘‘building in’’ some eccentricity, and 
therefore some strain energy. This practice, in fact, has been 
used to suppress whirl (Ref. [5]). 


Conclusions 


The numerical comparisons between theory and experiment 
indicate some merit in the method of analysis. The effects of ac- 
curacy of the primary analyses, bearing size, energy level, bearing 
load, and clearance are predicted very well. Effects of ambient 
pressure are generally predicted, but calculation accuracy is 
poor. The one stable vertical rotor out of 15 reported in Refs. 
[2 and 10] appears to be an anomaly. 

The fact that accuracy of calculation is low in many cases is con- 
sistent with the objective of a simplified theory. More im- 
portantly, ease of understanding is gained, so that some control 
may be exercised over this undesirable phenomenon. 
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